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In this article, we use s-convex and Green functions to obtain a bound for the Jensen
gap in discrete form and a bound for the Jensen gap in integral form. We present
two numerical examples to verify the main results and to examine the tightness of the
bounds. Then, as an application of the discrete result, we derive a converse of the Holder
inequality. Based on the integral result, we obtain a bound for the Hermite-Hadamard
gap and present a converse of the Holder inequality in its integral form. Also, we obtain
bounds for the Csiszar and Rényi divergences as applications of the discrete result.
Finally, we utilize the bound obtained for the Csiszar divergence to deduce new estimates
for some other divergences in information theory.
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1. INTRODUCTION

Convex functions and their generalizations play a significant role in scientific observation and
calculation of various parameters in modern analysis, especially in the theory of optimization.
Moreover, convex functions have some nice properties, such as differentiability, monotonicity, and
continuity, which are useful in applications [1-5]. Interest in mathematical inequalities for convex
and generalized convex functions has been growing exponentially, and research in this respect
has had a significant impact on modern analysis [6-20]. Several mathematical inequalities have
been established for s-convex functions in particular [21-28], one of the most important being the
Jensen inequality. In this paper, we study the Jensen inequality in a more standard framework for
s-convex functions.

Definition 1.1 (s-convexity [29]). Fors > 0 and a convex subset B of a real linear space S, a function
" : B — R is said to be s-convex if the inequality

[(k1€1 + K282) < kT (e1) + 15T (e2) (1.1)
holds for all 1,5 € Band k1,2 > 0 with k) + k3 = 1.

The function T' is said to be s-concave if the inequality (1.1) holds in the reverse direction.
Obviously, for s = 1 an s-convex function becomes a convex function, which shows that s-convexity
of a function is a generalization of ordinary convexity of that function.

Lemma 1.2 ([29]). Let B be a convex subset of a real linear space S and let I" : B — R be a convex
function. Then the following two statements hold:

(a) T iss-convex for0 < s < 1ifI is non-negative;

(b) T iss-convexforl <s < oo if I is non-positive.
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The Green function [30]

) —X oy =x=t

(1.2)
ar—t t<x=<aw

Gl(t’x) = {

defined on [or}, 2] X [, @2] and the integral identity

o

I'(t) =T(a) + (t — o) (o) + / ’ Gi(t, )" (x)dx (1.3)

o]

for the function I' € C?[or;, 3] will be used to obtain the main
results. Note that G; is convex and continuous with respect to
both variables.

This paper is organized as follows. In section 2 we give a
bound for the Jensen gap in discrete form, which pertains to
functions for which the absolute value of the second derivative
is s-convex. We also derive a bound for the integral version of
the Jensen gap. Then we conduct two numerical experiments
that provide evidence for the tightness of the bound in the
main result. We deduce a converse of the Hélder inequality
from the discrete result and a bound for the Hermite-Hadamard
gap from the integral result. Moreover, as a consequence
of the integral result we obtain a converse of the Hoélder
inequality in its corresponding integral version. At the beginning
of section 3 we present bounds for the Csiszar and Rényi
divergences in the discrete case. Finally, we give estimates for the
Shannon entropy, Kullback-Leibler divergence, x? divergence,
Bhattacharyya coefficient, Hellinger distance, and triangular
discrimination as applications of the bound obtained for the
Csiszar divergence. Conclusions are presented in the final section.

2. MAIN RESULTS

Using the concept of s-convexity, we derive a bound for
the Jensen gap in discrete form, which is presented in the
following theorem.

Theorem 2.1. Suppose || is s-convex for a function T €
C?lay,az] and that z; € (a1, o] and k; € [0, oo)fori=1,...,n
with Y"1 ki = K > 0. Then the following inequality holds:

1 o 1 «
- Z/cil“(zi) — F(* ZKizi>
K i=1 K i=1

[T (cry)]
T D6 +F2) (@ —a)f

1 - s+2 1 - s+2
I X;Ki(az —zi)" = (Olz X X;mi)
= 1=

[T (a2)
(s + 1)(s+2)(aa — 01)*

1< s+2 1 s+2
EZKi(Zi —on) - (} > iz —061> - @24
i=1 i=1

Proof: Using (1.3), we get

1 n
IR Y wil(@) =% X, Ki<r(011) + (zi — o)V (2)
i=1

+ fa‘iz Gi(zi, )T (x) dx) (2.5)

and
1 — 1 —
F(K ;K,‘Z,) =TI(y) + (K ;Kizi — O{I) F/((xz)
o 1 n
+ f Gi IR Zlcizi,x I'"(x)dx. (2.6)
“ i=1
Equations (2.5) and (2.6) give
1 < 1 <
X ZK,’F(Z,’) - F(K ZKiZi>
i=1 i=1
@] & 1 o ,
= /1 (K ZK,-Gl(zi,x) - Gl(f Zlcizi,x)> I (x) dx.
o i=1 i=1

(2.7)

Taking the absolute value of (2.7), we get
1 — 1 &
X ZIQ‘F(Z,’) - F(K ZKiZi) ‘
i=1 i=1
a 1 n 1 n
_ -G i —Gi (= iz, F” d
/m (K;K’ 1(zi, x) 1<K§fc;zz x)) (x) dx
1 < 1 <
I Z;KiGl(Zi:x) - Gl(f Z;Kizi,x)
= 1=

o
< /
o]

By applying a change of variable x = ta; + (1 — Hay for t €
[0,1] and using the convexity of Gj(t, x), the inequality (2.8) is
transformed to

[T (x)| dx.

(2.8)

‘11( PNCEING

i=1
1 1 n
<@ - [ (D Gitantan + (1 - Do)
0 i=1

— Gi(z, ta; + (1 — t)Olz))
x [T (toy + (1 — Hay)| dt,

(2.9)

where z = %2?21 kizi. The inequality (2.9) leads to the
following by using s-convexity of the function |T'|"”:

1 n
2Kl T @)

i=1

1 1 n
< (a2 — 011)/ (K ZKiGl(Zi» tog + (1 = o)
0 i=1
— Gi(z, tay + (1 — t)Olz))
x (#11(@ol + (1= 0717 (@) ) .
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1/
= (a2 — 061)/ (K ZKiG1(Zi, tay + (1 = D) | T (o)
0 i=1

l n
+x ;Kicl(zi, targ + (1 — Haz)(1 — 1| ()|
— G1( tay + (1 — D) *| T (1)

Gy ten + (1 — Daz)(1 — t)SIF”(azN) dt
1 <& 1
= (a2 — 1) |F//(a1)‘E ;Ki/() Gy (zi, tag + (1 — t)ap) dt
/ 1 - 1
I @)l i;xi/o (1= G (2 tery + (1 — ) d

1
- |1"”(a1)|/ t‘G1<z, tag + (1 — t)a2> dt
0

1
_ |1“”(a2)|/ (1-1°'Gy (2, tag + (1 — t)otz)dt).
0
(2.10)

Now, by using the change of variable x = ta; + (1 — t)a, for
t € [0, 1], we obtain

1
/ Gy (zi, tay; + (1 — t)ay) di
0

1 ( (g — z)"+?

C (ap —ap)st!

(a2 —ay)*?
(+DG6+2) G+ 1)(s+2)>' (2.11)

Upon replacing z; by z in (2.11), we get

1
/ Gz, tag + (1 — Hay) dt

0
1 ( (052 _ 2)5+2

T @m—a) T\ G+ D642 +DGE+2)

(a2 — en)™? ) (2.12)

Also,

1
f (1 — G (i s + (1 — Haa) dit
0

_ 1 (zi —a)™? (2 —an)(e — o)™
(@ —a) Tt (s D(s+2) (s+1 '

(2.13)

Upon replacing z; by z in (2.13), we get

1
/ (1 —=1°G1(z, tag + (1 — Hap) dt
0

_ 1 E—a)™  (E—a)@ —a)t!
T (a—a) T\ s+ D(s+2) (s+1) '

(2.14)

The result (2.4) is then obtained by substituting the values from
(2.11)~(2.14) into (2.10).

Remark 2.2. If we use the Green function Gy, G3, or Gy instead
of Gy in Theorem 2.1, where G, G3, and Gy are given in [30], we
obtain the same result (2.4).

In the following theorem, we give a bound for the Jensen gap
in integral form.

Theorem 2.3. Suppose || is an s-convex function for T' €
C?lay, 2], and let & and &, be real-valued functions defined on
[c1, 2] with &1(y) € [o1, 2] for all y € [c1, c2] and such that &,
&1&y, and (T o &)&, are all integrable functions on [c1, c2]. Then
the inequality

3

s+2
[T (a1) I 52()’)(012 - Sl()’)) dy
T s+ D(s+2) (o — o) £

( /e Ez(y)&(y)dy)m}
(o - 2R

Ji' T o8Watdy (fff §()60) dy>
3

s+2
I (@) [Eem(a0) —a)
(s+ D(s+2)(ap — ay)® £

(fff 5(0)E() dy )”2}
e

(2.15)

holds provided that f:lz &E(y)dy:= & > 0 when &(y) € [0, 00) for
ally € [c1,c2].

Proof: Using the same procedure as in the proof of Theorem 2.1,
(2.15) can be obtained.

Example 1. Let I'(y) = li‘syg, £1(y) = y% and &(y) = 1 for all
y € [0,1]. ThenT"(y) = y% > 0 for all y € [0, 1]. This shows that
[ is a convex function while |T"'| is %—convex. Also, &1(y) € [0,1]
for all y € [0,1] and we have [a1,a2] = [c1,c2] = [0,1].
Now, the left-hand side of inequality (2.15) gives fol ') dy —
I( /01 £1(y) dy) = 0.0444 — 0.0171 = 0.0273 = E;, which shows
how sharp the Jensen inequality is. The right-hand side of (2.15)
gives 0.0274, which is very close to the true discrepancy E,. That is,
from inequality (2.15) we have

0.0273 < 0.0274. (2.16)
The difference 0.0274 — 0.0273 = 0.0001 between the two sides of

(2.16) shows that the bound for the Jensen gap given by inequality
(2.15) is very close to the true value.

Example 2. Let I'(y) = %y%, &1(y) = y, and &(y) = 1 for all

y € [0,1]. Then T (y) = y% > 0 forall y € [0, 1], which shows
that T is a convex function while || is s-convex with s = %. Also,
&1(y) € [0,1] forall y € [0,1] and we have a1, 2] = [c1, 2] =

[0,1]. Therefore, from the left-hand side of inequality (2.15) we
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obtain [} T(&1(»))dy — T(f &1(y)dy) = 0.1396 — 0.1010 =
0.0386 = E,, which shows that the Jensen inequality is quite sharp.
The right-hand side of (2.15) gives 0.0387, a value very close to the
true discrepancy E;. Finally, from inequality (2.15) we have

0.0386 < 0.0387. (2.17)

The difference 0.0387 — 0.0386 = 0.0001 between the two sides
of (2.17) provides further evidence of the tightness of the bound for
the Jensen gap given by inequality (2.15).

As an application of Theorem 2.1, we derive a converse of the
Holder inequality, stated in the following proposition.

Proposition 2.4. Letq, > 1and q & (2,3) be such that L +—
1, and let s € (0,1]. Also, let [o}, 2] be a positive mterval and

let (dy,...,d,) and (bl, ... by) be two positive n-tuples such that
% qu,wu‘hdb € [ap,az] fori=1,...,n. Then
i=1

n 1 n 1 n
()" (or)” - X an
i=1 i=1 i=1

- qi1(q1 — 1) 2
TG+ DG+ —on) | !

_12
(Zl lb?Z(otz _ db q1 )S+2 B (a 3 Z?:l dibi>5+2>

Zz_l b?Z ? Z?:l b?z
_22
y g2 S b b, e
? Y b

G )| e

i=1"%i i=1

1)s—&-z

(2.18)

Proof: Let I'(x) = x7 for x € [0, a2]); then I (x) = q1(q1 —

DxT72 > 0and [T (x) = q1(q1 — (g1 —2)(q1 —3)x1'~* > 0,

which shows that I" and |T"”/| are convex functions. The function

[T”| is also non-negative, so by Lemma 1.2 it is also an s-convex

function for s € (0, 1]. Thus, using (2.4) with I'(x) = x9', k; =
@

b?z, and zZi = d,’bi u

() ()~ éd@ql)qz

, we derive

q1—2

- q(q1 —1) w
T GH DG+ —ar) | !

_12
(z;;l bE (y — dib; " )H2 ( o dib,-)s+2>
(g — Zi=1 4

Y b Y b
_12
Y
? 21_1 bzqz
o d:b; s+2
_ (%:1 btqu ) )” quz (2.19)
i=1"i

By using the inequality x¥ — y¥ < (x — y)¥ for 0 <
y < xand y € [0,1] with x = (XL, d") x
(Xr, b?z)ql_l,y =(XL, d,-bi) ,and y = ,we obtain

(o) ()™~ Y
i=1 i=1 i=1
1
< ((;d?l)(;b?z)qll _ (ngibi)tﬁ)fn

The inequality (2.18) follows from (2.19) and (2.20).

(2.20)

In the following proposition, we provide a converse of
the Holder inequality in integral form as an application of
Theorem 2.3.

Proposition 2.5. Let g > 1 and q1 & (2,3) be such that
qil + qiz = 1. Also, let ¢1, &3 :[c1, ¢2] — R be two functions such
that g“lql ), {Zqz (y), and £1(y)¢2(y) are integrable on [c1, c2] with
O (y)g'z_qZ/q1 (y) € a1, az2] when [o1, 2] C R. Then the inequality

(/CCZ ') dy)%(/:z P @) d}’)é - /CCZ &1 (6(y) dy
- |: qi(q1 — 1) {aq12
(s+ (s +2) (a2 —ay)s | !

1 @ - s+2
(f () dy Czqz(,V)(az —ae ™ (y)) dy
2 c1
s+2
§1 e2(y) dy) )

s+2
f o) (a0 o) —a)

1
— |
(2 12ty )

q1—2
+a,

(f 2 0P (y) dy

s+2 I o
(f T dy / Cl(y)§z(y)dy—a1> )” / & () dy
2 B

(2.21)

holds for s € (0, 1].

Proof: Using (2.15) with I'(x) = x7! for x € [}, 2], &(y) =
2

qu (y),and & (y) = 01 (y)g';H (y) and following the procedure of
Proposition 2.4, we deduce (2.21).

As an application of Theorem 2.3, in the following corollary
we establish a bound for the Hermite-Hadamard gap.

Corollary 2.6. Let ¥ € C?[c1,cy] be a function such that || is
s-convex; then

e 52)

(c2—c1)?
TG+ +2)

C — (1
1
(1ol + W”(Q)l)( ﬁ)

(2.22)
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Proof: The inequality (2.22) can be obtained by using (2.15)

with v = T, [a,02] = [c1,e2], &() = L and &(y) = y
fory € [c1, 2]

3. APPLICATIONS TO INFORMATION
THEORY

Definition 3.1 (Csiszar f-divergence [31]). Lett = (t1,...,t,) €
R"andr = (r1,...,rm) € R with % € [ap,a] i=1,...,n)
for [a1,a2] C R. For a function f :[og, 2] — R, the Csiszdr
[f-divergence functional is defined as

Dc(t,r>—Z J( )

i=1

Theorem 3.2. Let f € C?[ay,as] be a function such that | is
s-convex. Then fort = (t1,...,t,) € R"andr = (r1,...,1,) €
R the inequality

Do ti)

Dt — (S
i=1"1

‘Zzll

If" (er1)] 1 ti\st2
= G DG+ 202 — ey [ S ;r’@z )

(- Zhny®
Z?:l Ti

If" (c2)] 1 (i s+2
(4 D6+ 22 — )y : S (G )
Do ti s+2
_ <Z?:1 - o(1> } (3.23)

holds provided that %’—1 r’ ie [, 0] fori=1,...,n.

Proof: The inequality (3.23) can easily be deduced from (2.4) by
taking r =f, zZi= %) and Ki = Ti

ET

Definition 3.3 (Rényi divergence [31]). For p > 0 with u # 1
and two positive probability distributions t = (t1,...,t,) and
r = (r1,...,1y), the Rényi divergence is defined as

(S0

Corollary 3.4. Let0 < s < land [a1, 2] € R*. Then for positive

Dre(t,r) =

probability distributions t = (t1,...,t,) andr = (r1,...,ry,), the
inequality
1 < t\"!
Dre(t,r) — —— t; 1 2
() M—lg 1 0g<7’i)

1
= (- Dl — a6+ D+ 2)

ATt () )|

1
- (= Doz — a1)5(s + 1)(s +2)

A ) (S -

B (3.24)

holds provided that Y I, r,l(%)“,(if’;)’k1 € oy, ] fori
I,....,nwithu > 1.

Proof: Let I'(x) = —ilogx for x € [a1,02]. Then I'(x) =

m 11)x2 > 0and [T (x) = (Mfl)xét > 0, which shows that "

and |T'"'| are convex functions with [T”| > 0; so by Lemma 1.2
the function [T is s-convex for s € (0,1]. Therefore, using

(24) Wlth F(x) = —ﬁlogx, Ki = tia and zi = (%)M*I, we
derive (3.24).
Definition 3.5 (Shannon entropy [31]). Letr = (ry,...,ry) be

a positive probability distribution; then the Shannon entropy is
defined as

Ei(r) =

— Z rilogr;.
i=1

Corollary 3.6. Let [a1, 2] € RY, and let v = (r1,...,1) be
a positive probability distribution such that % € [a1,az] for
i=1,...,nwith0 <s < 1. Then

1
af(ar —o)S(s+ (s +2)

: ifi(az - %)SH — (o — n)s“}

i=1 !

logn — Eg(r) <

1
* al(ar —a)S(s + 1)(s +2)

: Z ri(% - al)SH —(n— “1)s+2]~ (3.25)

i=1 !

Proof: Let f(x) =
and |[f"|"(x) = x% > 0, which shows that f and |f"'| are convex
functions. Also, |f”/| is non-negative and so by Lemma 1.2 we
conclude that it is s-convex for s € (0, 1]. Therefore, using (3.23)

—logx for x € [o1, 2]. Then "' (x) = xi2 >0

with f(x) = —logxand (t1,...,t,) = (1,...,1), we get (3.25).
Definition 3.7 (Kullback-Leibler divergence [31]). For two
positive probability distributions t = (t1,...,t,) and r =

(r1,...,1y), the Kullback-Leibler divergence is defined as

Dy(t,r)

n
t.
= E tilog—l.
: Ti
i=1
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Corollary 38. Let 0 < s < land 0 < oy < «y, and let
t = (t1,...,ty) and v = (ry,...,ry) be positive probability
distributions such that % € lap, o] fori=1,...,n. Then

1
ar(ay —oap)S(s+ 1)(s +2)

{ 2”: fi(sz - ?)SH — (o2 — 1)5“}

i=1 !

Dy(t,r) <

1
T e —a )G D61 2)

D S

i=1

Proof: Let f(x) = xlogx for x € [a1,3]. Then f/'(x) = i >0
and [ (x) = x% > 0, which shows that f and |f”/| are convex
functions. Also, |f/| > 0, and so Lemma 1.2 guarantees the
s-convexity of |f"’| for s € (0,1]. Therefore, using (3.23) with

f(x) = xlog x, we get (3.26).

Definition 3.9 (x* divergence [31]). The x* divergence D,:(t,r)
for two positive probability distributions t = (t1,...,t,) and
r = (r1,...,1y) is defined as

n . )2
D=3

.
i=1 !

Corollary 3.10. Let 0 < s < land 0 < a1 < oy, and
lett = (t1,...,ty) and r = (r1,...,r,) be positive probability
distributions such that % € ap, o] fori=1,...,n. Then

2
(s+1)(s+2)

n
ti\s+2
Z Ti(Otz - ;l) — (o — 1)

i=1 !

D, :(t,xr) <
x (o —ay)®

2
TG De+2)

ti s+2
Zr,(i —0[1) —(1—0[1)S+2 .

i=1 !

(3.27)

Proof: Let f(x) = (x — 1)® for x € [a,a]. Then f(x) =
2 > 0and |[f’|"(x) = 0, which shows that f and |f"/| are
convex functions. Also, the function [f”’| is non-negative, and
so Lemma 1.2 confirms its s-convexity for s € (0, 1]. Therefore,
using (3.23) with f(x) = (x — 1)2, we obtain (3.27).

Definition 3.11 (Bhattacharyya coeflicient [31]). For two positive
probability distributions t = (t1,...,t,) andr = (r1,...,1y), the
Bhattacharyya coefficient is defined as

Co(t,r) = ) V.

i=1

Corollary 3.12. Let 0 < s < 1 and [a1, 0] € RT, and let

t = (t,...,ty) and xr = (ry,...,1y) be two positive probability
distributions such that ? € [ap,az] fori=1,...,n. Then
1
1 - GCy(tr) < —

4o (0 — o1)5(s + 1)(s +2)
n -\ S12
{ Zﬁ'(az - %) o (a2 — 1)$+2}

i=1

1
+

40 (o — (s + D5 +2)

{ Xn:ﬁ(ﬁ - 0‘1)S+2 —-(1- 011)5*2}. (3.28)

Proof: Let f(x) = —+/x for x € [a1,;]. Then f”'(x) = L >0
4x2
and |f’|"(x) = -2~ > 0, which shows that f and |f’| are convex
16x2
functions. Also, |f/| > 0 implies its s-convexity for s € (0, 1]
by Lemma 1.2. Therefore, using (3.23) with f(x) = —/x, we
obtain (3.28).

Definition 3.13 (Hellinger distance [31]). The Hellinger distance
Dﬁ(t, r) between two positive probability distributions t =
(t1,....ty) andx = (r1,...,1y) is defined as

Dhn = 3 S (Wh — Vi)
i=1

Corollary 3.14. Let 0 < o; < a and 0 < s < 1, and

lett = (t1,...,t,) and ¥ = (r1,...,14) be positive probability
distributions such that % € [ap,an] fori=1,...,n. Then
5 1
Dy(tr) < —

4ol (o — a1)S(s 4+ D)(s +2)

{ Xn:h’(az - g)ﬁz — (a2 — 1)”2}
i=1 !

1

+—
4oy (o — a1)S(s + 1)(s + 2)

[ Zr(i* - al)m — (1= 0‘1)5+2}- (3.29)

i=1 !

Proof: Let f(x) = %(1 — J/x)? for x € [ay, o). Then " (x) =
-+ > 0and |f”|"(x) = 2 > 0, which shows that f and |f"’|

4x2 16x2
are convex functions. Also, |f”’| > 0, and so from Lemma 1.2
we conclude its s-convexity for s € (0, 1]. Therefore, using (3.23)

with f(x) = %(1 — /%)%, we deduce (3.29).

Definition 3.15 (Triangular discrimination [31]). For two positive
probability distributions t = (t1,...,t,) andr = (r1,...,1,), the
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triangular discrimination is defined as

o it
Corollary 3.16. Let 0 < s < 1 and 0 < o <
oy, and let t = (t1,...,ty) and v = (r1,...,r,) be
positive probability distributions such that % € |ai,az] for
i=1,...,n Then
Daltr) < i
,T) =
. (o1 + 13z — 055+ (s +2)
n
ti\s+2
Zri(txz - i) — (a — 1)
: T
i=1
. 8
(@2 + 1)*(@2 — a1)5(s + 1)(s +2)
n
ti s+2
Sor(f ) = —ay? (3.30)
i
2
Proof: Letf(x) = (&_,_11)) for x € [a1,2]. Then f”'(x) = ﬁ >

0 and |[f"|"(x) = (361761)5 > 0, which shows that f and || are
convex functions. Also, |f”’| is non-negative, and thus s-convexity
of the function |f"’| for s € (0,1] follows from Lemma 1.2.

Therefore, using (3.23) with f(x) = %;_11))2 , we get (3.30).

Remark 3.17. Analogously, bounds for various divergences
in integral form can be derived as applications
of Theorem 2.3.

4. CONCLUSION

The Jensen inequality has numerous applications in engineering,
economics, computer science, information theory, and coding;
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