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The purpose of this research study is to present and explore the key properties of
some new operations on vague graphs, including rejection, maximal product, symmetric
difference, and residue product. This article introduces the notions of degree of a vertex
and total degree of a vertex in a vague graph. As well, this study outlines the specific
conditions required for obtaining the degrees of vertices in vague graphs under the
operations of maximal product, symmetric difference, and rejection. The article also
discusses applications of vague sets in medical diagnosis.
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1. INTRODUCTION

Graph theory is an extremely useful tool for solving combinatorial problems in a wide range of
fields, including geometry, algebra, number theory, topology, operations research, biology, and
social systems. Graph theory also has many applications of great scope, such as in networking,
image capture, clustering, handling uncertainty, image segmentation, finding communities in
networks, bioscience, information technology, operations research, and social science networks
consisting of points connected by lines. In fact, graph theory studies connections between objects,
such as vertices and edges and the various relations between them. Fuzzy graph theory is finding an
increasing number of applications in modeling real-time systems, where the amount of information
inherent in the system varies with different levels of precision. In 1965, Zadeh [1] first proposed the
theory of fuzzy sets. The fuzzy graph, with the approximate reasoning, enables many combinatorial
problems in fields, such as topology and algebra to be solved more easily. The concept of fuzzy
graphs is discussed by Rosenfeld [2] as well as by Bhattacharya [3, 4]. Fuzzy graphs date back to the
nineteenth century, and their use has grown tremendously in recent years [5, 6]. Gau and Buehrer
[7] proposed the concept of vague set in 1993, which replaces the value of an element in a set
with a subinterval of [0, 1]. Specifically, a true-membership function f,(x) and a false-membership
function f,(x) are used to describe the boundaries of the membership degree. Descriptions of real-
world problems can be improved by using the theory of vague sets. Researchers have applied this
theory to several real-world situations, such as decision-making and fuzzy control. The theory of
vague sets is also helpful for fault diagnosis and knowledge discovery. Interval-valued fuzzy sets
have a case vague set, which has been applied in different fields of mathematics. Ramakrishna
[8] introduced the concept of vague graph and also studied related properties. Vague graphs
have numerous applications in geometry and operations research and are also useful in many
areas of computer science. Rashmanlou and Borzooei [9] studied new concepts relating to vague
graphs, product vague graphs [10], regularity of vague graphs [11], and vague competition graphs
[12]. Krishna and Lavanya [13] developed new concepts of coloring in vague graphs. Besides the
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membership degree, the non-membership degree has been
introduced as well, which is presented by Atanassove [14] in an
intuitionistic fuzzy set, a type of extension of a fuzzy set. Parvathi
and Karunambigai [15] discussed intuitionistic fuzzy graphs.
Devi et al. [16] presented new concepts regarding intuitionistic
fuzzy labeling graphs.

In this study we outline and explore the key properties
of some new operations on vague graphs, including rejection,
maximal product, symmetric difference, and residue product.
We introduce new notions, such as degree of a vertex and total
degree of a vertex in a vague graph. We also outline specific
conditions for obtaining the degrees of vertices in vague graphs
under the operations of maximal product, symmetric difference,
and rejection. Furthermore, we explore applications of vague sets
in medical diagnosis.

2. PRELIMINARIES

In this section we introduce the key preliminary notions and
definitions that are used in this study.

Definition 2.1 ([17]). A graph is an ordered pair G = (V,E),
where V is the set of vertices of G and E is the set of all edges,
arcs, or lines, which are two-element subsets of V (that is, an
edge is related to two vertices and the relation is represented as
an unordered pair {m, n} of those vertices).

Note that for an edge {m, n}, graph theorists usually use the
somewhat shorter notation mn. Two vertices m and » in an
undirected graph G are said to be adjacent in G if mn is an edge
of G. An edge whose endpoints are the same is called a loop. A
graph without loops is called a simple graph.

Definition 2.2 ([7]). A vague set M is a pair (Ty; Fy) of
functions on a set V, where T and Fj; are real-valued V —
[0, 1] functions such that Ty;(m) + Fy(m) < 1forallm € V.
The interval [Ts(m), 1 — Fpr(m)] is known as the vague value of
m in M.

In this definition, for m in M, Ty;(m) is the lower bound for
the degree of membership and Fy;(m) is the lower bound for the
negative of the degree of membership. Therefore, the degree of
membership of m € M is given by the interval [Tj(m), 1 —
Fp(m)].

Definition 2.3 ([8]). Let G = (V, E) be a crisp graph. A pair G =
(M, N) is called a vague graph defined on the crisp graph G =
(V,E)if M = (Tp, Fpp) is a vague seton V and N = (T, Fy) is
vague set on E € V' x V such that T (mn) < min(Ty(m), Tpr(n))
and Fy(mn) > max(Fyr(m), Fpr(n)) for each edge mn in E.

Definition 2.4 ([9]). A vague graph G is said to be strong
if Ty(mn) = min(Ty(m), Tyr(n)) and Fy(mn) =
max(Fy;(m), Fpr(n)) forall m,n € V.

Definition 2.5 ([9]). A vague graph G is said to be
complete if Tn(mn) = min(Ty(m), Tar(n)) and
Fyn(mn) = max(Fy;(m), Fp(n)) for all mn € E.

(0.3, 0.6)

(0.4, 0.4) d(0.6,0.2)

¢(0.3,0.5)

FIGURE 1 | The vague graph G in Example 2.7.

Definition 2.6 ([11]). A vague graph G is said to be connected if
Ty (mim;) > 0 and Fg(m;m;) < 1 for all m;,m; € V. Also,
we have

Ty (mn) = sup{Tny(mn) A Tn(mnz) A Tn(nanz) A ...

ATN(ng_in) | myny,ny, ..., ng_1,n € V}

and

FY(mn) = inf{Fy(mny) vV Ex(ninz) V Fy(nans) v ...

VEN(ng_1n) | myny,ny, ..., n_1,n € VL

Example 2.7. Consider a vague graph G such that V = {a, b,c},
E = {abbc,cdad), M = (&5 & o5 ) (&% & o0 65))s
— b bc cd ad b bc cd ad
and N = ((§3> 05> 52> 02 (07> 06> 0.6 07))-
By routine computations, it is easy to show that G is a
vague graph (Figure 1).

3. OPERATIONS ON VAGUE GRAPHS

In this section we define four new kinds of operations on
vague graphs: the maximal product, residue product, rejection,
and symmetric difference. We show that the maximal product,
residue product, or rejection of two vague graphs is again a
vague graph.

Definition 3.1. The maximal product G; * G = (M) * M, Nj *
N,) of two vague graphs G; = (M}, N;) and Gy = (M3, N3) is
defined by

(1) (TM1 * TMZ)((mI) mz)) = maX{TMl (ﬂ’ll), TMz(mZ)}>
(FM1 * FMz)((ml’ mZ)) = min{FMl (m1)> FMZ (mZ)}
V (my,my) € (V1 x V2);

(11) (TM1 * TMz)((m) m2)(m’ 7’12)) = maX{TMl (m)) TNZ (1’}12712)},
(FM1 * FMz)((m) mz)(m’ nZ)) = min{FM] (m)’ FNZ (m2n2)}
Vm € Vyand myn, € Ey;

(iii) (Ta, * Tar,)((m1, 2)(n1, 2)) = max{Tn, (min1), Tar, (2)},
(Fum, * Far,)((my, 2)(n1, 2)) = min{Fy, (m1n1), Fr, (2)}

Yz € V,and myn; € E;.
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Example 3.2. Consider the two vague graphs G; and G, shown
in Figures 2, 3. Their maximal product G; * G, is shown
in Figure 4.

For the vertex (a,d), we find the membership and non-
membership values as follows:

(Tat, * Taty (@, ) = max{Tg, (@), T, ()
— max{0.4,0.1} = 0.4,
(Fmy * Fay)((a, d)) = min{Fyy, (a), Fa, (d))}
= min{0.5,0.3} = 0.3,
fora e Viandd € V5.

For the edge (a, d)(a, €), we find the following membership and
non-membership values:

(T, * Tap,)((a, d)(a, €)) = max{ T (a), Ty (de))
= max{0.4,0.1} = 0.4,
(Fum, * Far,)((a, d)(a, )) = min{Fyy, (a), Fn, (de)}
= min{0.5,0.6} = 0.5,
fora € V; and de € E;.

Now, for edge (a, g)(b, g) we have

(Tar, * Tary)((a, £)(b, g)) = max{Tn, (ab), Tar, (g)}
= max{0.2,0.3} = 0.3,
min{Fy, (ab), Fa,(g)}
= min{0.7,0.4} = 0.4,
forg € Vy and ab € E;.

(Far, * Far,)((a,2)(b, 9))

Similarly, we can find the membership and non-membership
values for all the remaining vertices and edges.

Proposition 3.3. The maximal product of two vague graphs G;
and G; is a vague graph.

Proof: Let G; = (M;,N;) and G, = (M3, N;) be two vague
graphs on crisp graphs G; = (V1,E;) and G, = (V3,Ey),
respectively, and let ((my,my)(n1,n2)) € E; x E;. Then by
Definition 3.1 we have two cases:

(i) If m; = n; = m, then

(Tny * T, )((m, ma)(m, n2)) = max{ Ty, (m), T, (manz)}
< max{ Ty, (m), min{ Ty, (m2), Tar, (12)}}

= min{max{{ T, (m), Tpr,(m2)}, max{{Tar, (m), Tar, (n2)}}
= min{(Tn, * Tar,)(m, m2), (Tary * Tary)(m, 12)},

(FN1 * FNz)((m’ mZ)(m) nZ)) = min{FMl (m): FNz(mZnZ)}
> mil’l{FMl (m)’ maX{FMz (mZ)’ FMZ (7’12)}}
= max{min{{Fy, (m), Fu, (m2)}, min{{Fyy, (m), Fpr, (n2)}}

= maX{(FMl * FMz)(m) mz)’ (FM1 * FMz)(m) n2)}

(ii) If my = ny = z, then

(TN1 * TNz)((mlr Z)(nlxz)) = maX{TNl (mlnl): TMz(Z)}
< max{min{Ty, (mn1), Ty, (2)}
= mln{max{{TNl (ml)> TM2 (Z)}, maX{{TMl (f’ll), TMZ (Z)}}

= mln{(TMl * TMZ)(WH,Z), (TM1 * TMZ)(?II,Z)},

(Fny * Fny)((m1, 2)(n1, 2)) = min{Fy, (m1n1), Far, (2)}

> min{max{Fy, (min1), Far, (2)}

= max{min{{Fy, (m1), Fum, (2)}, min{{Fa, (n1), Fa, (2)}}
= max{(Fum, * Far,)(m1,2), (Fm, * Far,)(n1,2)}.

Therefore, G1 * G is a vague graph. O

Theorem 3.4. The maximal product of two strong vague graphs
G and G; is a strong vague graph.

Proof: Let Gi = (M;,N;) and Gy = (M, N;) be two strong

vague graphs on crisp graphs G; = (V1,E;) and Gy = (V, Ey),

respectively, and let ((mjy,my)(n1,n2)) € E; x E;. Then, by

Proposition 3.3, G; * G is a vague graph. Now we have two cases:
(i) If m; = ny = m, then

(TN1 * TNz)((ma mZ)(m) 1’12)) = maX{TM1 (m)a TN2 (mZnZ)}
= max{ Ty, (m), min{ Ty, (m2), Tar, (n2)}}
= min{max{{ T, (m), Tp, (m2)}, max{{Tn, (m), T, (n2)}}

= min{(Ty, * T, )(m, ma), (Tg, * Tag,)(m, 1)},

(Fny * Eny)((m, mp)(m, n2)) = min{Fay, (m), Fn, (mzn2)}
= min{Fyy, (m), max{Fyr, (m2), Far, (n2)}}

= max{min{{Fy, (m), Fa, (m2)}, min{{Fpr, (m), Fpr, (n2)}}
= max{(Fy, * Fy,)(m, mp), (Far, * Fary)(m, n2)}.

(ii) If my = ny = z, then

(TN, * Tny)((m1,2)(n1, 2)) = max{Tn, (m1n1), Tar, (2)}
= max{min{Ty, (m1n1), T, (2)}

= min{max{{Tn, (m1), T, (2)}, max{{Tp;, (n1), Tar, (2)}}
= min{(Ta, * Tar,)(m1, 2), (Tar, * Tap,)(n1,2)}

(Fn, * En,)((my, 2)(n1,2)) = min{Fy, (min1), Fup, (2)}
= min{max{Fy, (min1), Fu,(2)}
= max{min{{Fy, (m1), Fum, (2)}, min{{Fa, (n1), Fa, (2)}}

= max{(Fum, * Fu,)(m1,2), (Fm, * Fy,) (1, 2)}
Therefore, G * G; is a strong vague graph. 0

Example 3.5. Consider the strong vague graphs G; and G; as in
Figure 5.
It is easy to see that G; * G; is a strong vague graph too.

Remark 3.1. If the maximal product of two vague graphs G; =
(M, N;) and G, = (M3, Ny) is a strong vague graph, G; and G,
need not be strong in general.
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a(0.2,0.3) ¢(0.1,0.2)

(0.1,0.4) (0.10.4)

[} ®
b(0.1,0.4) d(0.2,0.4)

G, Gy

FIGURE 5 | Vague graphs Gy, Gy, and G1*Go.

(a,6)(02,0.2)

(0.1,0.2)

(0203) (ad)(02,03)

(0.2,0.4)

[ &
(b,¢)(0.1,0.2)

(0.1,0.4) (b,d)(0.2,0.4)

G * Gy

(0.2,0.6)

a(0.2,0.6) b(0.3,0.5)

FIGURE 6 | G;.

(0.1,0.7)

¢(0.2,0.6) d(0.2,0.7)

FIGURE 7 | Go.

(a,¢)(0.2,0.6)

(0.2,0.6) (a,d)(0.2,0.6)

(0.2,0.6)
(90‘20)

(b, ¢)(0.3,0.5) (0.3,0.5) (b, d)(0.3,0.5)

FIGURE 8 | G * Gy.

Example 3.6. Consider the vague graphs G; and G as in
Figures 6, 7. The maximal product of G; and G is G; * G, shown
in Figure 8.

We can see that G; and G; % G, are strong vague
graphs, but G, is not strong: since Tn,(m2,n;) = 0.1 but

min{Tyg, (m2), Ty, (n2} = min{0.2,0.2} =
T, (my, nz) # min{Tay, (m2), Tar, (n2}.

0.2, we have

Theorem 3.7. The maximal product of two connected vague
graphs is a connected vague graph.

Proof: Let G; = (M}, N;) and Gy = (M3, N,) be two connected
vague graphs on crisp graphs G; = (V},E;) and G, =
(V2, Ey), respectively, where Vi = {my,my,...,mi} and V, =
{ni,na,...,ns}. Then Tﬁ,ol(mimj) > 0 for all m;,;m; € Vi and
Tlf,oz(ninj) > 0 for all nj,n; € V3 (or Fli',cl’(mimj) < 1 for all
mj,m; € V1 and FX’,‘;(n,'nj) < 1for all n;,n; € V). The maximal
product of G; = (M},N;) and G, = (M3, N,) can be taken
as G = (M, N). Now, consider the k subgraphs of G with the
vertex set {(m;, n1), (mj, ny), ..., (mj,ng)} fori = 1,2,...,k Each
of these subgraphs of G is connected, since the m;’s are the same
and G; is connected, so that each n; is adjacent to at least one of
the vertices in V5. Also, since G is connected, each x; is adjacent
to at least one of the vertices in Vj.

Hence, there exists at least one edge between any pair of the
above k subgraphs. Thus, we have TR ((m;, nj)(mp, ny)) > 0
(or Fyp((my, nj)(mp, ny)) < 1) for all ((m;, nj)(mpm,n,)) € E.
Therefore, G is a connected vague graph. O

Remark 3.2. The maximal product of two complete vague graphs
is not a complete vague graph in general. This is because we do
not include the case where (m;, m,) € E; and (n1, ny) € E, in the
definition of the maximal product of two vague graphs.

Remark 3.3. The maximal product of two complete vague graphs
is a strong vague graph.

Example 3.8. Consider the complete vague graphs G; and G; in
Figure 5. A simple calculation yields that G; * G, is a strong
vague graph.
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(0.3,0.4) ¢(02,0.3) (0.3,03) (0304) (0.3,04)
° ° (a,c) (a.d)
(0.2,04) (0.2,05) (0.2,0.3) (0.3,0.4)

[} [ ]

b(0.2,03) d(0.3,0.4) (b,c) (0.2,0.3) (b, d)

(0.2,03) (0303)
& G G * Gy
FIGURE 9 | Vague graphs G+, Gy, and G * Go.

Definition 3.9. Let G; = (M;,N;) and G, = (M3, N;) be two
vague graphs. For any vertex (m;, my) € Vi x V; we define

(dT)Gl*Gz(mI) m2) = Z (TN1 * TNz)((mb mZ)(”l) n2))

(my,mz)(n1,n2)€E1 X Ep

- ¥

mip=ni, leanEz
ming €E1, my=ny

(dR)GysGy (misma) = Y (Eny  F, ) ((my, ma)(ny, m2))

(my,my)(n1,m3)€E; XEy

>

my=nj, myny€Ey

>

myn €Ey, my=ny

max{ Ty, (m1), T, (manz)}

max{Tn, (min1), Tar, (m2)},

min{Fy, (my), Fn, (man2)}
min{Fy, (m1n1), Far, (m2)}.

Theorem 3.10. Let G; =
be two vague graphs. If Ty, >
Ty, > Tnys and Fy, < FEyy, then (dr)gsG,(m1,mz) =
(d)G, (m2) Ty, (m1) + (d)G, (m1) T, (m3) and
(dF)GyxG, (M1, ma) = (d)G, (m2)Far, (m1) + (d)G, (m1)Far, (my).

Proof: From the definition of a vertex in the cartesian product,

we have

(Ad1)GysG, (m,ma) = Y~ (T, % Ty )((my, ma)(ny, m2))

(my,my)(n1,m3)€E XEy

-y

my=nj, myny€Ey

+ Z max{Tn, (m1ny), Tar,(m2)}

myny€Ey, my=ny
= > Tnmm)+ Y. Tn(mm)

mny €E,my=ny

(M1,N1) and G; = (M, Ny)
Tn,, Fyy =< Fn,,

max{ Ty, (m1), T, (many)}

mznzeEz,m1=n1

= (d), (m2) Ty, (my) + (d), (m1) T, (m2),

(dR)GsGy (misma) = > (Fyy % Fiy)((my, ma) (1, m))

(my,my)(n1,m2)€E1 X Ey

-y

my=ny, myny€Ey
+ X
mny €Ey, my=ny

= Z Fn, (many) + Z Fn, (mny)

mony€Ey, my=ny myny €Ey,my=ny

= (d)G, (m2)Fap, (m1) + (d)g, (m1)Fa, (m2),

min{Fyy, (my), Fx, (m2n2)}

min{Fy, (m1n), Fr, (my)}

as claimed. O

Example 3.11. Consider the vague graphs Gi, Gz, and G * G;
as in Figure 9. Since TM1 > TNZ’ FM1 < FNZ’ TM2 > TNp and

Fy, < Fn,, by Theorem 3.10 we have

(d1)G1%G, (@, ¢) = ()G, (c) T (a) + (d)g, (@) Tar, (c) = 1-(0.3)
+1-(0.2) = 0.5,
(dF)G,+G, (a, ¢) = (d)g,(c)Far, (a) + ()G, (a)Far,(c) = 1 - (0.4)
+1-(0.3)=0.7.

(d1)G,+G,(a, d) = (d)G,(d) Tar, (@) + (d)g,(a) Ty, (d) = 1-(0.3)
+1-(0.3) = 0.6,

(dF)G,+G, (a,d) = (d),(d)Far, (a) + (d), (a)Far, (d) = 1-(0.4)
+1-(0.4) =0.8.

(d1)G,#G, (b, ¢) = ()G, (c) Tar, (b) + (d) G, (b) Ta, (c) = 1-(0.2)

+1-(0.2) =04,

(dF)G,xG, (b ) = (d)G, (c)Fp, (b) + (d)g, (b)F, (c) = 1-(0.3)
+1-(0.3) =0.6.
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(d1)G,%G, (b, d) = (d)G,(d) T, (b) + ()G, (b) Ty, (d) = 1-(0.2)
+1-(0.3) = 0.5,
(dr)G,+G, (b, d) = (d)G,(d)Fum, (b) + ()G, (b)Far, (d) = 1-(0.3)
+1-(0.4) =0.7.

By direct calculations we obtain

(dr)G,%G,(a,¢) = 03402 =0.5,
(dr)G,+G,(a,c) = 0.4+ 0.3 =0.7,
(d1)G %G, (a,d) = 0.3 + 0.3 = 0.6,
(dr)G,+G,(a,d) = 0.4+ 0.4 = 0.8,
(d1)G,+G,(b,c) =024+ 0.2 =04,
(dF)G,+G,(b,c) = 0.3+ 0.3 = 0.6,
(dr)G,%G,(b,d) =03+ 0.2 =0.5,
(dr)G,xG,(b,d) =03 +04=0.7.

It is clear that the degrees of vertices calculated using the formula
in Theorem 3.10 and by the direct method are the same.

Definition 3.12. Let G; = (M, N;) and G, = (M», N;) be two
vague graphs. For any vertex (m;, my) € V; x V; we define

(td1)G,+G, (M1, m2) = > (Tny o Ty (my, my) (1, m))

(my,ma)(ny,nz)€E X Ey
+ (TM1 * TMz)(mla mZ)

=2

my=ny, myny€Ey

+ Z max{ T, (m1n1), T, (m2)}

min €Ey, my=ny

max{ Ty, (m1), T, (man3)}

+ max{ Ty, (m1), Tar, (m2)},

(tdp)GysGy (mima) = Y (Fny % En,)((my, ma)(n1,13))

(my,my)(n1,m3)€E1 X Ey

+ (Fur, * Far,)(my, my)

- ¥

mliﬂl,mzn2€Ez

>

ming €E1, my=ny

min{Fyy, (my), Fn, (man3)}
min{FNl (1’}’117’11), FMZ(mZ)}

-+ min{Fyy, (m1), Far, (m2)}.

Example 3.13. In this example we find the degree and the total
degree of vertices (4, ¢) and (a, d) in Example 3.2:

(d1)G1%G, (@, ¢) = (d)G,(a) T, () + (d)g, (€) T, (a)
=1(0.2) + 4(0.4) = 02+ 1.6 = 1.8,

(dr)G,xG,(a, ¢) = (d)g,(a)F, (¢) + (d)g, (c)Fum, (a)
= 1(0.5) + 4(0.5) = 0.3 + 1.2 = L.5.

Therefore, dg, «G, (a,¢) = (1.8,1.5). In addition, by the definition
of the total vertex degree in the maximal product,

(tdr)G,+G,(a, ¢) = (d)g,(a) T, (¢) + (d)g, () Tar, (a)
-+ max{Ty, (a), T, (c)}
= 1(0.2) + 4(0.4) + max(0.2,0.4) = 2.2,

(tdF)G,+G,(a, ) = (d)g,(@)Fp, (¢) + (d)g, (c)F, (a)
-+ min{Fy, (a), Far, ()}
= 1(0.5) + 4(0.5) + min(0.3,0.4) = 1.8.

Therefore, tdg, g, (a,c) = (2.2,1.8).
We also have

(dr)G %G, (a, d) = (d)g,(a) Ty, (d) + (d)g,(d) Tnm, (a)
=1(0.1) + 4(0.4) = 0.1 + 1.6 = 1.7,

(dF)G,+G, (a,d) = (d)G,(a)F, (d) + (d), (d)F, (a)
=1(0.3) + 4(0.5) = 0.3 +2 = 2.3,

(td1)G,+G,(a, d) = (d)g,(a) T, (d) + (), (d) T, (a)
+ max{ Ty, (a), Ta, (d)}
= 1(0.1) + 4(0.4) + max(0.4,0.1) = 2.1,

(tdF)G,+G,(a, d) = (d)g,(a)Far, (d) + (d)g, (d)Fr,(a)
+ min{Fy, (a), Fa, (d)}
= 1(0.3) + 4(0.5) + min(0.5,0.3) = 2.6.

Hence, dg, G, (a,d) = (1.7,2.3) and tdg, «G,(a, d) = (2.1,2.6).
Similarly, we can find the degree and the total degree of all
vertices in G * Gj.

Theorem 3.14. Let G; = (M;,N;) and G, = (M3, N,) be two
vague graphs. If Ty, > Tn,, Fuy, < Fn,, Tm, = Tny, and
Fy, < Fny, then (tdr)G,xq,(m1, ma) = (d)g,(m2) T (m1) +
(d)G, (m1) Ty, (m3) + max{ Ty, (m1), Tpr, (m2)} and
(tdF)G,+G, (M1, my) = (d) g, (m2)Far, (m1) 4+ (d) g, (m1)Far, (m2) +
min{Fyy, (m1), Far, (m2)}.

Proof: From Definition 3.12 we have

(tdr)G,uGy (mi,ma) = Y (T, % Ty )((m, ma) (1, 1))

(my,my)(n1,n2)€E1 XEp

+ (TMl * TMz)(ml) mZ)

= 2

mi=ni, mpny €E2

o)

mini€Ey, my=ny

max{ Ty, (m1), T, (man3)}
max{ Ty, (miny), Tpr, (M)}

+ max{ Ty, (m1), Tar, (m2)}

= Z T, (many) + Z TN, (miny)

myny€Ey, my=n mini €Ey, my=ny
+ max{ T, (m1), Tar, (m2)}
= (d)G2 (n’lz)TI\/[1 (my) + (d)Gl (ml)TMz (my)

+ max{Tyy, (my), Tar, (m2)}
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and

(tdp)G, G, (M1, my) = Z (FNy * FN,)((my, mp)(ny, n2))

(my,my)(ny,n2)€E1 X Ep
+ (FM1 * FMz)(mla mZ)

>

mip=mni, mzﬂzEEz

+ Z min{Fn, (m1n1), Fa, (m2)}

miny€E, my=ny

min{Fy, (m;), Fn, (many)}

-+ min{Fy, (m1), Fa, (m2)}

= Z Fy, (many) + Z En, (miny)

myny€Ey, my=n; myni €Ey, my=n;
+ min{Fy, (m1), Fu, (m3)}
= (d)g, (m2)Far, (m1) + (d)G, (m1)Fag, (m3)

+ min{FMl (ml )) FMZ (mZ)})
as asserted. O

Example 3.15. Consider the vague graphs Gi, G, and G * G; in
Figure 9. The total degree of the vertex in the maximal product is
calculated by the following formula:

(td1)Gy#G, (M1, m2) = (d)G, (M) Ty, (m1) + ()G, (m1) Tar, (m2)
+ max{ Ty, (m1), Tar, (m2)},

(tdp)GyxG, (M1, m2) = (d)G, (m2)Far, (m1) + (d)G, (m1)Far, (m2)
+ min{Fyy, (my), Far, (m2)}.

Using the formula we find that

(td7)G+G,(a, €) = (d)G, () Tar, (a) + (d)G, (@) T, ()
+ max{Tu, (a), Tar, (0)}
=1-(0.3) +1-(0.2) + max{0.2,0.3}
=034+02403=0.3,

(tdF)G,xG,(a, ) = (d)G, () Far, (a) + (d)G, (@) Far, (c)
+ min{Fyy, (a), Fpr, (c)}
=1-(0.4)+1-(0.3) + min{0.3,0.4}
=04+03+03=1.

(td1)G,xG, (8, d) = (d)G,(d) T, (@) + ()G, (@) T, (d)
+ max{ T, (@), Tar, (d)}
—1-(0.3)+ 1-(0.3) + max{0.3,0.3)
=03+03+03=0.9,

(tdF)G, %G, (a, d) = (d)G,(d)Far, (a) + (d)G, (a)Far, (d)
+ min{Fy, (a), Fap, (d)}
=1-(0.4)+1-(0.4) + min{0.4, 0.4}
=04404404=1.2.

(td1)G,4G, (b, ©) = ()G, (€) T, (b) + (d) G, (b) T, (c)
+ max{ T, (b), Tar, (c)}
—1-(02)+1-(02) + max{0.2,0.2)
=02+024+0.2=0.6,

(tdp)G, G, (b, ¢) = (d)G,(c)Fum, (b) + (d)G, (b)Far, (c)
+ min{Fay, (b), Fa, (c)}

—1-(03) 4+ 1-(0.3) + min{0.3,0.3}
=03+03403=0.9.

(td1)Gy465 (b, d) = (), (d) Tar, (B) + (), (0) Tagy ()
+ max{Tyy, (b), Tag, ()
=1-(0.2) +1-(0.3) + max{0.2,0.3}
=02+03+03=0.8,
(tdF)G, 56, (b d) = (D), (d)Eag, (b) + (), (b)Far, (d)
+ min{Eyy, (b), Fa, ()
=1-(0.3)+ 1 - (0.4) + min{0.3, 0.4}
=03+04+03=1.

On the other hand, by direct calculations we obtain

(td7)G,4G, (@ ¢) = 0.3 + 0.2 + 0.3 = 0.8,
(tdp)G,+G,(a,C) = 0.4+ 03 + 0.3 = 1,

(tdr)G,+G,(a,d) =03+ 0.3+ 0.3 =0.9,
(tdr)G,«G,(a,d) =04+ 04404 =12,
(tdr)G,+G,(b,c) =024+ 0.2+ 0.2 = 0.6,
(tdp)G,+G,(b,c) = 0.3 + 03 + 0.3 = 0.9,
(tdr)G,+G,(b,d) =03+ 0.2+ 0.3 =0.8,
(tdr)G,+G,(b,d) =04+ 0.3+ 0.3 = 1.

It is thus clear that the total degrees of vertices calculated using
the formula and by the direct method are the same.

Definition 3.16. The rejection G;|Gy = (M;|Ma, Ni|N3) of two
vague graphs G; = (M;,N;) and Gy = (M3, N>) is defined as
follows:

(i) (Tary | Tagy )((my, m2)) = min{ Ty, (m1), T, (m2)},
(Eam, |Eyy )((my, mp)) = max{Fay, (m1), Far, (m2)}
¥ (m1,mp) € (Vi x V3);

(i) (Tny I TN, )((m, ma)(m, n2)) = min{Tag, (m), Tag, (m2), Ta, (n2)}
(Eny |Eny ) ((m, m2)(m, n2)) = max{Fyy, (m), Far, (m2), Far, (n2)}

Vm e Vyand myny & Ey;

(iii) (T, | T, )((m, m)(m, ny)) = min{ Tz, (m), Tr, (m2), Ta, (1)}
(Fny [F, ) ((m, ) (m, 1)) = max{Fy, (m), Fg, (m3), Fag, (n2)}
Vm e Vyand mn; & Ey;

(iv) (T, | T, )((my, ma)(ny, n2)) = min{Tyy, (my), Tar, (1), Tag, (m2), Tag, (n2)}
(Eny |En, )((my, mp)(n1, m2)) = max{Fyy, (my), Far, (m1), Fag, (m2), Fn, (n2)}
Vmin; ¢ Ey and myn, ¢ E;.

Example 3.17. Consider the vague graphs G; and G, in
Figures 10, 11. The rejection of G; and Gy, i.e., G1 |G, is shown
in Figure 12.
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For the vertex (a,e), we find the membership and non-
membership values as follows:

(Tay 1 Ty, ) (a5 €)) = min{Tyy, (a), T, ()}
— min{0.4,0.3} = 0.3,

(Far, | Fa,)((a, €)) = max{Fyy, (a), Fpr, (e)}
= max{0.4,0.4} = 0.4

fora e Viande € V,.
For the edge (e, ¢)(e, a), the membership and non-membership
values are given by

(Tn, 1T, ) (e, €) (e, @) = min{Ty, (e), Tar, (¢), Tar, (@)}
= min{0.3,0.3,0.4} = 0.3,

(FNy IFN, )((e, ) (e, @)) = max{Fyy, (e), Fr, (¢), Far, (@)}
= max{0.4,0.4,0.4} = 0.4

fore € Vo and ac ¢ E;.

For the edge (e, ¢)(e, g) we have

(Tny 1 TN, ) (e, ©)(e, ) = min{Ty, (e), Tar, (c), T, ()}
= min{0.3,0.3,0.3} = 0.3,

(Fn, [En, (e, €) (e, g)) = max{Fyy, (e), Fag, (¢), Far, ()}
= max{0.4,0.4,0.2} = 0.4

fore € Vyand cg ¢ Es.
Similarly, we can find the membership and non-membership
values for all the remaining vertices and edges.

Proposition 3.18. The rejection of two vague graphs G; and G;
is a vague graph.

Proof: Let Gy = (M;,N;) and G, = (M, N;) be two vague
graphs on crisp graphs G; = (V1,E;) and G, = (V3, Ey),
respectively, and let ((my, my)(n1,n2)) € E; x E;. Then by
Definition 3.16 we have the following:

(i) If m; = n; and myn, & E,, then

(TN, I TNy )((my, m2) (1, n2)) = min{ Ty, (my), Tar, (m2), T, (n2)}
= min{min{Tys, (m1), Tpr, (m2)}, min{ Ty, (n1), Tar, (n2)}}
= min{(Tpg, | Tar, )(my1, m2), (Tpgy | Tag, ) (1, n2)},

(FNy [ENy )((my, m2)(n1, n2)) = max{Fp, (m1), Far, (m2), Far, (12)}
= max{max{Fyy, (m1), Far, (m2)}, max{Fyy, (n1), Far, (n2)}}
= max{(FMl IFMz)(ml) my), (FMI IFMz)(nl’ )}

(i) If my = np and myn; & Ej, then

(TN, I TNy )((my, mp)(ny, n2)) = min{ Ty, (my), Targ, (n1), Tar, (m2)}
= min{min{ Tz, (m1), Tpr, (m2)}, min{ Ty, (n1), T, (n2)}}
= min{(Tpy, | Tar, )(m1, m2), (Tpgy | Tagy ) (1, m2)},

(Fny [ENy )(my, mp)(ny, n2)) = max{Fyy, (m1), Fary (1), Fag, (m2)}
= max{max{Fyy, (m1), Fnpr, (m2)}, max{Fpy, (1), Fa, (n2)}}
= max{(Fpp, |Fap, ) (my, ma), (Fppy |Eag, )(n1, 1)}

(iii) If myn, &€ E; and man, € E,, then

(Tny | T, ) ((my, ma)(ny, n2)) = min{Tay, (m1), Tar, (1), Tar, (m2), Tar, (n2)}
= min{min{ Ty, (m1), Tar, (m2)}, min{ Ty, (n1), T, (n2)}}

= min{(Tag, | Tar, ) (m1, m2), (Tagy | Tay ) (15 m2)}s

(Eny [Eny )(my, mp)(ny, m2)) = max{Fay, (my), Far, (1), Far, (m2), Tar, (12)}
= max{max{Fa, (m1), Far, (m2)}, max{Fa, (n1), Fy, (n2)}}

= max{(Fy, [Fa, )(my, my), (Fagy |Fag, ) (1, n2)}.
Therefore, G1|G, = (M;|Mz, N1|N>) is a vague graph. O
Remark 3.4. The rejection of two complete vague graphs

G, = WM,Ny) and Gy = (Mz,Np) is a complete
vague graph.
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Definition 3.19. Let G; = (M;,N;) and G, = (M, N;) be two
vague graphs. For any vertex (mj,my) € Vi x V; we define

Ar)Gy |Gy (mm) = > (Tny TN, )(my, ma) (1, )
(my,mp)(ny,ny)€E] X Ep

my=ny, myny&¢Ey

2

my=ny, myny ¢E;

2

myny €Ey and myny €Ey

min{ Ty, (m1), Tar, (m2), T, (n2)}

+ min{ Ty (m1), T, (n1), Tar, (m2)}

+ min{Tar, (m1), Tar, (1), T, (m2), T, (n2)},

dR)G(Gy(mma) = Y (Eny [Eny)((m1, m)(n1,m3)
(my,mp)(ny,n2)€E] XEp

my=ny, myny&Ey
+ X
my=ny, myn ¢E;

+ max{Fyy, (m1), Fa, (n1), Fp, (m2), Far, (12)}.
mny ¢E) and myny ¢Ey

max{Fyy, (m1), Far, (m2), Far, (n2)}

max{Fyy, (m1), Far, (n1), Fur, (m2)}

Definition 3.20. Let Gy = (M;,N;) and G, = (M3, N,) be two
vague graphs. For any vertex (mj, my) € Vi x V, we define

(tdr)g, |G, (M1, m3) = Z (T | TN, )((my, ma)(ny, 12))

(my,mz)(n1,n2)€E1 xE;

+ (T, | Tag, )(my, ma)

2

my=ni, myny ¢k

2

my=ny, myni ¢Ey

2

miny €E; and myny €E

min{ Ty, (m1), Tar, (M2), Tag, (n2)}

+ min{Ty, (m1), Tag, (m1), T, (m2)}

+ min{ Ty, (m1), Tag, (n1), Tag, (m2), T,y (12)},

(tdr)g, |G, (m1, my) = Z (Fny [FNy ) ((my, ma)(ny, n2))

(my,mz)(n1,n2)€E1 X E;

+ (Fu, |[Fay)(my, my)

2

mi=ny, myny ¢k,

2

my=ny, min €L

2

myny €E; and myny €E;

max{Fy, (m), Far, (m2), Far, (n2)}
+ max{Fy, (my), Fa, (1), Py, (m3)}

+ max{Fy, (m1), Fa, (1), Far, (m2), Far, (n2)}.
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Example 3.21. In this example we find the degree and total
degree of the vertex (e, a) in Example 3.17:

(d1)Gy16, (e, a) = min{Tay, (€), Ta, (@), Tag, (0)}
+ min{T, (e), T, (a), T, (€)}
= min{0.3,0.4,0.3} + min{0.3,0.4, 0.3}
=03+03
= 0.6,

(dF)G, |G, (e, a) = max{Fa, (e), Far, (a), Fy, (0)}
+ max{Fpp, (e), Far, (), Fpr, (8)
= max{0.4,0.4,0.4} + max{0.4,0.4,0.2}
=04+04
=0.8.

Therefore, dg, |G, (4, )= (0.6,0.8).
In addition, by the definition of the total vertex degree in the
maximal product,

(tdr)G, |G, (e a) = min{Tay, (e), T, (a), Tar, (€)}
+ min{Ty, (e), Tar, (a), T, ()}
+ min{Ty, (), T, (@)}
= min{0.3,0.4,0.3} + min{0.3,0.4, 0.3}
+ min{0.3,0.4)
=03+03403
=0.9,

(tdr)G,|G, (e, a) = max{Fyy, (e), Far, (@), Fa, (¢)}
+ max{F, (e), Fa, (@), Fa, (g)}
+ max{Fy, (e), Fa, (a)}
= max{0.4,0.4,0.4} + max{0.4,0.4,0.2}
+ max{0.3, 0.4}
=04+04+04
=1.2.

Therefore, tdg, |G, (a, c)= (0.9,1.2).
Similarly, we can find the degree and the total degree of all
vertices in G1|Ga.

Definition 3.22. The symmetric difference G; & G, = (M; @
M;,N; @ N3) of two vague graphs G; = (M},N;) and Gy =

(M5, N,) is defined as follows:

@) (Tar, @ Ty )((m1, mp)) = min{Tay, (m1), T, (m2)},
(Fy; @ Fary)((my, my)) = max{Fyy, (my), Far, (m2)}
Y(my,my) € (Vi x V3);

(i) (Tn, @ Tn,)((m, mp)(m, nz)) = min{Tay, (m), Tn, (man2)},
(Fny @ Fn,)((m, ma)(m, np)) = max{Fy, (m), Fn, (myny)}

Vm e Vi and myn, € Ey;

(i) (Tn, ® T, )((m1,2)(n1,2)) = min{Tn, (min1), Tag, (2)},
(Fny @ Fy,)((m1,2)(n1,2)) = max{Fy, (min1), Fa, (2)}

Vze Vyand min, € Eq;

min{ Ty, (m1), Tag, (n1), TN, (manz)}
. V myny € E; and myn; € E;,
Ty & T i 1)) =

(iv)(Tn, @ Tn,)((m1, my)(n1,n2)) min{Tag, (), Togy (22, Ti, (my )

VY myn; € Ey and mony ¢ E;,

max{Fyy, (m1), Far, (1), Fn, (man2)}

Vmin; € Ey and myn, € Ey,
(B, @ Fy)(omy, ma) () = v ¢ Brand mano € B2
max{Far, (m2), Fa, (12), Fn, (m1n1)}

Vmin; € Ey and myn, ¢ E;.

Example 3.23. Consider the vague graphs G; and G, as in
Figures 13, 14. The symmetric difference of G; and Gy, ie.,
G; @ Gy, is shown in Figure 15.

For the vertex (a,f), we find the membership and non-
membership values as follows:

(Ta, @ Ta)((a,f)) = min{Tyy, (a), Tar, ()}
— min{0.2,0.3} = 0.2,

(Em, @ Fay)((a,f)) = max{Fay, (), Fa, ()}
= max{0.4,0.3} = 0.4

fora € Vyandf € V).
For the edge (a,d)(a,e), the
non-membership values are given by

membership and

(Tn, ® Tn,)((a, d)(a, €)) = min{Ty, (), T, (de)}
= min{0.2,0.1} = 0.1,

(Fny @ En,)((a, d)(a, e)) = max{Fyy, (a), Fn, (de)}
= max{0.4,0.6} = 0.6

fora € Vi and de € E,.
For the edge (a, d)(b, d) we have

(Tn, ® Tn,)((a,d)(b, d)) = min{Ty, (ab), Ty, (d)}
= min{0.2,0.2} = 0.2,

(Fn; @ Fn,)((a, d)(b, d)) = max{Fy, (ab), Far,(d)}
= max{0.7,0.4} = 0.7

forab € Ey and d € V,.

Frontiers in Physics | www.frontiersin.org

November 2020 | Volume 8 | Article 357


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Certain Concepts of Vague Graphs

Shao et al.
. —o
a(0.2,0.4) (0.2,0.7) (0.3, 0.6)
FIGURE 13| G;.
(0.2,0.6) (0.2,0.4)
@ ®
0.3,0.3 g(U. .
d(0.2,0.5) L(0:359.3) ’
e(0.1,0.4)
FIGURE 14 | G,.
(0.2,0.6) (0.2,0.5) (0.1,0.7) (0.2,0.4) (0.2,0.4)
(a,c) (0.2,0.6) (a,d) (0.1,0.6) (a,e) (0.1,0.5) (a, f) (0.2,0.4) (a,g)
0, S
& G -
g Q] S
@ ‘?0.} l
N > S
7
@ 2 @
2 o
=
S
o o
S e
2l
e
(0'60
"2
(c 7
o o ’2,
3 o ')
o
D
o
o o )
A Q-
© o
(b, c) (0.2,0.6) (b, d) (0.1, 0.6) (b, €) (0.1,0.6) (b, f) (0.2,0.6) (b, 9)
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FIGURE 15| G @ Go.
For the edge (a,¢)(b,f), the membership and In the same way, we can find the membership and non-

non-membership values are
(Tn, @ Tv,)((a, ©)(b.f)) = min{T, (c), Ta, (f), Ty, (ab)}
= min{0.4,0.3,0.2} = 0.2,
(Fn, @ Fn,)((a, 0)(b, f)) = max{Fa, (c), Fu, (), Fi, (ab)}
= max{0.5,0.3,0.7} = 0.7

forab € E; and ¢f ¢ E;.

membership values for all remaining vertices and edges.

Proposition 3.24. The symmetric difference of two vague graphs
G and G; is a vague graph.

Proof: Let G; = (M;,N;) and G, = (M, N;) be two vague
graphs on crisp graphs G; = (V1,E;) and G, (V2, Ey),
respectively, and let ((my, my)(n1,n2)) € E; x E;. Then by
Definition 3.22 we have the following cases:
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(i) If m; = n; = m, then

(TN, @ Tn,)((m, ma)(m, 1)) = min{Tay, (m), Ty, (many)}
< min{ Ty, (m), min{Tar, (m2), T, (n2)}}

= min{min{Tyy, (m), T, (m2)}, min{ Tz, (m), Tar, (n2)}}
= min{(Ty, ® Tar,)(m, ma), (T, © T, )(m, 12)},

(FN, @ Fn,)((m, m2)(m, n3)) = max{F, (m), Fn, (manz)}
> max{Fpy, (m), max{Fa, (m2), Far, (12)}}

= max{max{Fy, (m), Fpr, (m2)}, max{Fyr, (m), Fpr, (n2)}}
= max{(Fy, @ Far,)(m, my), (Fy, © Fary)(m, m2)}.

(i) If my = ny = z, then

(TN, @ T, )((m1,2)(n1,2)) = min{Ty, (m1n1), Tar, (2)}
< min{min{Tn, (m1m1), Tn, (2)}

= min{min{Ty, (m1), Ta, (2)}, min{Tay, (n1), Tar, (2)}}
= min{(Ta, & Tpp,)(m1, 2), (Tpr, © Tary)(m1,2)}

(Eny @ En,)((m1, 2)(n1, 2)) = max{Fy, (m1n1), Fa, (2)}
> max{max{Fy, (min1), Fa, (2)}

= max{max{Fy, (m1), Fa,(2)}, max{Fp, (m), Far, (2)}}
= max{(Fy, ® Far,)(m1,2), (Fu, ® Far,)(n1,2)}.

(iii) If myn, € E; and myn, € E,, then

(Tny & TNy )((my, mp)(ny, n2)) = min{ Ty, (m1), Tagy (n1), TN, (manz)}
< min{Tpyg, (m1), T, (n1), min{ T, (m2) T, (n2)}}

= min{min{Ty (m1), Tpr, (m2)} {Tar (m1), Tar, (n2)}}

= min{(Tpr; ® Tar,)(m1, m2), (Tpr, @ Ty )(n1,m2)},

(Eny @ Fn,)((my1,m2)(n1, n2)) = max{Fyy, (m1), Fag, (n1), Fn, (man3)}
> max{Fy, (m1), Fay (n1), max{Fr, (m2)Fpr, (n2)}}

= max{max{Fy, (m1), Fpr, (m2)}, {Fppy (m1), Far, (12)}}

= max{(Fp; @ Fap,)(m1, my), (Fay © Fap,)(ny, n2)}.

(iv) If myn; € E; and myn, ¢ E, then

(TN, © TN,)((m1, ma)(n1,n2)) = min{Tpy, (m2), Tar, (n2), T, (miny)}
< min{Ty, (m2), T, (n2), min{ Ty, (m1) Targ, (n1)}}

= min{min{ T (m1), Tar, (m2)}, { Ty (n1), T, (n2)}

= min{(Tpr; ® Tay)(m1, m2), (Tar, ® Ty )(n1,m2)},

(Eny @ Fn,)((my, m2)(n1, n2)) = max{Fpr, (ma), Far, (n2), Fny (min1)}
> max{Fpr, (m2), Far, (n2), max{Fyy, (m1)Epy, (n1)}}

= max{max{Fur, (m2), Fpr, (m1)}, {Far, (m2), Fagy (n1)}

= max{(Fp; @ Fap,)(m1, my), (Fary © Fary)(n1, n2)}.

Hence G; @ G; is a vague graph. O

Remark 3.5. The symmetric difference of two connected vague
graphs G; = (M, N1) and G, = (M3, N,) is connected, because
we include the case where (m1,m;) € E; and (n1,1,) € E; in the
definition of the symmetric difference of two vague graphs.

Definition 3.25. Let G; = (M1, N7) and G, = (M3, N,) be two
vague graphs. For any vertex (mj, my) € Vi x V, we define

(d71)G @G, (Mm1,m2) = (TN, © TN,)(m1, mp)(n1,n2))

(my,my)(ny,n2)€E) XEy

- ¥

myp=ny, myny€Ey
+ X
min1€Ey, my=ny
+ Z min{Tyy, (my), Tpr, (n1), TN, (m2n2)}

myny €E] and myny €Ey

+ Z min{Ty, (myny), Tpr, (m2), Tpr, (n2)}
myny €Ey and myny ¢Ey

min{ Ty, (m1), Tn, (man2)}

min{Ty, (m1n1), Tar, (m2)}

and

(dF)G @G, (M1, m2) = Z

(my,my)(ny,nz)€E] xEy

=2

m1=ny, mpny€ky
+ X
miny€Ey, my=ny
+ Z max{Fyy, (my1), Fagy (n1), FN, (manz)}

myny €Ey and myny €Ey

+ Z maX{FN1 (mlnl)’FMz(m2)9FM2(n2)}~
miny €E1 and myny €Ey

(FNy @ Fn,)(my, mp)(ny,n2))
max{Fyr, (m1), FN, (m2n2)}

max{Fy, (myn1), Far, (m2)}

Theorem 3.26. Let G = (M;,N;) and G, = (M, N;) be
two vague graphs. If Ty, > Twn,, Fuy, < Fn,, Tm, = Thys
and Fp, < Fyy, then for every (mi,mz) € Vi x V, we have
(d)G 06, (m1, my) = q(d)g, (m1) + s(d)g, (mz), where s = |V | —
(d)G,(m1) and q = [V2| — (d)g, (m2).

Proof: Using Definition 3.25,

(d1)G 86, (M1, m2) = >
(my,my)(ny,n2)€E1 XEp

- ¥

my=ny, myny€Ey
+
miny €Ey, my=ny
+ Z min{Tyy, (m1), Ty, (n1), TN, (m2n2)}

myn) ¢E1 and myny€Ey

+ Z min{Ty, (min1), Tar, (m2), Tag, (n2)}
miny €E1 and myny €Ey

= Y Tnmm)+ Y. Ty (mim)

miny€Ey

TNy (mym)b+ Y Ty (min)
myny €Ey and myny €Ey

(Tny & TNy )((my1, mp)(n1, n2))
min{Ty, (m1), Tn, (m2n2)}

min{TNl (myny), TMZ (m2)}

mynyeEy
+ )
miny €E1 and myny €Ey

= q(d7)G, (m1) + s(dr)G, (m2),
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In the same way, we can show that (d)g,gq,(b,c) =
(0.2,04) (0.2,0.5) (0.3,0.4) (d)G,06,(b,d) = (0.4,0.9). Direct calculations give
ac a,d
( ) ( ) (dr)G,06,(a,¢) = 02402 =04,
(dr)G,0G,(a,c) = 0.4+ 0.5=0.9,
(0.2,0.4) (0.2,0.4) (d1)G@6,(a,d) = 0.2+ 0.2 = 0.4,
(dr)G,@6,(a,d) =044 0.5 = 0.9,
d b,c) =024+0.2 =04,
(b,c) (b, d) (d1)G,86, (b, ¢)
(0.2,0.5) (dr)G,0G,(b,c) =04+ 0.5=0.9,
(0.2,0.3) R
, (0.2,0.4) (d1)6 @G, (b,d) = 0.2+ 0.2 = 0.4,
(dr)G,@6,(b,d) =044 0.5 =0.9.
FIGURE 16 | G1 @ G of the vague graphs in Figure 9.

(dF)G @G, (m1,m)) = >

(my,my)(ny,n2)€E1 X Ep

- ¥

myp=ny, myny€Ey

>

miny€Ey, my=ny

+ Z max{Fyr, (m1), Fary (n1), Fn, (man2)}
miny¢E] and myny €Ey

+ > max{Fy, (mim), Fagy (m2), Fary (n2)}
myny €E1 and myny €Ey

= Y Fy(mm)+ Y FEyj(mim)

myny€Ey myn) €Ey

+ > Fny(mam)} + >

myny ¢E] and myny €Ey

(FN; @ Fn,)((my1,m2)(ny, n2))
max{Fyy, (m1), F, (man3)}

max{Fn, (m1n1), Far, (m2)}

Fny (myny)
myny €E] and myny €Ey

= q(dp)G, (m1) + s(dp)G, (m2),

and hence the result is proved. O

Example 3.27. Consider the two vague graphs G; and G,
in Figure9 and their symmetric difference in Figure 16. In
Figure 9, Ty, > Tn,, Fu, < Fn,» Tm, > Ty, and Fy, < Fyj.
Then, the total degree of a vertex in the symmetric difference is
calculated by the following formula:

(dr)G @G, (m1, mz) = q(dr)g, (m1) + s(dr)g, (m2),
(dr)G @6, (m1, my) = q(dr)g, (m1) + s(dr)g, (m2).

Using the formula we find that

(d1)6,06,(@¢) = 1-(0.2) +1-(02) = 04,
(dF)G,e6,(@c) = 1-(0.4) + 1-(0.5) = 0.9,
(dr)G,36, (@ d) = 1-(0.2) +1-(02) = 04,
(dF)Ge6,(@d) = 1-(0.4) + 1 - (0.5) = 0.9.

Hence, (d)g,06,(@¢c) =
(0.4,0.9).

(0.4,0.9) and (d)g,ec,(ad) =

It is obvious from the above that the degrees of vertices calculated
using the formula and by the direct method are the same.

Definition 3.28. Let G; = (M1, N7) and G, = (M3, N;) be two
vague graphs. For any vertex (mj, m) € Vi x V, we define

(tdr)ee6,(m,my) = Y (Tn, & Tn,)(my, ma)(m1, m))

(my,my)(ny,m2)€E X Ep

+ (T, ® T, (my, my)

-y

mi=ny, mpny GEZ

>

mlnleEl,mZ:nz

)

myny €E1 and many €Ey

)

min€E; and mpny ¢E2

+ min{ Ty, (my), Tar, (m2)}

min{Tz, (m1), Tn, (manz)}
min{Ty, (min1), Tpr, (m2)}
min{Tyr, (m1), Tag, (n1), Tn, (many)}

min{ Ty, (min1), Tar, (m2), T, (n2)}

and

(tdr)Gie6, (mi,ma) = Y (Fy @ Fiy)((my, ma)(n1, m))

(my,my)(ny,m2)€E] X Ey

+ (Fm, ® Far, (my, ma)

= 2

mi=ny, myny EEz

>

ming EEI, my=ny

DS

mny ¢E) and myny €E,

DS

myn) €E) and myn, &E,

max{Fyy, (m1), Fn, (man2)}
max{Fy, (min1), Far, (m2)}
max{Fp, (m1), Fy, (m), Fn, (manz)}
max{Fy, (myn1), Fy, (m2), Far, (n2)}

+ max{Fy, (m1), Far, (m3)}.

Example 3.29. In this example we find the degree and total
degree of the vertex (g, e) in Example 3.23. We have

s = Vi = (d)g, (a)
=2-1=1
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and, similarly, Proof: For all (m1,my) € V1 x V, we have

q=1V2| = (d)g,(e)

=5-2=3 (tdr)e,e6,(m,my) = Y (Tn, ® Ti,)(my, my)(m1, m))
(my,ma)(ny,n2)€E1 XEy
Therefore + (T, ® Tap,)(my, my)

= Z min{T, (m1), Tn, (manz)}

mi=ni, mayn€E;

(dr)G186,(a, €) = q(dr)G,(a) + s(dr)G, (e)

=3(0.2) + 1(0.1 4+ 0.1) = 0.6 + 0.2 = 0.8, )

+ Y min{Ty,(mm), Ta, (m2))
(dF)G @G, (a, €) = q(dF)g, (a) + s(dF)g, (e) myny€Ey, my=ny
=3(0.4) +1(0.6 +0.5) = 1.2 4+ 1.1 = 2.3. + Z min{ T, (m1), Tag, (m1), T, (m2n2)}
m1n1¢E1 and mzanEz
So .

+ > min{Ty, (myn), Tag, (m2), Tz, (1)}

(6,06, (a ) = (0.8,2.3). my CEy and mana¢Fs

+ max{ T, (m1), Tar, (m2)}

In addition, by Definition 3.28 we have
= Y Tn(mm)+ Y Ty (mim)

(tdr)G,06,(a, e) = q(tdr)g, (a) + s(tdr)g, () man2 €k mimeky
—(s—1)Tg,(e) — (9 — 1)Tg, (a) + ) Tnmm)+ Y Ty (mim)
_ max{TGl (a)’ TGZ (6)} mny ¢E) and many €Ey myn) €E) and man, &Ey
=3(0.2+0.2) + 1(0.1 + 0.1 + 0.1) + max{ T, (m1), Tag, (m2)}
— (1 —=1)(0.1) — (3 — 1)(0.2) — max{0.2,0.1} = Z T, (many) + Z Ty (myny)
=3(0.4) + 03 —0.4—0.2 =0.9, manz€Ep mm ek

+ > T, (many)}

min) €E; and many €Ey

(tdr)G, 06, (a, e) = q(tdr)g, (@) + s(tdr)g, (e)

_ (S .— 1)FG2 (e) - (q - 1)FG1(a) + Z TNl(mlnl) + TMl(ml) + TM2 (mZ)
- mln{FGl (a)’ FG2 (e)} mlnleEl and mzn2¥E2

=3(02+0.2) +1(0.4 4+ 0.5+ 0.6) — max{ Ty, (m1), Tar, (m2)}

— (1 =1)(0.4) — (3 —1)(0.4) — min{0.4, 0.4} = q(tdr)G, (m1) + s(tdr)g, (m3)
=3(04)+15—08—04=15. — (g — 1)Tg, (m) — max{Tg, (m1), Tg,(m2)},

Therefore,

(td)G @6, (a,e) = (0.9, 1.5).

- . (tdp)G 06, (muma) = D (Fry @ Fy)((my, ma)(m, m2)

Similarly, we can find the degree and total degree of all vertices in
(my,ma)(ny,n2)€E xEy

GL® Go. + (Fat, ® Fag,)(my, mo)
Theorem 3.30. Let G; = (M;,N;) and G, = (M, N>) be two = Z max{Fy, (m1), Fn, (mzn2)}
vague graphs. my=ny, myny€E;
y (i)‘I/fTM1 > Ty, and Ty, > Tn, then for all (my,my) € + Z max{Fy, (myny), Fat, (m)}

1 X V2,

myny €Ey, my=n;

(td1)6, 06, (M1, m2) = q(tdr), (m1) + s(tdr)G, (m2) + > max{Fy, (m1), Far, (m), En, (manz)}
— (g — 1) T, (my) — max{Tg, (m), Tg, (my)). rm g and mam €

+ > max{Fy, (mim), Fa, (m3), Fag, (1)}
(11) If FM1 f FN2 and FMZ S FN1> then for aH (ml)m2) € m1n1€E1 andmzn2¢E2
Vix Vo, + min{Fyg, (m1), Fag, (m2))
(tdr)G,e6, (m1, m2) = q(tdp)G, (m1) + s(tdp)e, (m2) = Y Fy(mam)+ Y FEy,(mm)
—(q — )Fg, (m1) — min{Fg, (m1), Fg,(m2)}. m2n2€E mm ek

+ Z F, (man3)}

miny ¢E1 and mzanEz

Here s = |Vi| — (d)g, (m1) and q = | V3| — (d)G, (m2).
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)

myn) €E] and man, &Ey

Fy, (myny)

+ min{Fy, (m1), Far, (m3)}

= Z Fy, (mamy) + Z Fn, (myny)

mzanEz

DY

miny éEl and monyEEy

)

miny €E; and many €Ey
— min{Fy, (m1), Far, (m2)}

= q(tdr)g, (m1) + s(tdr)g, (m2)
- (q - 1)FG1 (ml) - min{FGl(ml)’ FGz(mZ)}:

m1n1€E1

Fn, (many)}

Fn, (myny) + Fpp, (my) 4 Fag, (m3)

where s = |V1| — (d)g,(m1) and g = | V3| — (d)g, (m2). O

Example 3.31. In this example, we calculate the total degree of
the vertices in Example 3.27.

The total degree of a vertex in the symmetric difference is
given by

(td7)G 96, (m1, my) = q(tdr)G, (m1) + s(tdr)g, (m2)
—(q — DTg, (m1) — max{Tg, (m1), Tg,(m2)},
(tdr)G, @G, (M1, m2) = q(tdr)g, (m1) + s(tdp)G, (m2)
— (g — 1)Fg, (m1) — min{Fg, (m1), Fg, (m2)}.

Using the above formula, we calculate

(tdr)G,96G,(a,c) =1-(0.5)+1-(0.4) — (1 —1)-(0.3)
— max{0.2,0.3} = 0.6,
(tdr)G,@G,(a,¢c) =1-(0.8) +1-(0.8) — (1 —1)-(0.4)
— min{0.3,0.4} = 1.3,
(tdr)g,eG,(a,d) =1-(0.5)+1-(0.5) — (1 —1)-(0.3)
— max{0.3,0.3} = 0.7,
(tdr)G,eG,(a,d) =1-(0.8) +1-(0.9) — (1 —1)-(0.4)
— min{0.4,0.4) = 1.3,
(tdr)G,8G,(b,c) =1-(04)+1-(04) — (1 —1)-(0.2)
— max{0.2,0.2} = 0.6,
(tdr)G,@G,(b,c) =1-(0.7) +1-(0.8) — (1 —1)-(0.2)
— min{0.3,0.3} = 1.2,
(tdr)G,0G,(b,d) =1-(04)+1-(0.5) — (1 —1)-(0.2)
— max{0.2,0.3} = 0.6,
(tdr)G,@6,(b,d) =1-(0.7) +1-(0.9) — (1 — 1) - (0.2)

— min{0.3,0.4} = 1.3.

By direct calculations, we find

(td7)G, @6, (@, c) = 02+ 02+ 0.2 = 0.6,
(tdr)G,@G,(a,¢c) =04+ 0.5+ 0.4 = 1.3,
(td1)G, @6, (@ d) = 0.2+ 02+ 0.3 = 0.7,
(tdr)G, 06, (@ d) = 0.4 + 0.5+ 0.4 = 1.3,
(tdr)G,@G,(b,¢) =024+ 0.2 + 0.2 = 0.6,
(tdr)G, @G, (b,¢) = 0.4+ 0.5+ 03 = 1.2,
(tdr)g,eG,(b,d) =02+ 0.2+ 0.2 = 0.6,
(tdr)G, @G, (byd) = 0.4 + 0.5+ 0.4 = 1.3.

It is clear that the total degrees of vertices calculated using the
formula and by the direct method are the same.

Definition 3.32. The residue product G; ¢ Gy = (M; e M, N o
N,) of two vague graphs G; = (M],N;) and Gy = (M2, N>) is
defined as follows:

(1) (TM1 o TMz)((ml) mZ)) = maX{TMl (ml)) TMz(mZ)}a
(Fur, ® Far,)((m1, my)) = min{Fy, (m1), Fa, (m2)}
Y (my,my) € (V1 x Vy);

(ii) (Tn, ® Tn,)((my, ma)(n1, n2)) = T, (miny),
(Fn, ® Fny)((m1, ma)(n1, n2)) = Eny (ming)
Vmin; € Ei, my ;ﬁ np.

Example 3.33. Consider the vague graphs G; and Gy in
Figures 17, 18. The residue product of G; and Gy, i.e., G; e G2,
is shown in Figure 19.

For the vertex (b,e), we find the membership and non-
membership values as follows:

(T, ® Tar,)((by €)) = max{Tyy, (b), Tar, (e)}
= max{0.2,0.2} = 0.2,

(Fp, ® Far,)((b, €)) = min{Fyy, (b), Far, (e)}
— min{0.7,0.6) = 0.6

forbe Viande € V,.
For the edge (a,c)(b,d), we calculate the membership and
non-membership values to be

(Tn, ® T,)((a,c)(b,d)) = Ty, (ab) = 0.1,
(FNl ° FNz)((“) C)(b, d)) = FNl(ab) =0.8

forab € Ey and ¢ # d.
Similarly, we can find the membership and non-membership
values for all the remaining vertices and edges.

Proposition 3.34. The residue product of two vague graphs G;
and G; is a vague graph.

Proof: Let Gy = (M;,N;) and G, = (M, N;) be two vague
graphs on crisp graphs G; = (V,E;) and Go = (Va,Ey),

Frontiers in Physics | www.frontiersin.org

November 2020 | Volume 8 | Article 357


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Shao et al. Certain Concepts of Vague Graphs
. -
a(0.1,0.5) (0.1,0.8) b(0.2,0.7)
FIGURE 17 | G.
(dF)GyeGy (m1,m) = >~ (Fy, @ Fx,)((my, ma)(n1,1n2))
c(0.4,0.5) (0.2,0.7) 4(0:3; 0:8) (my,my)(n1,n2)€E1 X Ea
= Z Fn,(myny)
myny €Ey, my#n;
. = (dF)g, (m).
~ —~
S %
- o
; = Definition 3.36. Let Gy = (M;,N;) and G, = (M3, N,) be two
~ S vague graphs. For any vertex (m;, m,) € Vi x V, we define
(tdr)g ec,(mi,my) = Y (T, @ Ty,)((my, ma)(ny, m3))
(my,mz)(ny1,m)€E X Ea
.
¢(0.2,0.6) (0.1,0.7) £(0.1,0.7) + (T, @ Ty )(m1, m2)
= Y Tn(mm)+min{Ty; (m), Tag, (m2))
FIGURE 18 | G,. myn €Exy man

respectively, and let ((my,my)(n1,n3)) € Ey X E. If myn; € E;
and my # ny, then

(Tny @ T, )((my, mp)(n1, m3)) = Ty, (myng)

< min{Ty, (m1), T, (n1)}

< max{min{Tyy, (m1), Tpr, (n1)}, min{ Ty, (m2), Tar, (12)}}
= min{max{Tyy, (m1), Tar, (n1)}, max{Tar, (m2), Tar, (n2)}}

= min{(Ty, ® Tar,)(m1, m2), (Tar, ® Tag,)(n1,12)},

(Fny @ Fny)((m1, mp)(n1, n2)) = Eny (ming)

> max{Fyy, (m1), Far (1)}

> min{max{Fyy, (m1), Far, (n1)}, max{Far, (my), Fr, (n2)}}
= max{min{Fy, (m), Far, (1)}, min{Fpy, (m2), Far, (n2)}}

= l’l’laX{(FMl L4 FMz)(ml) m2)> (FMl L4 FMz)(nl) n2)})

which completes the proof. O

Definition 3.35. Let G; = (M;,N;) and G, = (M, N;) be two
vague graphs. For any vertex (m;, my) € V1 x V; we define

(dT)GloGz (H’Z1, mZ) = Z (TNl ° TNz)((mlr mZ)(nl’ 7’12))

(my1,m2)(n1,n2)€E1 X Ey

= 2

miny EEl, le#nz

= (dr)gG, (m1),

TN, (miny)

= Y T (mm) + Tagy (my) + Tog, (o)
mlnleEl,mﬁénz
— max{ Ty, (m1), Tar, (m2)}

= (tdr)G, (m1) + T, (m2) — max{Tyy, (m1), T, (m2)},

(tdE)GyoGy (M1 ma) = Y (Fn, @ Fy)((my, mo)(my, m2))

(my,my)(ny,n2)€E X Ey
+ (Fu, ® Far,)(my, my)

- ¥

myni €Ey, ma#ny
miyny €Ey, my#£ny
— min{Fy, (my), Fa, (m3)}

= (tdr)G, (m1) + Fy,(m2) — min{Fy, (m1), Far, (m2)}.

Fn, (myny) + max{Fy, (m1), Fa, (m2)}

Fn, (myny) + Fpp, (my) + Fag, (m3)

Example 3.37. In this example we find the degree and total
degree of the vertex (b, e) in Example 3.33:

(d1)G,eG, (b, €) = (d1)g, (b)

=0.140.1=0.2,
(dr)G,eG, (b, €) = (dp)g, (b)
=0.8+08=1.6.

Therefore,

(d)G,eG,(b,e) = (0.2,1.6).
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(0.4,0.5) (0.2,0.6)
(a,¢) (0.1,0.8) (b, e)
(0.3,0.5) (0.2,0.5)
a,d
(a,d) (a,e)
]
R
=}
- &-).\
e, S
=
e
; :
(®, f) (b, ¢)
(0.2,0.7) (0.4,0.5)
e
(a, f) (0.1,0.8) . d)
(0.1,0.5) ’
(0.3,0.6)
FIGURE 19 | G « Go.
TABLE 1 | The vague relation L(P — S). TABLE 2 | The vague relation R(S — D).
L Heartburn Coughing Pain during swallowing Weight loss R Cancer of Cancer of Cancer of Cancer of
kidney colon breast bladder
Shahbaz  (0.8,0) (0.6,0.2) (0.2,0.3) 0.1,0.6)
Faisal (0_3’011) (0.310.5) (0.3,0.6) (0.2,0.6) Heartburn (0.1,0.3) (0.6,0.1) (0.2,0.3) (0.7,0.1)
Shoab (05,02  (0.1,0.2) (0.1,0.8) (0.3,0.4) Coughing (0.5,0.4) (0.3,0.4) (0.3,0.5) (0.2,06)
Danish  (0.4,04)  (0,0.3) (0.5,0.4) (0.5,0.3) Pain during (0.3,0.6) (05,02 (0.6,0.1) (0.7.0.1)
swallowing
Weight loss 0.2,0.3) (0.6,0.3) 0.5,0.2) 0.7,0.1)

The total degree of (b, e) is given by

(td1)G oG, (bs €) = (tdr)G, (b) + T, (€) — max{Tar, (b), Tar, (e)}
= (0.2+0.2) 4+ 0.2 — max(0.2,0.2)
=04,

(tdr)G,eG, (b, €) = (tdr)g, (D) + Far,(e) — min{Fyy, (b), Far,(e)}
— (0.8 + 0.8) + 0.6 — min(0.7, 0.6)
=1.6.

Therefore,

(td)G,eG, (b, €) = (0.4, 1.6).

Similarly, we can find the degree and total degree of all vertices in
G1 ° Gz.

4. APPLICATION OF VAGUE SETS TO
MEDICAL DIAGNOSIS

Following the approach outlined by De et al. [18], we will
apply vague sets to medical diagnosis by using a max-min-max
composition in terms of vague relations. First, we use vague
sets to define the disease symptoms. Then, we describe medical
knowledge in terms of vague relations. Finally, we determine a
diagnosis on the basis of vague relations. Consider four patients
named Shahbaz, Shoaib, Faisal, and Danish, and define the set
of patients P = {Shahbaz, Shoaib, Faisal, Danish}. Let the set of
symptoms under consideration be S = {heartburn, coughing,
pain during swallowing, weight loss}. A vague relation L is
available from set P to set S, and this is summarized in Table 1.
Cancer is a group of dangerous and prevalent diseases, and
represents one of humankind’s greatest medical challenges. Many
people are diagnosed with late-stage cancer that is difficult or
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TABLE 3 | The composition M(P — D) of vague relations L and R.

M Cancer of Cancer of Cancer of Cancer of
kidney colon breast bladder
Shahbaz (0.5,0.9) (0.6,0.1) (0.2,0.3) (0.7,0.1)
Faisal (0.3,0.9) (0.3,0.1) (0.3,0.3) (0.3,0.1)
Shoaib 0.2,0.9) 0.5,0.2) (0.3,0.3) (0.5,0.2)
Danish (0.5,0.9) (0.5,0.9) (0.5,0.3) (0.5,0.3)

TABLE 4 | Sg, the best version of R determined by the formula Sg = Tg — Frmg.

Sr Cancer of Cancer of Cancer of Cancer of
kidney colon breast bladder
Shahbaz 0.44 0.57 0.05 0.68
Faisal 0.18 0.24 0.18 0.24
Shoaib 0.05 0.44 0.18 0.44
Danish 0.44 0.44 0.44 0.44

impossible to treat because of a lack of awareness of the disease
symptoms. Mathematical models involving vague sets can be
used to determine the most likely diagnosis given a set of
symptoms that a patient presents with.

There are many different types of cancers; here we focus
on a few of the more life-threatening kinds: (1) kidney cancer,
(2) colon cancer, (3) breast cancer, and (4) bladder cancer. We
define the set of diagnoses to be D = {cancer of kidney, cancer
of colon, cancer of breast, cancer of bladder}. The vague relation
R(S — D) from the set of symptoms to the set of diagnoses
is given in Table 2. The composition M(P — D) of the vague
relations L and R is shown in Table 3; it gives the diagnosis for
each patient via the formulas

Tu(pisdi) = \/ [TL(pis s) A Tr(s, dp)],

se§

Fy(pidi) = \[F1(pirs) v Fr(s, i),

seS

where p; denotes the patients, di denotes the different diagnoses,
A = min, and V = max.
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