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In this article, we study the concept of relative bi-Γ-hyperideals (J -bi-Γ-hyperideals) in
ordered Γ-semihypergroups and present some related examples of this concept.
Especially, characterization of J -simple ordered Γ-semihypergroups in terms of J -bi-
Γ-hyperideals is given. Furthermore, we define the notion of J -(bi-)int-Γ-hyperideals in
ordered Γ-semihypergroups and investigate its related properties. We show that J -int-
Γ-hyperideals and J -Γ-hyperideals coincide in a J -regular ordered Γ-semihypergroup.
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1. INTRODUCTION

One of the motivations for the study of hyperstructures comes from biological inheritance and
physical phenomenon as the nuclear fission. Another motivation for the study of hyperstructures
comes from chemical reactions and redox reactions. Dehghan Nezhad et al. [1] provided a physical
example of hyperstructures associated with the elementary particle physics: leptons. As we know, the
Higgs boson is an elementary particle in the standard model of particle physics. In [2], it is shown
that the leptons and gauge bosons along with the interactions between their members construct an
H]-structure. Yaqoob et al. [3] studied some properties of (fuzzy) Γ-hyperideals in involution
Γ-semihypergroups. In [4], the concepts of uni-soft Γ-hyperideals and uni-soft interior Γ-hyperideals
of ordered Γ-semihypergroups are investigated.

Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a
classical algebraic structure, the composition of two elements is an element, while in an algebraic
hyperstructure, the composition of two elements is a set. The concept of hyperstructures was first
introduced by Marty [5] at the eighth congress of Scandinavian Mathematicians in 1934. Nowadays,
we can easily find well-written books for the introduction to hyperstructures, which include Corsini
[6], Corsini and Leoreanu [7], Davvaz [8], Davvaz and Leoreanu-Fotea [9], Davvaz and Vougiouklis
[10], and Vougiouklis [11]. For the information about hyper rings, we refer the reader to Ref. 9.

The study of ordered semihypergroups began with the work of Heidari and Davvaz [12]. In 2015,
Davvaz et al. [13] discussed the notion of a pseudo-order in an ordered semihypergroup. The focus of
the study was to find out if there is a relationship between ordered semihypergroups and ordered
semigroups by using pseudo-orders. In 2016, Gu and Tang [14] answered to the open problem given
by Davvaz et al. [13]. In [15], Tipachot and Pibaljommee introduced the concept of fuzzy interior
hyperideals on ordered semihypergroups. Recently, Mahboob et al. [16] studied the concept of
(m, n)-hyperideals on ordered semihypergroups. Recall, from Ref. 12, that an ordered
semihypergroup (S,+, ≤ ) is a semihypergroup (S) together with a (partial) order relation ≤
that is compatible with the hyperoperation +, meaning that, for any x, y, z ∈ S,
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x ≤ y0z+x ≤ z+y and x+z ≤ y+z.

Here, A≤B means that for any a ∈ A, there exists b ∈ B such
that a≤ b, for all nonempty subsets A and B of S.

Good and Hughes [17] introduced the notion of bi-ideals of a
semigroup as early as 1952. In 1962, Wallace [18] introduced the
notion of relative ideals (J -ideals) on semigroups. In 1967,
Hrmová [19] generalized the notion of J -ideal by introducing
the notion of a (J 1,J 2)-ideal of a semigroup S. Recently, Khan
and Ali [20] introduced the concept of relative bi-ideals in ordered
semigroups. The notion of Γ-semigroup was introduced by Sen and
Saha [21] in 1986, which is a generalization of semigroups. In 2011,
Anvariyeh et al. [22] introduced the notion of Γ-hyperideal of a
Γ-semihypergroup. Later on, Yaqoob and Aslam [23] studied prime
(m, n) bi-Γ-hyperideals of Γ-semihypergroups. Omidi et al. [24, 25]
discussed some important properties of bi-Γ-hyperideals of an
ordered Γ-semihypergroup. Bi-Γ-hyperideal is a special case of
(m, n)-Γ-hyperideal [26]. In 2017, Tang et al. [27] considered and
proved some theorems on fuzzy interior Γ-hyperideals in ordered
Γ-semihypergroups. Pseudo-orders are the bridge between ordered
Γ-semigroups and ordered Γ-semihypergroups, see Ref. 28.

After an introduction, in Section 2, we introduce some notation
and terminologies. Section 2 aims for summarizing the fundamental
materials on ordered Γ-semihypergroups. Section 3 is devoted to the
study of relative Γ-hyperideals (J -Γ-hyperideals) and relative bi-
Γ-hyperideals (J -bi-Γ-hyperideals) of an ordered Γ-semihypergroup.
In this section, our main results are stated and proved. J -simple
ordered Γ-semihypergroups are characterized by using the notions of
J -Γ-hyperideals and J -bi-Γ-hyperideals. Finally, in Section 4, the
notion of J -(bi-)int-Γ-hyperideals (J -(bi-)interior-Γ-hyperideals)
are studied and their related properties are discussed. It is shown
that, in J -regular ordered Γ-semihypergroups the J -Γ-hyperideals
and the J -int-Γ-hyperideals coincide.

2. PRELIMINARIES

Let S and Γ be two nonempty sets. Then, S is called a
Γ-semihypergroup [22] if every c ∈ Γ is a hyperoperation on S,
i.e., xcy4S, for every x, y ∈ S, α, β ∈ Γ, and x, y, z ∈ S, we have

xα(yβz) � (xαy)βz.

If every c ∈ Γ is an operation, then S is a Γ-semigroup. LetA and
B be two nonempty subsets of S. We define

AcB � ∪{acb
∣∣∣∣ a ∈ A, b ∈ B}.

Also,

AΓB � ∪{acb
∣∣∣∣ a ∈ A, b ∈ B and c ∈ Γ} � ∪

c ∈ Γ
AcB.

In the following, we recall the notion of an ordered
Γ-semihypergroup, and then we present basic definitions and
notations, which we will need in this article. Throughout this

article, unless otherwise specified, S is always an ordered
Γ-semihypergroup (S, Γ, ≤ ).

Definition 2.1 (see [29]). An algebraic hyperstructure
(S, Γ, ≤ ) is called an ordered Γ-semihypergroup if (S, Γ) is a
Γ-semihypergroup and (S) is a partially ordered set such that
for any x, y, z ∈ S and c ∈ Γ, x ≤ y implies zcx ≤ zcy and xcz ≤ ycz.
Here, if A and B are two nonempty subsets of S, then we say that
A≤B if, for every a ∈ A, there exists b ∈ B such that a≤ b.

Let S be an ordered Γ-semihypergroup. By a sub
Γ-semihypergroup of S, we mean a nonempty subset A of S such
that acb4A for all a, b ∈ A and c ∈ Γ. A nonempty subset A of S is
called idempotent if A � (AΓA].

Example 1. (See Ref. 25.) Let (S,+, ≤ ) be an ordered
semihypergroup and Γ a nonempty set. We define acb � a+b
for every a, b ∈ S and c ∈ Γ. Then, (S, Γ, ≤ ) is an ordered
Γ-semihypergroup.

Let J be a nonempty subset of an ordered Γ-semihypergroup
(S, Γ, ≤ ). If H is a nonempty subset of J , then we define

(H]J :� {j ∈ J ∣∣∣∣ j≤ h for some h ∈ H}.

Note that if J � S, then we define

(H] :� {x ∈ S
∣∣∣∣ x ≤ h for some h ∈ H}.

If A and B are nonempty subsets of S, then we have

(1) A4(A]J for all A4J
(2) ((A]J ]J � (A]J
(3) If A4B4J , then (A]J4(B]J
(4) (A]J Γ(B]J4(AΓB]J

An element a of an ordered Γ-semihypergroup (S, Γ, ≤ ) is
regular [25] if there exist x ∈ S and α, β ∈ Γ such that a≤ aαxβa.
This is equivalent to saying that a ∈ (aΓSΓa], for each a ∈ S. An
ordered Γ-semihypergroup S is said to be regular if every element
of S is a regular element.

Definition 2.2. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup.
A nonempty subset A of S is called a left (resp. right) Γ-hyperideal
[24] of S if it satisfies the following conditions:

(1) SΓA4A (resp. AΓS4A)
(2) If x ∈ A, y ∈ S, and y ≤ x, then y ∈ A

If A is both a left Γ-hyperideal and a right Γ-hyperideal of S,
then it is called a Γ-hyperideal (or two-sided Γ-hyperideal) of S.

3. BASIC PROPERTIES OF RELATIVE
BI-Γ-HYPERIDEALS
(J -BI-Γ-HYPERIDEALS)
Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup and I and J be the
nonempty subsets of S. Then, I is called a left J -Γ-hyperideal of S
if it satisfies the following conditions:

(1) J ΓI4I
(2) When x ∈ J and y ∈ I such that x ≤ y, it implies that x ∈ I
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A right J -Γ-hyperideal of an ordered Γ-semihypergroup S is
defined in a similar way. By two-sided J -Γ-hyperideal or simply
J -Γ-hyperideal, we mean a nonempty subset of S which is both
left and right J -Γ-hyperideal of S.

Definition 3.1. LetJ 1 andJ 2 be the nonempty subsets of S. A
nonempty subset I of S is said to be an (J 1,J 2)-Γ-hyperideal of
S if it satisfies the following conditions:

(1) J 1ΓI4I and IΓJ 24I
(2) When x ∈ J 1∪J 2 and y ∈ I such that x ≤ y, it implies that

x ∈ I

Example 2. Let S � {a, b, c, d, e, f } and Γ � {c, β} be the sets of
binary hyperoperations defined as follows:

Then, S is a Γ-semihypergroup [23]. We have (S, Γ, ≤ ) as an
ordered Γ-semihypergroup, where the order relation ≤ is defined
by

≤ :� {(a, a), (b, a), (b, b), (b, c), (b, f ), (c, c), (d, d), (e, e), (f , f )}.

The covering relation and the figure of S are given by

3 � {(b, a), (b, c), (b, f )}.

Let J 1 � {a, b, c},J 2 � {b, d, f }, and I � {a, b, f }. One can check
that I is a (J 1,J 2)-Γ-hyperideal of S.Here are some elementary
properties of these concepts.

Lemma 3.2. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup. If
J is a sub Γ-semihypergroup of S, then (J ΓaΓJ ]J is a
J -Γ-hyperideal of S for each a ∈ S.

Proof. Let a ∈ S. We show that (J ΓaΓJ ]J is a J -Γ-hyperideal
of S. We have

J Γ(J ΓaΓJ ]J � (J ]J Γ(J ΓaΓJ ]J
4(J Γ(J ΓaΓJ )]J
� (J ΓJ (ΓaΓJ )]J
4(J ΓaΓJ ]J .

Similarly, we have (J ΓaΓJ ]J ΓJ4(J ΓaΓJ ]J . Now, let x ∈ J
and y ∈ (J ΓaΓJ ]J such that x ≤ y. Then, x ≤ y ≤ z for some
z ∈ J ΓaΓJ . Hence, x ≤ z and so x ∈ (J ΓaΓJ ]J . Therefore,
(J ΓaΓJ ]J is a J -Γ-hyperideal of S.

Theorem 3.3. Let I be a left Γ-hyperideal of an ordered
Γ-semihypergroup (S, Γ, ≤ ) and ∅≠J4S such that I4J . If
M is an idempotent left J -Γ-hyperideal of I, then M is a left
Γ-hyperideal of S.

Proof. Clearly, I is an ordered sub-Γ-semihypergroup of S. We
have

SΓM � SΓ(MΓM]
� (S]Γ(MΓM]
4(SΓ(MΓM)]
� ((SΓM)ΓM]
4((SΓI)ΓM]
4(IΓM]
4(J ΓM]
4(M]J
� M.

If m ∈ M4I and x ∈ S such that x ≤m, then we have x ∈ I4J .
SinceM is a left J -Γ-hyperideal of I, it follows that x ∈ M. Hence,
M is a left Γ-hyperideal of S. ∎

Theorem 3.4. Let I be a Γ-hyperideal of a regular ordered
Γ-semihypergroup (S, Γ, ≤ ) and J 1, J 24S such that
I4J 1∩J 2. Then, any (J 1,J 2)-Γ-hyperideal of I is a
Γ-hyperideal of S.

Proof. Let I be a Γ-hyperideal of S. Then, IΓI4SΓI4I. So, I is
an ordered sub-Γ-semihypergroup of S. Let A (A4I) be a
(J 1,J 2)-Γ-hyperideal of I. We prove that A is a Γ-hyperideal
of S. Let i ∈ I4S. Then, there exist x ∈ S and α, β ∈ Γ such that

i≤ iαxβi≤ iαxβ(iαxβi) � iα(xβiαx)βi.

Since I is a Γ-hyperideal of S, it follows that

xβiαx4(SΓI)ΓS4IΓS4I.

Hence, i≤ t, for some t ∈ iα(xβiαx)βi4iΓIΓi. This means that
i ∈ (iΓIΓi]I . Therefore, I is a regular ordered sub-Γ-semihypergroup
of S.

Let a ∈ A (A4I) and s ∈ S. Then, acs4I where c ∈ Γ. Now,
suppose that v ∈ acs4I. Then, there exist y ∈ I and λ, μ ∈ Γ
such that

v ≤ vλyμv 4(acs)λyμ(acs)
4AΓ(SΓIΓI)ΓS
4AΓIΓS
4AΓI
4AΓ(J 1∩J 2)
4AΓJ 2

4A.
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Similarly, we have sca4A.
If u ∈ A4I and v ∈ S such that v ≤ u, then we have

u ∈ I4J 1∩J 24J 14J 1∪J 2. Since A is a (J 1,J 2)-Γ-
hyperideal of I, it follows that v ∈ A. Hence, A is a
Γ-hyperideal of S.

Let a be an element of an ordered Γ-semihypergroup (S, Γ, ≤ ).
We denote by L1(a) (resp. R2(a), IJ (a)) the left (resp. right, two-
sided) relative Γ-hyperideal of S generated by a. The intersection
of all (J 1,J 2)-Γ-hyperideals of S containing the element a is
denoted by IJ (a), where J � J 1∪J 2.

Lemma 3.5. Let a be an element of an ordered
Γ-semihypergroup (S, Γ, ≤ ) and J 1 and J 2 be two sub-
Γ-semihypergroups of S. Then,

(1) L1(a) � (a∪J 1Γa]J 1

(2) R2(a) � (a∪aΓJ 2]J 2

(3) IJ (a) � (a∪J 1Γa∪aΓJ 2∪J 1ΓaΓJ 2]J , where J � J 1∪J 2

Proof. Since a ∈ L1(a) and J 1Γa4L1(a), it follows that
(a∪J 1Γa]J 1

4L1(a). We have

J 1Γ(a∪J 1Γa]J 1
4(J 1]J 1

Γ(a∪J 1Γa]J 1

4(J 1Γ(a∪J 1Γa)]J 1

4(J 1Γa]J 1

4(a∪J 1Γa]J 1
.

On the contrary, we have (L1(a)]J 1
� L1(a). Thus,

L1(a) � (a∪J 1Γa]J 1
is a left J 1-Γ-hyperideal of S containing

a. This means that L1(a)4(a∪J 1Γa]J 1
.

Now, we show that L1(a) is the smallest left J 1-Γ-hyperideal
of S containing a. Suppose that A is a left J 1-Γ-hyperideal of S
containing a. We have

L1(a) � (a∪J 1Γa]J 1
4(A∪J 1ΓA]J 1

4(A]J 1
4A.

This proves that (1) holds. Conditions (2) and (3) are proved
similarly.

Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup and J 1 and J 2

be nonempty subsets of S. Then, S is said to be left J 1-simple if it
has no proper left J 1-Γ-hyperideal. In the same way, we can
define a right J 2-simple ordered Γ-semihypergroup. If S is a left
J 1-simple and right J 2-simple) ordered Γ-semihypergroup, then
S is a (J 1, J 2)-simple ordered Γ-semihypergroup.

Lemma 3.6. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup and
J 1 and J 2 be sub-Γ-semihypergroups of S such that
J � J 1∪J 2. Then, the following assertions hold:

(1) S is left J 1-simple if and only if (J 1Γa]J � S for each a ∈ S
(2) S is right J 2-simple if and only if (aΓJ 2]J � S for each a ∈ S
(3) S is (J 1, J 2)-simple if and only if (J 1ΓaΓJ 2]J � S for each

a ∈ S

Proof. The proof is straightforward.
We continue this section with the following definition.
Definition 3.7. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup

and J a nonempty subset of S. A sub-Γ-semihypergroupB of S is
called a relative bi-Γ-hyperideal (J -bi-Γ-hyperideal) of S if the
following conditions hold:

(1) BΓJ ΓB4B
(2) When a ∈ J and b ∈ B such that a≤ b, it implies that a ∈ B

Example 3.We come back to Example 2 and consider ordered
Γ-semihypergroup (S, Γ, ≤ ). LetB � {a, b, c} andJ � {b, f }. It is a
routine matter to verify that B is a J -bi-Γ-hyperideal of S.

Lemma 3.8. The intersection of any family of J -bi-
Γ-hyperideals of an ordered Γ-semihypergroup (S, Γ, ≤ ) is a
J -bi-Γ-hyperideal of S.

Proof. This proof is straightforward.
Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup and J be any

nonempty subset of S. Then, S is said to be J -regular if, for each
j ∈ J , there exist x ∈ J and α, β ∈ Γ such that j≤ jαxβj.

Theorem 3.9. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup
and J a sub-Γ-semihypergroup of S. Then, the following
assertions are equivalent:

(1) S is J -regular
(2) B � (BΓJ ΓB]J for every J -bi-Γ-hyperideal B (4J ) of S

Proof. (1)0(2) Assume that (1) holds. Since B is a J -bi-
Γ-hyperideal of S, we get BΓJ ΓB4B. Thus,
(BΓJ ΓB]J4(B]J � B. Now, let b ∈ B (4J ). Since S is
J -regular, there exist x ∈ J and α, β ∈ Γ such that

b≤ bαxβb4BΓJ ΓB.

Hence, b ∈ (BΓJ ΓB]J and so B4(BΓJ ΓB]J . Therefore, B �
(BΓJ ΓB]J .(2)0(1) Let R be a right J -Γ-hyperideal and L a
left J -Γ-hyperideal of S. By routine checking, we can easily verify
thatR andL are J -bi-Γ-hyperideals of S. By Lemma 3.8,R∩L
is a J -bi-Γ-hyperideal of S. By hypothesis, we have

R∪L � ((R∪​​ L)ΓJ Γ(R∪​ ​L)]J
4(RΓJ ΓL]J
4(RΓL]J .

Let a ∈ J . Since a ∈ R2(a) and a ∈ L1(a), it follows that
a ∈ R2(a)∪L1(a). By (1) and (2) of Lemma 3.5, we have

a ∈ (R2(a)ΓL1(a)]J � ((a∪ aΓJ ]J Γ(a∪J Γa]J ]J
� ((a∪​ ​ aΓJ )Γ(a∪​ ​ J Γa)]J
4(a Γ a∪​ ​ a ΓJ Γa]J .

Then, a≤w, for some w ∈ aΓa∪aΓJ Γa. If w ∈ aΓa, then
a≤ aca≤ ac(aca). So, a ∈ (aΓJ Γa]J . Therefore, S is J -regular.
If w ∈ aΓJ Γa, then a≤ aδxλa, for some x ∈ J and δ, λ ∈ Γ. Thus,
a ∈ (aΓJ Γa]J . Therefore, S is J -regular.

Definition 3.10. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup
and J 1 and J 2 be the nonempty subsets of S. A sub-
Γ-semihypergroup B of S is said to be a (J 1,J 2)-bi-
Γ-hyperideal of S if it satisfies the following conditions:

(1) BΓ(J 1∪J 2)ΓB4B
(2) When a ∈ J 1∪J 2 and b ∈ B such that a≤ b, it implies that

a ∈ B

Example 4. Let S � {e, a, b, c, d} and Γ � {c, β} be the sets of
binary hyperoperations defined as follows:
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Then, S is a Γ-semihypergroup [23].We have (S, Γ, ≤ ) as an ordered
Γ-semihypergroup, where the order relation ≤ is defined by

≤ :� {(a, a), (b, a), (b, b), (c, c), (d, c), (d, d), (e, e)}.
The covering relation and the figure of S are given by

3 � {(b, a), (d, c)}.

LetB � {e, a, b}, J 1 � {c}, and J 2 � {d}. It is easy to see thatB is
a (J 1,J 2)-bi-Γ-hyperideal of S.

The concept ofJ -bi-Γ-hyperideals of an ordered Γ-semihypergroup
is a generalization of the concept of J -Γ-hyperideals (left
J -Γ-hyperideals and right J -Γ-hyperideals) of an ordered
Γ-semihypergroup. Obviously, every left (right) J -Γ-hyperideal
of an ordered Γ-semihypergroup S is a J -bi-Γ-hyperideal of S, but
the following example shows that the converse is not true in the
general case.

Example 5. Consider the ordered Γ-semihypergroup (S, Γ, ≤ )
given in Example 2. It is easy to check that B � {a, b, c} is a
J -bi-Γ-hyperideal on S, where J � {b, f }, but it is not a right
J -Γ-hyperideal on S. Since c ∈ B and f ∈ J , but
ccf � {a, f }?{a, b, c}which implies thatBΓJ4B does not hold.

Theorem 3.11. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup
and J 1 andJ 2 be two sub-Γ-semihypergroups of S. Then, S is left
J 1-simple and right J 2-simple if and only if S does not contain
proper (J 1,J 2)-bi-Γ-hyperideals.

Proof. Let S be a left J 1-simple and right J 2-simple ordered
Γ-semihypergroup and B a (J 1,J 2)-bi-Γ-hyperideal of S. It is
sufficient to prove that S4B. Consider s ∈ S and b ∈ B. Since S is
left J 1-simple, we obtain

S � L1(b) � (b∪J 1Γb]J 1
,

by Lemma 3.5. We need to consider only two cases:

Case 1. Let s≤ b. As B is (J 1,J 2)-bi-Γ-hyperideal, we have
s ∈ B.

Case 2. Let s≤ j1cb, for some j1 ∈ J 1 and c ∈ Γ. By assumption,
S is a right J 2-simple ordered Γ-semihypergroup. Therefore,

S � R2(b) � (b∪bΓJ 2]J 2
,

by Lemma 3.5. Since j1 ∈ J 14S, we have j1 ≤ b or j1 ∈ (bλj2]J 2

for some j2 ∈ J 2 and λ ∈ Γ. By Lemma 3.6, we have

S � (bΓJ 2]J � (J 1Γb]J ,
and so

b ∈ (bΓJ 2]J4bΓ(J 1Γb]J ]J
4(bΓJ 1Γb]J
4(bΓJ Γb]J ,

where J � J 1∪J 2. Hence, S is a J -regular ordered
Γ-semihypergroup. So, there exist x ∈ J and α, β ∈ Γ such that
b≤ bαxβb. We now turn to the case j1 ≤ b. From this, we conclude
that j1cb≤ bcb. So, we obtain

(j1cb]J 4(bcb]J
4(bc(bαxβb)]J
4(bcbα(xβb)]J
4(BΓJ ΓB]J
4(B]J
� B.

Since s≤ j1cb, it follows that s ∈ B. This gives S4B. If
j1 ∈ (bλj2]J 2

, then

(j1cb]J4((bλj2]J 2
cb]J

4(BΓJ ΓB]J
4(B]J
� B,

and so s ∈ B. We thus get S4B.
Conversely, suppose that S does not contain proper

(J 1,J 2)-bi-Γ-hyperideals. Let M be a left J 1-Γ-hyperideal and
right J 2-Γ-hyperideal of S. We have

MΓ(J 1∪J 2)ΓM � MΓJ 1ΓM∪MΓJ 2ΓM
4MΓM
4M.

Hence, M is a (J 1,J 2)-bi-Γ-hyperideal of S. By assumption, we
have S � M. Therefore, S is a left J 1-simple and right J 2-simple
ordered Γ-semihypergroup.

4. RELATIVE (BI)-INT-Γ-HYPERIDEALS
(J -(BI)-INT-Γ-HYPERIDEALS)

Definition 4.1. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup and
J a nonempty subset of S. A sub-Γ-semihypergroup CI of S is
called a J -int-Γ-hyperideal of S if the following conditions hold:

(1) J ΓCIΓJ4CI
(2) If x ∈ J , y ∈ CI , and x ≤ y, then x ∈ CI
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It is not difficult to see that every J -Γ-hyperideal of an ordered
Γ-semihypergroup S is a J -int-Γ-hyperideal of S. The following
example shows that the converse is not true in general.

Example 6. Let S � {a, b, c, d} and Γ � {c}. We define

Then, S is a Γ-semihypergroup. We have (S, Γ, ≤ ) is an ordered
Γ-semihypergroup, where the order relation ≤ is defined by

≤ :� {(a, a), (a, b), (a, c), (a, d), (b, b), (c, c), (d, d)}.
The covering relation and the figure of S are given by

3 � {(a, b), (a, c), (a, d)}.

Let CI � {a, c} and J � {b, d}. Here, CI is a J -int-Γ-hyperideal of
S, but not a J -Γ-hyperideal of S. Indeed, since J ΓCI � {a, b}?CI ,
it follows that CI is not a J -Γ-hyperideal of S.The following
example shows that a J -regular ordered Γ-semihypergroup is not
regular in general.

Example 7. Consider the Γ-semihypergroup (S, Γ) given in
Example 6. Let ≤ be the relation on S defined as follows:

≤ :� {(a, a), (b, a), (b, b), (b, c), (c, c), (d, d)}.
Then, (S, Γ, ≤ ) is an ordered Γ-semihypergroup. The covering
relation and the figure of S are given by:

3 � {(b, a), (b, c)}.

Let J � {a, b} ⊂ S. An easy computation shows that S is a
J -regular ordered Γ-semihypergroup, but it is clearly not regular.

Theorem 4.2. Let (S, Γ, ≤ ) be a J -regular ordered
Γ-semihypergroup, where J is a nonempty subset of S. Then,
every J -int-Γ-hyperideal CI (CI4J ) of S is a J -Γ-hyperideal
of S.

Proof. Let CI be a J -int-Γ-hyperideal of S. Then, CI is a sub-
Γ-semihypergroup of S and (CI]J � CI . Let a ∈ CI4J . Since S is

J -regular, there exist x ∈ J and α, β ∈ Γ such that a≤ aαxβa. Now,
let j ∈ J and c ∈ Γ. Then,

jca ≤ jc(aαxβa)
� (jcaαx)βa
4(J ΓCIΓJ )ΓCI

4CIΓCI

4CI .

Thus, J ΓCI4(CI]J � CI . By a similar argument, we have
CIΓJ4CI . Hence, the result follows.In the following, we
introduce the notion of J -bi-int-Γ-hyperideals as a
generalization of J -Γ-hyperideals, J -bi-Γ-hyperideals, and
J -int-Γ-hyperideals of ordered Γ-semihypergroups.

Definition 4.3. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup
and J a nonempty subset of S. A sub-Γ-semihypergroupDb−i of S
is called a J -bi-int-Γ-hyperideal of S if the following conditions
hold:

(1) J ΓDb−iΓJ∩Db−iΓJ ΓDb−i4Db−i
(2) If x ∈ J , y ∈ Db−i, and x ≤ y, then x ∈ Db−i

Lemma 4.4. Let (S, Γ, ≤ ) be an ordered Γ-semihypergroup
and J a nonempty subset of S. Then, the following statements
hold:

(1) Every J -Γ-hyperideal of S is a J -bi-int-Γ-hyperideal of S
(2) The intersection of J -bi-int-Γ-hyperideals of S is a J -bi-int-

Γ-hyperideal of S
(3) If B is a J -bi-Γ-hyperideal and C a J -int-Γ-hyperideal of S,

then Db−i � B∩C is a J -bi-int-Γ-hyperideal of S

Proof. (1) Let A be a J -Γ-hyperideal of S. Then, J ΓA4A and
AΓJ4A. We have

J ΓAΓJ ∪AΓJ ΓA 4AΓJ ΓA
4AΓA
4A,

and

J ΓAΓJ∪AΓJ ΓA 4J ΓAΓJ
4AΓJ
4A.

Therefore, A is a J -bi-int-Γ-hyperideal of S.
(2) The proof is similar to the proof of Lemma 3.8.
(3) Clearly, Db−i � B∩C is a sub-Γ-semihypergroup of S. We

have

Db−iΓJ ΓDb−i � (B∩C)ΓJ Γ(B∩C)
4BΓJ ΓB
4B,

and

J ΓDb−iΓJ � J Γ(B∩C)ΓJ
4J ΓCΓJ

4C.
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Hence, J ΓDb−iΓJ ∩Db−iΓJ ΓDb−i4B∩C � Db−i. Therefore,
Db−i � B∩C is a J -bi-int-Γ-hyperideal of S.

Example 8. Let S � {a, b, c, d, e} and Γ � {c}. We define

Then, S is a Γ-semihypergroup. We have (S, Γ, ≤ ) as an ordered
Γ-semihypergroup [29], where the order relation ≤ is defined by

≤ :� {(a, a), (b, b), (c, c), (d, d), (e, e), (a, c), (b, a), (b, c),
(d, a), (d, c), (e, a), (e, c)} .

The covering relation and the figure of S are given by

3 � {(a, c), (b, a), (d, a), (e, a)}.

Let Db−i � {a, b, d} and J � {c, d}. Then, J ΓDb−iΓJ � {a, c, d}
and Db−iΓJ ΓDb−i � {a, b, d}, so {a, c, d}∩{a, b, d} � {a, d}4Db−i.
Hence, Db−i is a J -bi-int-Γ-hyperideal of S. It is easy to see that
Db−i (Db−iΓJ?Db−i) is not a J -Γ-hyperideal of S.

5. CONCLUSION

In this article, we studied some properties of J -(bi-)Γ-hyperideals of
ordered Γ-semihypergroups. In particular, we introduced and studied
J -int-Γ-hyperideals and J -bi-int-Γ-hyperideals. Furthermore, we
proved that J -int-Γ-hyperideals and J -Γ-hyperideals coincide in
J -regular ordered Γ-semihypergroups. When we deal with J -(bi-
)Γ-hyperideals of ordered Γ-semihypergroups, it is natural to talk
about fuzzy J -(bi-)Γ-hyperideal. According to the research results, it
is suggested to define and investigate some properties of fuzzy J -(bi-
)Γ-hyperideals, rough prime J -bi-Γ-hyperideals, fuzzy prime J -bi-
Γ-hyperideals, and uni-soft J -int-Γ-hyperideals in ordered
Γ-semihypergroups. As an application of the results of this article,
the corresponding results of ordered semihypergroups can be also
obtained by moderate modification.
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