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In this article, we study the concept of relative bi-r-hyperideals (7 -bi-r-hyperideals) in
ordered r-semihypergroups and present some related examples of this concept.
Especially, characterization of J-simple ordered r-semihypergroups in terms of 7-bi-
r-hyperideals is given. Furthermore, we define the notion of 7-(bi-)int-r-hyperideals in
ordered r-semihypergroups and investigate its related properties. We show that [7-int-
r-hyperideals and 7-r-hyperideals coincide in a J-regular ordered r-semihypergroup.
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1. INTRODUCTION

One of the motivations for the study of hyperstructures comes from biological inheritance and
physical phenomenon as the nuclear fission. Another motivation for the study of hyperstructures
comes from chemical reactions and redox reactions. Dehghan Nezhad et al. [1] provided a physical
example of hyperstructures associated with the elementary particle physics: leptons. As we know, the
Higgs boson is an elementary particle in the standard model of particle physics. In [2], it is shown
that the leptons and gauge bosons along with the interactions between their members construct an
H,-structure. Yaqoob et al. [3] studied some properties of (fuzzy) r-hyperideals in involution
r-semihypergroups. In [4], the concepts of uni-soft r-hyperideals and uni-soft interior r-hyperideals
of ordered r-semihypergroups are investigated.

Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a
classical algebraic structure, the composition of two elements is an element, while in an algebraic
hyperstructure, the composition of two elements is a set. The concept of hyperstructures was first
introduced by Marty [5] at the eighth congress of Scandinavian Mathematicians in 1934. Nowadays,
we can easily find well-written books for the introduction to hyperstructures, which include Corsini
[6], Corsini and Leoreanu [7], Davvaz [8], Davvaz and Leoreanu-Fotea [9], Davvaz and Vougiouklis
[10], and Vougiouklis [11]. For the information about hyper rings, we refer the reader to Ref. 9.

The study of ordered semihypergroups began with the work of Heidari and Davvaz [12]. In 2015,
Davvaz et al. [13] discussed the notion of a pseudo-order in an ordered semihypergroup. The focus of
the study was to find out if there is a relationship between ordered semihypergroups and ordered
semigroups by using pseudo-orders. In 2016, Gu and Tang [14] answered to the open problem given
by Davvaz et al. [13]. In [15], Tipachot and Pibaljommee introduced the concept of fuzzy interior
hyperideals on ordered semihypergroups. Recently, Mahboob et al. [16] studied the concept of
(m, n)-hyperideals on ordered semihypergroups. Recall, from Ref. 12, that an ordered
semihypergroup (S, ©, <) is a semihypergroup (S) together with a (partial) order relation <
that is compatible with the hyperoperation ¢, meaning that, for any x,y,z € S,
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x<y=>zox<zoy and xoz<yoz.

Here, A < B means that for any a € A, there exists b € B such
that a < b, for all nonempty subsets A and B of S.

Good and Hughes [17] introduced the notion of bi-ideals of a
semigroup as early as 1952. In 1962, Wallace [18] introduced the
notion of relative ideals (J-ideals) on semigroups. In 1967,
Hrmova [19] generalized the notion of [J-ideal by introducing
the notion of a (7, J,)-ideal of a semigroup S. Recently, Khan
and Ali [20] introduced the concept of relative bi-ideals in ordered
semigroups. The notion of T-semigroup was introduced by Sen and
Saha [21] in 1986, which is a generalization of semigroups. In 2011,
Anvariyeh et al. [22] introduced the notion of r-hyperideal of a
r-semihypergroup. Later on, Yaqoob and Aslam [23] studied prime
(m, n) bi-r-hyperideals of r-semihypergroups. Omidi et al. [24, 25]
discussed some important properties of bi-r-hyperideals of an
ordered T-semihypergroup. Bi-r-hyperideal is a special case of
(m, n)-r-hyperideal [26]. In 2017, Tang et al. [27] considered and
proved some theorems on fuzzy interior r-hyperideals in ordered
r-semihypergroups. Pseudo-orders are the bridge between ordered
r-semigroups and ordered r-semihypergroups, see Ref. 28.

After an introduction, in Section 2, we introduce some notation
and terminologies. Section 2 aims for summarizing the fundamental
materials on ordered r-semihypergroups. Section 3 is devoted to the
study of relative r-hyperideals (7 -r-hyperideals) and relative bi-
r-hyperideals (7 -bi-r-hyperideals) of an ordered r-semihypergroup.
In this section, our main results are stated and proved. 7 -simple
ordered r-semihypergroups are characterized by using the notions of
J-T-hyperideals and 7 -bi-r-hyperideals. Finally, in Section 4, the
notion of J-(bi-)int-r-hyperideals (7 -(bi-)interior-r-hyperideals)
are studied and their related properties are discussed. It is shown
that, in J-regular ordered r-semihypergroups the 7-r-hyperideals
and the J-int-r-hyperideals coincide.

2. PRELIMINARIES

Let S and r be two nonempty sets. Then, S is called a
r-semihypergroup [22] if every y €T is a hyperoperation on S,
ie, xyyES, for every x,y € S, o, €T, and x, y,z € S, we have

xa(ypBz) = (xay)pz.

Ifevery y € ris an operation, then Sis a r-semigroup. Let A and
B be two nonempty subsets of S. We define

AyB =U{ayb|a € A,b € B}.

Also,
ATB =U{ayb|a € A,b€ B and y €T} = U AyB.
VAS

In the following, we recall the notion of an ordered
r-semihypergroup, and then we present basic definitions and
notations, which we will need in this article. Throughout this

Relative Bi-(Int-)I-Hyperideals in Ordered I'-Semihypergroups

article, unless otherwise specified, S is always an ordered
r-semihypergroup (S,T, <).

Definition 2.1 (see [29]). An algebraic hyperstructure
(8,1, <) is called an ordered r-semihypergroup if (S,T) is a
r-semihypergroup and (S) is a partially ordered set such that
for any x,y,z € Sand y € I, x <y implies zyx < zyy and xyz < yyz.
Here, if A and B are two nonempty subsets of S, then we say that
A <B if, for every a € A, there exists b € B such that a<b.

Let S be an ordered r-semihypergroup. By a sub
r-semihypergroup of S, we mean a nonempty subset A of S such
that ayp =S A forall a, b € A and y € I. A nonempty subset A of S is
called idempotent if A = (ArA].

Example 1. (See Ref. 25.) Let (S,°, <) be an ordered
semihypergroup and T a nonempty set. We define ayb =ab
for every a,beS and yer. Then, (S, <) is an ordered
r-semihypergroup.

Let J be a nonempty subset of an ordered r-semihypergroup
(S,1, <). If H is a nonempty subset of 7, then we define

(H]; ={j € J|j<hforsomeh € H}.
Note that if 7 = S, then we define
(H] := {x € S| x<hforsomeh € H}.

If A and B are nonempty subsets of S, then we have

(1) A= (A]s forall AST

2) (Algls= (Aly

(3) f ASB=J, then (A];< (Bls
(4) (Algr(Bly< (ArBly

An element a of an ordered r-semihypergroup (S,T, <) is
regular [25] if there exist x € S and a, § € I such that a < aaxpa.
This is equivalent to saying that a € (arSra], for each a € S. An
ordered r-semihypergroup S is said to be regular if every element
of § is a regular element.

Definition 2.2. Let (S, T, <) be an ordered r-semihypergroup.
A nonempty subset A of S is called a left (resp. right) r-hyperideal
[24] of S if it satisfies the following conditions:

(1) STASA (resp. ATISSA)
(2) IfxeA, yeS and y<x, then y € A

If A is both a left r-hyperideal and a right r-hyperideal of S,
then it is called a r-hyperideal (or two-sided r-hyperideal) of S.

3. BASIC PROPERTIES OF RELATIVE
Bl-r-HYPERIDEALS
(7-Bl-r-HYPERIDEALS)

Let (S,T, <) be an ordered r-semihypergroup and 7 and . be the

nonempty subsets of S. Then, 7 is called a left 7-r-hyperideal of S
if it satisfies the following conditions:

(1) JrIe1
(2) When x € J and y € T such that x <y, it implies that x € 7
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A right J-r-hyperideal of an ordered r-semihypergroup S is
defined in a similar way. By two-sided 7-r-hyperideal or simply
J-I-hyperideal, we mean a nonempty subset of S which is both
left and right J-r-hyperideal of S.

Definition 3.1. Let 7, and 7, be the nonempty subsets of S. A
nonempty subset Z of S is said to be an (J1, J,)-T-hyperideal of
S if it satisfies the following conditions:

(1) JirZET and I1J, ST
(2) When x € J1UJ, and y € T such that x <y, it implies that
xel

Example 2. Let S = {a, b, ¢, d, e,f} and T = {y, g} be the sets of
binary hyperoperations defined as follows:

vyia b c d e f

ala b a a a a

bbb b b b D

cla b {a,¢} a a {a,f}
dla b {a,e} a a {a,d}
ela b {a,e} a a {a,d}
fla b {a,c} a a {a,f}
Bla b ¢ d e f
ala b a a a a
bbb b b b b
cla b a a a a
dla b a {a,d} {a,e} a
ela b a a a a
fla b a {a f} {a,c} a

Then, S is a r-semihypergroup [23]. We have (S,T, <) as an
ordered r-semihypergroup, where the order relation < is defined

by
< :={(a,a), (b,a), (b,b), (b,c), (b.f), (c,0), (d,d), (e, e), (f.f)}

The covering relation and the figure of S are given by

< ={(b,a), (b,0), (b.1)}.

a ¢ f

b

Let 7, ={a,b,c}, T, = {b,d,f}, and T = {a, b, f}. One can check
that Z is a (J1, J2)-T-hyperideal of S.Here are some elementary
properties of these concepts.

Lemma 3.2. Let (S, T, <) be an ordered r-semihypergroup. If
J is a sub r-semihypergroup of S, then (JrarJ]; is a
J-T-hyperideal of S for each a € S.

Relative Bi-(Int-)I-Hyperideals in Ordered I'-Semihypergroups

Proof. Let a € S. We show that (JrarJ] 7 is a J-r-hyperideal
of S. We have

Jr(Jrargl,; = (Jl,(JlalJl,
S (JT(JTalr N,
= (JTJ (Tal J)] 4

(jrﬂrj]j~

Similarly, we have (JrarJ] ;17 S (JrarJ]s. Now, let x € J
and y € (JrarJ]; such that x<y. Then, x<y<z for some
z e JrarJ. Hence, x<z and so x € (JrarJ];. Therefore,
(JrarJ] 7 is a J-T-hyperideal of S.

Theorem 3.3. Let I be a left r-hyperideal of an ordered
r-semihypergroup (S,T, <) and @+ JES such that IS J. If
M is an idempotent left J-r-hyperideal of I, then M is a left
r-hyperideal of S.

Proof. Clearly, I is an ordered sub-r-semihypergroup of S. We
have

STM = ST (MI'M]
= (S]T(MTM]
< (ST(MTM)]
= ((STM)TM]
< ((STDHIM]
< (ITM]

S (JIM]

= (M],

=M.

If m €e MSI and x € S such that x <m, then we have x e IS 7.
Since M is a left 7 -r-hyperideal of I, it follows that x € M. Hence,
M is a left r-hyperideal of S. n

Theorem 3.4. Let I be a r-hyperideal of a regular ordered
r-semihypergroup (S,r, <) and J;, J2ES such that
IS JiNT,. Then, any (J,J2)-I-hyperideal of T is a
r-hyperideal of S.

Proof. Let I be a r-hyperideal of S. Then, ITTSStI<1. So, I is
an ordered sub-r-semihypergroup of S. Let A (ASI) be a
(J1, J2)-T-hyperideal of 1. We prove that A is a r-hyperideal
of S. Let i € ISS. Then, there exist x € S and «, € T such that

i<iaxpi<ioxp(iaxpi) = ia(xPfiox)pi.

Since I is a r-hyperideal of S, it follows that
xBiax S (STHISSITSSI.

Hence, i<t, for some t € ia(xpiax)pi Sirlri. This means that
i € (irIri];. Therefore, I is a regular ordered sub-r-semihypergroup
of S.

Let a€e A (A<I) and s € S. Then, ays =1 where y € T. Now,
suppose that v € apsSI. Then, there exist y €I and Aue€r
such that
< (ays)hyu (ays)

S AT (STITDTS
S ATITS

S Al
SAT(JNT2)
CAlT,

cA.

v<vAyuv
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Similarly, we have sya S A.

If ueA<I and v €S such that v<u, then we have
uels NI, ST 1STJ1UT,. Since A is a (J1,T2)I-
hyperideal of I, it follows that v e A. Hence, A is a
I-hyperideal of S.

Let a be an element of an ordered r-semihypergroup (S,T, <).
We denote by L; (a) (resp. R, (a), I7 (a)) the left (resp. right, two-
sided) relative r-hyperideal of S generated by a. The intersection
of all (Ji, J2)-T-hyperideals of S containing the element a is
denoted by I7(a), where J = J,U7>.

Lemma 3.5. Let a be an element of an ordered
r-semihypergroup (S,1, <) and J; and J, be two sub-
r-semihypergroups of S. Then,

(1) Li(a) = (auJ ralz,
(2) Ry(a) = (avarJ,] g,
(3) I7(a) = (auJ ravarJ,UJ rarJ,] 7, where J = J1UJ >

Proof. Since a € Ly(a) and Jra<SL;(a), it follows that
(auJ1ral 7, <Ly (a). We have

JiI'(avJ lal; < (J1]5T(auT Taly,
S (I I'(auJ Ta)] 7,
< (J.lal 4,
< (auJ I'a] ;..

On the contrary, we have (Li(a)ly, =Li(a). Thus,
Li(a) = (aUJral 7, is a left J,-r-hyperideal of S containing
a. This means that L, (a) S (aUJ Ta] 7,.

Now, we show that L, (a) is the smallest left 7,-r-hyperideal
of S containing a. Suppose that A is a left 7,-r-hyperideal of S
containing a. We have

Ly (a) = (aUJ Tal;, < (AUT\TA];, < (Al SA.

This proves that (1) holds. Conditions (2) and (3) are proved
similarly.

Let (8,1, <) be an ordered r-semihypergroup and 7, and J,
be nonempty subsets of S. Then, S is said to be left 7;-simple if it
has no proper left J;-r-hyperideal. In the same way, we can
define a right J,-simple ordered r-semihypergroup. If S is a left
J1-simple and right 7,-simple) ordered r-semihypergroup, then
Sisa (J1, J2)-simple ordered r-semihypergroup.

Lemma 3.6. Let (S,T, <) be an ordered r-semihypergroup and
J1 and J, be sub-r-semihypergroups of S such that
J = J1UJ . Then, the following assertions hold:

(1) Sis left J;-simple if and only if (Jira]; = Sforeachae S

(2) Sisright J,-simpleif and only if (arJ,] s = Sforeacha € S

(3) Sis (J1, J2)-simple if and only if (JrarJ,] s = S for each
aces

Proof. The proof is straightforward.

We continue this section with the following definition.

Definition 3.7. Let (S, T, <) be an ordered r-semihypergroup
and J a nonempty subset of S. A sub-T-semihypergroup % of S is
called a relative bi-r-hyperideal (J-bi-r-hyperideal) of § if the
following conditions hold:

Relative Bi-(Int-)I-Hyperideals in Ordered I'-Semihypergroups

(1) #rITHB<=H
(2) Whena € J and b € % such that a<b, it implies that a € #

Example 3. We come back to Example 2 and consider ordered
r-semihypergroup (S,1, <).Let # = {a,b,c} and J = {b,f}.Itisa
routine matter to verify that 4 is a J-bi-r-hyperideal of S.

Lemma 3.8. The intersection of any family of [J-bi-
r-hyperideals of an ordered r-semihypergroup (ST, <) is a
J-bi-r-hyperideal of S.

Proof. This proof is straightforward.

Let (S,1, <) be an ordered r-semihypergroup and J be any
nonempty subset of S. Then, S is said to be J-regular if, for each
j € J, there exist x € J and o, g € T such that j < jaxpj.

Theorem 3.9. Let (S,T, <) be an ordered r-semihypergroup
and J a sub-r-semihypergroup of S. Then, the following
assertions are equivalent:

(1) Sis J-regular
(2) # = (#rJrH] 5 for every J-bi-r-hyperideal # (SJ) of S

Proof. (1)= (2) Assume that (1) holds. Since % is a J-bi-
r-hyperideal of S, we get ArIr#<%. Thus,
(BrITB) 7<= (Bl7 =PB. Now, let be B (=J). Since S is
J-regular, there exist x € J and o, € I such that

b<baxpb=S ATITTH.

Hence, b € (#r1J1%] 7 and so B< (BrJ14H] 7. Therefore, % =
(#rIT#] 7.(2)= (1) Let R be a right J-r-hyperideal and & a
left 7 -r-hyperideal of S. By routine checking, we can easily verify
that R and . are J-bi-r-hyperideals of S. By Lemma 3.8, RN.Y
is a J-bi-r-hyperideal of S. By hypothesis, we have

RUZ = ((RULTIT(RUL)],
S (RILJTZ],
S (RLZ];.

Let ae J. Since a€ Ry(a) and a € L,(a), it follows that
a € Ry (a)UL; (a). By (1) and (2) of Lemma 3.5, we have

a€ (Ry(a)lLy(a)]l; = ((aualJ],T(auJTaly],
= ((au alJ)I(au JTa)],
S (aTau alJTa],.

Then, a<w, for some w €araUarJra. If w € ara, then
a<aya<ay(aya). So, a € (arJral ;. Therefore, S is J-regular.
If w € arJTa, then a < asxia, for some x € J and 6,1 € I. Thus,
a € (arJra] ;. Therefore, S is J-regular.

Definition 3.10. Let (S, T, <) be an ordered r-semihypergroup
and J; and J, be the nonempty subsets of S. A sub-
r-semihypergroup % of S is said to be a (J1,J2)-bi-
r-hyperideal of § if it satisfies the following conditions:

(1) Br(T VT )TB<H
(2) When a € 7,07, and b € 4 such that a <b, it implies that
acAR

Example 4. Let S = {e,a,b,c,d} and T = {y, g} be the sets of
binary hyperoperations defined as follows:

Frontiers in Physics | www.frontiersin.org

November 2020 | Volume 8 | Article 555573


https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Rao et al.

vle a b ¢ d
ele e e e e
ale {a,b} b b b
ble b b b b
cle ¢ ¢ ¢ ¢
dle d d d d
ble a b c d
ele e e e e
ale a a a a
ble a {a,b} a a
cle ¢ ¢ ¢ ¢
dle d d d d

Then, Sis ar-semihypergroup [23]. We have (S, T, <) asan ordered
r-semihypergroup, where the order relation < is defined by

<:= { (a, a), (b, a), (b, b), (Ca C)a (d: C): (d> d)) (e, e)}
The covering relation and the figure of S are given by

< ={(b,a), (d,0)}.

a c
||
b d

Let # = {e,a, b}, J1 = {c},and J, = {d}. It is easy to see that # is
a (J1,J2)-bi-r-hyperideal of S.

The concept of 7 -bi-r-hyperideals of an ordered r-semihypergroup
is a generalization of the concept of J-r-hyperideals (left
J-I-hyperideals and right J-r-hyperideals) of an ordered
r-semihypergroup. Obviously, every left (right) J-r-hyperideal
of an ordered r-semihypergroup S is a [J-bi-T-hyperideal of S, but
the following example shows that the converse is not true in the
general case.

Example 5. Consider the ordered r-semihypergroup (S,T, <)
given in Example 2. It is easy to check that % = {a,b,c} is a
J-bi-r-hyperideal on S, where J = {b,f}, but it is not a right
J-r-hyperideal on S. Since c¢e€#% and feJ, but
of ={a,f1%{a, b, c} which implies that 1.7 = % does not hold.

Theorem 3.11. Let (S,T, <) be an ordered r-semihypergroup
and J; and J; be two sub-r-semihypergroups of S. Then, S is left
J1-simple and right 7,-simple if and only if S does not contain
proper (J1, J2)-bi-r-hyperideals.

Proof. Let S be a left J;-simple and right 7,-simple ordered
r-semihypergroup and B a (J1,J2)-bi-I-hyperideal of S. It is
sufficient to prove that SE B. Consider s € Sand b € B. Since S is
left J,-simple, we obtain

S=1L,(b) = (bUJ\Tb],,

by Lemma 3.5. We need to consider only two cases:

Relative Bi-(Int-)I-Hyperideals in Ordered I'-Semihypergroups

Case 1. Let s<b. As B is (J1,J>)-bi-r-hyperideal, we have
s€B.

Case 2. Let s <jyb, for some j; € J; and y € I. By assumption,
S is a right J,-simple ordered r-semihypergroup. Therefore,

S =R, (b) = (bUBLT,] .,

by Lemma 3.5. Since j; € J; €S, we have j; <b or j; € (brj] 7,
for some j, € J, and 1 € I. By Lemma 3.6, we have
S= (brjz]j = (jlrb]j)

and so

be (brjz]JEbr(jlrb]J]J
S IWANI
< (bFJFb]g,

where J =J,UJ,. Hence, S is a J-regular ordered
r-semihypergroup. So, there exist x € J and o, € T such that
b < baxpb. We now turn to the case j; < b. From this, we conclude
that j;yb < byb. So, we obtain

(71yb] T byb]j
by (baxfb)] 7

(
(
Ebyba (xﬂb)]j
(
B

Since s<jyb, it follows that se B. This gives SSB. If
jl € (bljz]yz, then

(jlyb]jg ( (bAjZ]jzyb]j
(BLJTB],
(Bls

B)

<
=

and so s € B. We thus get SSB.

Conversely, suppose that S does not contain proper
(J1, J2)-bi-r-hyperideals. Let M be a left J-r-hyperideal and
right J,-1-hyperideal of S. We have

MT(J\UT)IM = MIJ,TMUMT J,TM
S MTM
S M.

Hence, M is a (J1, J2)-bi-I-hyperideal of S. By assumption, we
have S = M. Therefore, S is a left J;-simple and right 7,-simple
ordered r-semihypergroup.

4. RELATIVE (BI)-INT-r-HYPERIDEALS
(7-(BI)-INT-r-HYPERIDEALS)

Definition 4.1. Let (S, T, <) be an ordered r-semihypergroup and
J a nonempty subset of S. A sub-r-semihypergroup C; of S is
called a J-int-T-hyperideal of S if the following conditions hold:

1) IrCrJ <
(2) Ifxe J,yeCr,and x<y, then x € ;
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It is not difficult to see that every [ -T-hyperideal of an ordered
r-semihypergroup S is a J-int-r-hyperideal of S. The following
example shows that the converse is not true in general.

Example 6. Let S = {a,b,¢,d} and I = {y}. We define

Yla b c d
ala a a a
bla a a a
cla a a {a, b}
dia a {a,b} {a,b,c}

Then, S is a r-semihypergroup. We have (S,T, <) is an ordered
r-semihypergroup, where the order relation < is defined by

< :={(a,a), (ab), (a,¢), (a,d), (b,b), (cc), (d,d)}.
The covering relation and the figure of S are given by

< = {(@b), (@0), (ad)}.

b c d
a

Let C; = {a,c} and J = {b, d}. Here, C; is a J-int-r-hyperideal of
S, but not a J-r-hyperideal of S. Indeed, since J1C; = {a, b} £C|,
it follows that C; is not a J-r-hyperideal of S.The following
example shows that a 7 -regular ordered r-semihypergroup is not
regular in general.

Example 7. Consider the r-semihypergroup (S,r) given in
Example 6. Let < be the relation on S defined as follows:

< = {(ar a)’ (b> a)a (b> b)> (b> C)) (C) C)) (d) d)}

Then, (S,T, <) is an ordered r-semihypergroup. The covering
relation and the figure of S are given by:

< ={(b,a), (b,o)}.

b

Let J = {a,b} C S. An easy computation shows that S is a
J -regular ordered r-semihypergroup, but it is clearly not regular.
Theorem 4.2. Let (S,1,<) be a J-regular ordered
r-semihypergroup, where 7 is a nonempty subset of S. Then,
every J-int-r-hyperideal C; (C;SJ) of S is a J-r-hyperideal
of S.
Proof. Let C; be a J-int-r-hyperideal of S. Then, C; is a sub-
r-semihypergroup of S and (C;]7 = Cr. Leta € C; = J. Since S is

Relative Bi-(Int-)I-Hyperideals in Ordered I'-Semihypergroups

J -regular, there exist x € J and «, g € I such that a < aaxpa. Now,
let j € J and y € T. Then,

jva  <jy(aaxpa)
= (jyaax)pa
S (JTCIIIC,
cCIC,

cC,.

Thus, JrC;<(C1]7 =C;. By a similar argument, we have
CirJ =C;. Hence, the result follows.In the following, we
introduce the notion of J-bi-int-r-hyperideals as a
generalization of J-r-hyperideals, J-bi-r-hyperideals, and
J-int-T-hyperideals of ordered r-semihypergroups.

Definition 4.3. Let (S, T, <) be an ordered r-semihypergroup
and J a nonempty subset of S. A sub-I-semihypergroup D,,_; of S
is called a J-bi-int-r-hyperideal of S if the following conditions
hold:

(1) JrDyitJNDy_itJTDy_i S Dy
(2) IfxeJ,y €Dy, and x<y, then x € Dy_;

Lemma 4.4. Let (S, T, <) be an ordered r-semihypergroup
and J a nonempty subset of S. Then, the following statements
hold:

(1) Every J-r-hyperideal of S is a J-bi-int-r-hyperideal of S

(2) The intersection of 7 -bi-int-r-hyperideals of S is a 7 -bi-int-
r-hyperideal of S

(3) If Bis a J-bi-r-hyperideal and C a J-int-r-hyperideal of S,
then Dy,_; = BNC is a J-bi-int-r-hyperideal of S

Proof. (1) Let A be a J-r-hyperideal of S. Then, JTAS A and
ArJ SA. We have

JTATJUATJTA <SATJTA
S ATA
cA,

and

JTATJUATJTA < JTATT
CATT

cA.

Therefore, A is a J-bi-int-r-hyperideal of S.

(2) The proof is similar to the proof of Lemma 3.8.

(3) Clearly, Dy_; = BNC is a sub-T-semihypergroup of S. We
have

Dy TJTD,; = (BAC)LJT(BNC)
SBIJTB

B,
and
JIDIT =Jr(BNnOILJ

cJIrcrg
cC.
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Hence, JrDy_irJNDy it JTDy i SBNC = Dy_;.
Dy-i = BNC is a J-bi-int-1-hyperideal of S.
Example 8. Let S = {a,b,¢,d, e} and 1 = {y}. We define

Therefore,

b c d e
{a,b} {a,c} {a,d} e
{a,b} {a,c} Aa, d{ e

{a,b} {a,¢} {a,d

{a,0} {a,c} {a,d}

{a,6} {a.c} {ad} e

Then, S is a r-semihypergroup. We have (S, T, <) as an ordered

r-semihypergroup [29], where the order relation < is defined by

< = {(ax a)a (b’ b)’ (Cx C)’ (d’ d)) (ex 6), (a) C)) (b) lfl), (b’ C)’
(d,a), (d, ), (e, a), (e, 0)} '

o QU O Q|2
QL QL QL

The covering relation and the figure of S are given by

< = {(a,c), (b,a), (d,a), (e,a)}.

C

b d e

Let Dy_; = {a,b,d} and J = {c,d}. Then, J1D,_;1J = {a,c, d}
and D, 1 J1D;_; = {a,b,d}, so {a,c,d}n{a,b,d} = {a,d} =D,_;.
Hence, Dy_; is a J-bi-int-r-hyperideal of S. It is easy to see that
Dy-i (Dp_itT £Dy_;) is not a J-r-hyperideal of S.
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