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The global spread of the COVID-19 pandemic is changing everything in 2020. It is of crucial importance to characterize the growth patterns during the transmission. In this paper, a generalized-growth model is established to present the evolution of the number of the total confirmed cases changing with time. Due to effective containment, the generalized growth model reveals a piecewise pattern, referred to as the sub-exponential and the sub-linear stages. Moreover, the parameters can quantify the effectiveness of the containment and the trend of resurgence in different regions all over the world. Our model provides a phenomenological approach, which is simple and transparent for better understanding of the typical patterns within the general dynamics. Our model may have implications for possible nowcasting and forecasting of the pandemic trend.
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1 INTRODUCTION
The global spread of the COVID-19 pandemic is changing everything in 2020. The first outbreak was in Wuhan during the Chinese New Year’s Holiday in late January, and the further outbreaks of COVID-19 in Europe and the US began in March. High infectiousness and worldwide mobility make it more and more difficult to prevent the pandemic. As of October 2020, there are in total more than 40 million confirmed cases all over the world with more than 1 million deaths. The pandemic has already influenced every part of daily life, not only in the way we work, learn, and communicate but also in terms of the economic and political status of different countries and regions all over the world [1, 2]. As a starting point for better understanding and effectively preventing the further spread of COVID-19, exploring the patterns during the propagation of COVID-19 is of crucial importance. Furthermore, the effectiveness of containment measures needs a rapid and transparent response.
Several research directions related to COVID-19 have been developed since the breakout of the deadly virus. The first one is clinical analysis, focusing on the coronavirus itself [3, 4] via, for example, the estimation of the basic reproduction number R0 [5], the effective reproduction number Rt [6], the infectiveness of the virus [1, 7], and the serial interval [8]. The second one is modeling the spreading processes by assuming some mechanisms. Different generalized SIR models are commonly used. An SIR-X model is illustrated to explain that effective containment is the reason for the subexponential growth during the early spread of COVID-19 in China [9].
The clinical analysis is helpful in understanding the virus itself, and the agent-based models are useful in understanding different factors during the spreading procedure [10, 11]. However, the trend and patterns during the epidemics is still unclear. Moreover, agent-based models are sensitive to assumptions. As time goes by, heterogeneity caused by containment measures and resurgence of the virus would make the model inconsistent and unreliable. A simple, fast, transparent, and robust model for macroscopic analysis would therefore be more informative from a specific point of view. A generalized logistic growth model is utilized for exploring the patterns [12]. However, this unimodal growth function can only describe one wave of the pandemic with total number of infected cases estimated ahead from the model. It does not work for the second wave of COVID-19.
In this paper, a generalized growth model is used to fit the number of cumulative confirmed cases in different countries and regions to reveal the typical patterns and rate of spread of COVID-19. The heterogeneity is well described by a piecewise fitting procedure with the same growth model. As a result, the sub-exponential and sub-linear stages of the past 9 months are revealed from the real time series of different stages during the worldwide fights against COVID-19. Our findings provide a general methodology to quantify the rate of spread, the effectiveness of containment measures, and the speed of resurgence, which may be useful for further prevention decision making and effectiveness evaluation.
2 MATERIAL AND METHODS
Theoretically, the growth of the virus spread is exponential due to the sufficiency of resources. The growth therefore follows an ordinary differential equation:
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with solution y(t) = y (0) ert, where y (0) is the number of infected individuals at the beginning of dynamics, and r is the growth rate. However, outbreaks of many infective diseases show that, compared with exponential growth, sub-exponential growth is more common, such as with the growth rates of HIV/AIDS [13], Ebola [14], and foot-and-mouth disease [14]. What is more, there are several explanations for the sub-exponential growth: spatial heterogeneity, clustering of contacts [14, 15], and the heterogeneity in behavioral changes [13]. In the SIR model, the heterogeneity in time [14–16], space [13], and in combination [17] can lead to sub-exponential growth. For COVID-19, the underlying mechanisms governing sub exponential growth can be difficult to disentangle and, thus, to model.
In terms of non-pharmaceutical intervention, the growth will not be exponential and is referred to as the effectiveness of the mitigation. Moreover, the degree of sub-exponential growth (or even much slower growth) can be referred to as the effectiveness of different control measures. A phenomenological model is therefore more flexible through the introduction of a tuning parameter p that considers the sub-exponential or even much slower growth. The general-growth model is given as follows:
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where [image: image] is called the deceleration of growth. The solution of the above ordinary differential equation is
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When 0 < p < 1, the model is applied to explain the sub-exponential growth at the early stage of epidemics [15]. Cases with p > 1 or p < 0 can also appear at certain stages during the process of spreading, showing the evolution of the rate of spread during the long-term pandemic of COVID-19.
In this work, regions and countries with different scales of confirmed case numbers and different containment measures were selected. Then their time series of total confirmed cases were fitted to Eq. 1, the solution of the phenomenological model, which can reproduce a variety of growth profiles. The growth can be divided into different stages of the evolution, reflecting the effectiveness of different mitigation measures. Moreover, the fitted parameters, especially the deceleration of growth parameter p, can be treated as the quantification of the spreading trends, which is comparable among different countries and regions. Generally speaking, smaller p means a slower rate of spread in different types of stages. In fact, when p = 1, it is the exponential growth model. The other special case is p = 0, which refers to linear growth with y(t) = y (0) + rt. When 0 < p < 1, y(t) grows sub-exponentially, or equivalently, polynominally. The smaller distance between [image: image] and 1 reflects the closer proximity of sub-exponential growth to the exponential one. Moreover, when p < 0, the growth is sub-linear, which is much slower, and the spread dies out gradually. The larger absolute value of p in this case the spread will die out at a faster rate. Therefore, p quantifies the spread of COVID-19 in certain regions.
To differentiate different stages from each other during the pandemic spread, Eq. 1 is fitted to the real data from the very beginning of the confirmed cases in a certain region. With different containment measures, the growth patterns will be changed, and the fitting curve will deviate further from the real data if the fitting curve continues. In this situation, as soon as the fitting curve deviates from the real time series, the former fitting is stopped and a new one is restarted from the same spot. Consequently, piecewise fitting to the real time series with one general form of equation but different parameters is provided. A quantification of the rate of spread at different stages in different regions and countries is obtained. Based on the quantitative results, the evaluation of the effectiveness of mitigation measures in different countries can be obtained. Moreover, the resurgence can also be detected by the flexible and robust methodology. The provided results may shed light on nowcasting and forecasting of the spreading trend and decision making for further prevention of COVID-19.
3 RESULTS
In this paper, we use the number of cumulative confirmed cases of a certain country or region over time. The general growth model is applied to countries or regions with different scales of confirmed cases. Two levels of regions are selected, one is the provincial level (in China) and the other the national level (worldwide). The results reflect the stability and reliability of our phynomenological growth model. Moreover, the fitting parameters in different areas are informative, providing the rate of spread, which reflects the effectiveness of containment measures, as well as the trend of resurgence.
The piecewise fitting results are illustrated in figures. The parameters fitted to certain regions in different stages are listed in Table 1. For the goodness of fit in each stage, the mean absolute value of relative errors (MARE) is calculated, which is also listed in the table. The MARE is defined as
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where [image: image] is the fitted value by the generalized growth model and N is the number of dates under consideration. The dates and duration of different stages can also be found in Table 1.
TABLE 1The fitting parameters for different stages of different regions and countries. The MARE, dates, and duration are also listed for each case.
[image: Table 1]Due to the preventative measures, the growth trend changes as time goes by. The generalized growth model is fitted by adjusting the fitness to the real data. At the early stage, sub-exponential growth was found by several related works [12], where the generalized growth model can fit the data well. With effective containment, the growth speed will slow down, resulting in a misfitting between the real data and the fitting curve. As long as the fitting curve does not match the real data, the current fitting will be stopped, and a new one will be restarted right after the stopping spot. As a consequence, the changes from one stage to another by our fitting methodology reflect the changes of the intrinsic spreading trend of COVID-19 in certain regions. We can quantify not only the effectiveness of prevention through the generalized growth model but also the resurgence of COVID-19.
Within the fitting procedure, the key parameter is p, which presents the rate of spread at different stages in different regions, regardless the scale of confirmed case numbers. The provincial results in China can be referred to as one of the typical patterns of spread with effective prevention. However, when faced with a severe pandemic, other patterns are also revealed by use of our simple fitting model. In the following, besides the provincial results in China, the national-level results are classified according to different numbers of fitting stages, representing different types of spreading trends. For the second wave of COVID-19, our simple, flexible, and robust methodology will be helpful in quantifying the trend of spread in future stages.
Provincial level in China Two Chinese provinces, Henan and Anhui, are selected to reveal the typical growth of confirmed cases with effective prevention. As shown in Table 1, under strict local containment, the number of confirmed cases increases sub-exponentially at an early stage, and the parameter p is no more than 0.5. Within 2 weeks, the growth rate changes into a sub-linear one, and p is less than −3. The fitting curves are illustrated in Figure 1. The fitting procedure stopped at the ending stage since the increment is getting smaller. Figure 1 shows a typical curve for a complete process of total confirmed cases. In order to get the COVID-19 pandemic under control, it is necessary that the total confirmed cases going into the sub-linear growth stage, that is, the p parameter, is negative. The ideal case for the spreading trend is changing from a sub-exponential growth into sub-linear one. At the same time, the awareness of resurgence is more important due to the high and asymptomatic infectiveness of COVID-19.
[image: Figure 1]FIGURE 1The fitting results of Henan and Anhui provinces in China. The black dashed curves represent the real data. The red and blue segments represent the sub-exponential and sub-linear growth of the total confirmed cases over time. The parameters and dates in considerations for different cases are listed in Table 1.
National level with one growth stage During the fitting procedure, division into different segments is necessary to consider containment measures or resurgence. However, when the containment measures are not effective enough, one stage fitting merges. Figure 2 shows the fitting results of two typical countries: India and Colombia. The ending date is August 23, 2020, in this paper. The growth rates of these two countries are sub-exponential, with speed parameter p as 0.82 and 0.80, respectively. A larger p means closer to exponential growth, which is indicative of the rapid growth of the pandemic in these countries. The same pattern of growth lasts more than 5 months, resulting in large numbers of confirmed cases, with a scale of millions and hundreds of thousands.
[image: Figure 2]FIGURE 2The fitting results of India and Colombia. The black dashed curves represent the real data. The red curves represent the sub-exponential growth of the total confirmed cases changing with time. The parameters and dates in consideration for different cases are listed in Table 1.
Our quantitative results can tell the severity of the pandemic in these countries. The same sub-exponential growth pattern with a growth parameter p of around 0.8 had lasted more than 5 months in India and Colombia: until the end of August 2020. No effective containment is reflected by our method.
National level with two growth stages Besides the severe situation with only one growth stage, some countries are showing favorable trend, resulting in two growth stages until the end of our observation date of August 23, 2020. Typical countries with two-stage fitting are illustrated: Brazil and Mexico see Figure 3. As shown in Table 1, the key parameter p gets smaller in the second sub-exponential stage. For Brazil, p changes to 0.31 from 0.82 after 78 days of growth in the first sub-exponential stage. For Mexico, p changes to 0.18 from 0.67 after 82 days of growth in the first stage.
[image: Figure 3]FIGURE 3The fitting results of Brazil and Mexico. The black dashed curves represent the real data. The red and yellow curves represent the two different sub-exponential growth segments of the total confirmed cases over time. The parameters and dates in consideration for different cases are listed in Table 1.
Different from the two-stage growing pattern in provinces in China, the two stages are all sub-exponential. In the sub-exponential stage, the rate of spread is always increasing. The positive side is that the speed is slowing down, reflecting the effectiveness of the prevention measures to some extent.
National level with more than two growth stages The change from one stage to another may not always result in improved situations. More growth stages reflect the complex growing trend during the spreading of COVID-19 in certain regions.
One typical country with three stages is Russia. The fitting result is shown in Figure 4. It is a common rule that the growth is sub-exponential at the early stages, and this was the same in all our fittings. The second stage of Russia is still sub-exponential with smaller p from 0.84 in the first stage to 0.47 as with the cases of Brazil and Mexico. Its third stage changes into sub-linear growth with p = −0.64 and lasts 99 days until August 23, 2020. A slower rate than linear growth is necessary to control the spread. The three stages improve, reflecting the success of containment up to the ending date considered in this paper.
[image: Figure 4]FIGURE 4The fitting results of Russia and Peru. The black dashed curves represent the real data. The red and yellow curves represent two different sub-exponential growth of the total confirmed cases over time. The blue curve represents the sub-linear growth. The red dashed curve represents the super-exponential growth in the third stage of Peru. The parameters and dates in consideration for different cases are listed in Table 1.
In contrast to Russia, the three stages of Peru show another growth pattern. The fitting result is also shown in Figure 4. Different from the situation in Russia, the second stage of Peru is already sublinear with p = −0.78. However, 39 days later, a severe outbreak emerged, resulting in super-exponential growth with p = 1.62 > 1, reflecting the rapid resurgence of the pandemic in Peru.
The differences between growth trends in Russia and Peru exemplify the difficulty of defending against the pandemic of COVID-19. There is difficulty not only in preventing the outbreak but also in maintaining the temporary victory and preventing the resurgence.
The last case comes from the United States, for which the piecewise fitting splits into four stages see Figure 5. The first three stages possess similar patterns to Peru, which are sub-exponential growth with p = 0.61, sub-linear growth with p = −0.32, and exponential growth with p = 1.01. The last stage goes back again into the sub-linear stage with p = −0.50 and until our considered ending date August 23, 2020. From the complicated changes in the case of the United States, we can see that it is very difficult to mitigate the pandemic of COVID-19, and, worst of all, resurgence and further waves of outbreak may last for a significant period of time.
[image: Figure 5]FIGURE 5The fitting results of United States of America. The black dashed curves represent the real data. The red curve and red dashed curve represent the sub-exponential and exponential growth of the total confirmed cases changing with time. The blue curve and blue dashed curve represent the sub-linear growth with time. The parameters and dates in consideration for different cases are listed in Table 1.
To sum up, the growth patterns of pandemic of COVID-19 are split into two main rules: sub-exponential and sub-linear. Among all the fitting results above, the MARE is quite small, see Table 1, which provides the validation of the general fitting function.
The change from one stage to another is indicative of the trends of the rate of spread. Strict containment results in smaller p, and the pandemic will be under control within a shorter period. It is a common pattern that the first stage is sub-exponential, with p around 0.8, there is no containment, or the prevention is ineffective. Only extreme containment measures can control the pandemic of COVID-19 within a short space of time (say, two months or so). Effective containment can push the trend into sub-linear growth directly, as are the cases of the second stage in Peru and United States. Less effective prevention measures may get sub-exponential growth with a smaller p, as is the case for the second stage in Brazil, Mexico, and Russia. Ineffective measures make no change to the fitting curve, resulting in one stage lasting more than 5 months, as are the cases of India and Colombia. It is notable that, before the pandemic is under real control, the resurgence of the pandemic will be more severe than the early stage, as is the case with the third stage in Peru and the United States; the speed parameters p are 1.62 and 1.01, respectively, which means the super-exponential growth and exponential one for the trend of the resurgence. The result would be disastrous.
4 DISCUSSION
Starting with the observation of common sub-exponential growth in epidemic spreading of COVID-19, a phenomenological general-growth model is established to quantify the spreading speed of COVID-19 in different areas. The piecewise fitting methodology can be adapted to different trends during the pandemic, and it is simple, transparent, and robust. Our fitting results provide a reference for the rate of spread in certain countries and regions. The key parameter p not only gives the reference for speed in each stage but also a comparative reference among stages and regions.
Comprehensive fitting reveals typical patterns during the spread of COVID-19. The early stage is sub-exponential growth. Effectiveness of containment measures can be reflected by later stages. Sub-linear growth is necessary for the spreading under control. However, after a long period sub-linear growth, the resurgence may take over, and growth may thus be faster than ever.
There are various classical dynamic propagation models with considerations of heterogeneity that are used to explain the mechanism of growth patterns. Our work provides a generalized result with one consistent fitting function but different speed parameters. Our findings are informative for the general growth of the pandemic in different regions, especially the areas with severe waves during the pandemic. Compared with the fitting results of two provinces in China under strict containment, there is still a long way to go for the countries and regions currently severely affected by the pandemic. It is shown in the cases of the transmission from Stage 2 to Stage 3 in Peru and the United States that even if the spread is under control with a sub-linear growth speed, close attention and strict containment are still necessary to prevent later outbreaks due to the highly infectious nature of the virus and its ability to exist asymptomatically.
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