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The photofission fragment mass yields of actinides are evaluated using a systematic statistical scission point model. In this model, all energies at the scission point are presented as a linear function of the mass numbers of fission fragments. The mass yields are calculated with a new approximated relative probability for each complementary fragment. The agreement with the experimental data is quite good, especially with a collective temperature Tcol of 2 MeV at intermediate excitation energy and Tcol = 1 MeV for spontaneous fission. This indicates that the collective temperature is greater than the value obtained by the initial excitation energy. The generalized superfluid model is applied for calculating the fragment temperature. The deformation parameters of fission fragments have been obtained by fitting the calculated results with the experimental values. This indicates that the deformation parameters decrease with increasing excitation energy. Also, these parameters decrease for fissioning systems with odd mass numbers.
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1 INTRODUCTION
Since the fission discovery, the experimental and theoretical fission mass yields have been continuously developed. The most widely used theoretical model to study mass yields is the statistical model which was founded by Fong and Wilkins [1, 2]. This model has been developed in many branches, such as the Gaussian model [3, 4] and modified scission point models [6–13]. The time-dependent model has been significantly developed by Randrup [14–16] and others [17–22] to predict the shape of mass yields (symmetric or asymmetric modes). Because all of them have sophisticated computations, a systematic method is needed to evaluate the mass distribution of fission fragments in an easy way.
Although the statistical model can predict transitions between symmetric and asymmetric modes in the region of heavy actinides, the calculated results are inaccurate compared to the experimental data. This problem is found where the calculated results were smeared (refined) by the Gaussian model with the width 1.5 amu to obtain a smoother curve [8].
On the other hand, some researchers [6–9] added some terms to neutron kinetic energy or gamma endpoint energy, E (as the initial excitation energy), to obtain the excitation energy of the fissioning nucleus, E*, for example, Pasca [7, 9] added the Q-factor and the difference between the potential energy of the fissioning nucleus and the potential energy of one of the fragments at the scission point to the initial excitation energy to obtain excitation energy (i.e., E* = Q+E+Ucn−Ui). Some others [10, 11] took available energy as the difference between the potential energy of the fissioning system at the scission point and the energy of the excited compound nucleus, which is the sum of Q-factor and initial excitation energy (E* = Q+E). This addition of energies to the initial excitation energy is more pronounced in time-dependent models [14] when nuclear excitation energy measured relative to potential energy (E* = E-U). Also, fragment temperature, instead of collective temperature, has been used to calculate the mass yield of 238U in my previous work [13]. Also, collective temperature is usually calculated by the excitation energy of fissioning systems. Here, the role of collective temperature is examined by selecting two values (1 and 2 MeV) independently.
In the next section, a systematic method is presented to calculate mass yields for actinides; the fewer parameters and refinements are included in this framework. For this reason, all energies at the scission point are formulated as a function of the mass number of fission fragments. Then, all mass yields for photofission of actinides are calculated and compared with the experimental data (Section 3).
2 THEORETICAL FRAMEWORK
The relative yield is usually calculated as the ratio between the probabilities of a given fragmentation and the sum of probabilities of all possible fragmentations as follows:
[image: image]
where [image: image] is the relative probability of formation of any fission fragment. In the statistical method, the relative probability of any fission fragment pair is given by Ref. 2.
[image: image]
where [image: image] is the total potential energy of the fissioning system at the scission point; Tcoll is the collective temperature of the fissioning system; s is the spherical coaxial distance; and βis (i = L, H) are the deformation parameters for the light and heavy fragments.
The total potential energies at the scission point are defined as follows:
[image: image]
The first term is the interaction energy between complementary fragments, [image: image]. The individual energy includes the macroscopic energy ([image: image]), shell correction energy, and pairing energy as microscopic energies ([image: image]), that is, [image: image]. In the following sections, these energies are presented.
2.1 Interaction Energy
The nuclear proximity potential ([image: image]) is presented [23, 24] by the following equation:
[image: image]
where the width (diffuseness) of the nuclear surface is b[image: image]0.88. C1 and C2 are the Süsmann central radii of fragments that is related to the sharp radius Ri as follows:
[image: image]
[image: image] is the net radius of each fission fragment obtained through a semi-empirical equation that is a function of the mass number of fission fragments [24] as follows:
[image: image]
In Eq. 4, γ is the surface tension coefficient of the nucleus and obtained from the Lysekil mass formula (Ref. 25) by
[image: image]
where [image: image], [image: image], and [image: image] are neutron, atomic, and mass numbers of any fission fragments, respectively. In Eq. 4, [image: image] is the universal proximity relation which is a function of distance between two interaction fragments and is defined [23] as follows:
[image: image]
Coulomb energy is written as [4, 12] follows:
[image: image]
where [image: image], [image: image], [image: image], [image: image], and [image: image]. Ri is the radii of deformed nuclei that can be evaluated using the deformation-dependent expansion of nuclear radii as follows:
[image: image]
where θ is the angle made by the axis of symmetry with fission axis, βi is the quadrupole deformation parameter of fragments, and Y20 is the spherical harmonic functions.
2.2 Individual Energies
The individual energies include the macroscopic energy, shell correction energy, and pairing energy. The macroscopic energy is calculated in the framework of the FRLDM model from Ref. 26, and the spheroidally deformed is applied as [27].
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where the quantity B1 is the relation generalized surface or nuclear energy in a model that accounts for the effect of infinite range of nuclear force. The quantity f is the proton form factor correction to Coulomb energy. Relative Coulomb energy B3 is used in the first approximate. All parameters are chosen from Ref. 26.
The pairing correction energy (Epair in MeV) is calculated by a simple relation as follows:
[image: image]
The shell correction energy is calculated according to Ref. 13. The systematic formalism of this method is used to calculate the shell correction energy of fragments. Also, the results of this method agree with the results of the Strutinsky model [28].
2.3 Temperature
The temperature-dependent relation for pairing energy is given by Ref. 29.
[image: image]
Temperature dependence of shell energy is applied as [29] follows:
[image: image]
where [image: image] is the shell correction energy for each excitation energy and [image: image] is the zero excitation energy. Also, S0 = 2.5 MeV−1, [image: image], E1 = −18.54 MeV, and E0 = 42.28 MeV, and E is energy corresponding to temperature.
Temperature (T) usually calculate with Fermi gas relation, but we used the generalized superfluid model as follows:
[image: image]
where E is the excitation energy and Econ is the condensation energy for the even–even nucleus. We have
[image: image]
where [image: image] and the level density parameters are given by
[image: image]
where
[image: image]
3 RESULTS AND DISCUSSION
Similar to Refs. 30 and 31, the atomic number of fission fragments are obtained with the unchanged charge density distribution as [32] follows:
[image: image]
where Zcn is the atomic number of compound nucleus, Acn is the mass number of compound nucleus, and ν is post-scission neutrons and is defined by Refs. 33 and 34.
Pasca [9] added the height of the fission barrier to the potential energy at the scission point to calculate the collective temperature. In this study, the height of the fission barrier is chosen as the excitation energy for spontaneous fission. Thus, for photofission, the height of the fission barrier is added to the initial excitation energy (the bremsstrahlung endpoint energy) (i.e., 6+E MeV for 238U). Thus, E* in Eqs 15, 16 is the height of the fission barrier of the target nucleus plus the initial excitation energies.
On the other hand, the collective temperature is not dependent on the excitation energy in this study such as Ref. 2. Therefore, here, the excitation energy only affects the total potential energy of the fissioning system. These calculations indicate that the excitation energy has little change in the values of fission fragment mass distributions. For example, by increasing the excitation energy by 20 MeV, the mass distribution changes by less than 1 percent. Therefore, this small effect indicates that the major effect of the excitation energy in mass yield values is due to the change in collective temperature. Of course, the excitation energies are divided between the fragments proportional to their masses.
Equation 2 is an exponential function that is strongly upward-sloping, and the collective temperature is usually taken to be constant in Refs. 2 and 7 (the change in collective temperature is discussed later). Therefore, the values of deformation parameters provide the minimal value of the total potential energy. On the other hand, the minimal values of the total potential energy of the fissioning system at the scission point correspond to the minimal values of the deformation parameters. Therefore, only the maximum values of deformation parameters could be considered in Eq. 2 as follows:
[image: image]
Here, [image: image] are the values of the deformation parameter of each fragment associated with the minimum total energy at the scission point. Also, according to Ref. 2, the distance of two fragments, s, is 1.44 fm. The pairing correction energy is not included in the calculations.
3.1 Investigation on Fission of 238U
The mass yield for spontaneous fission of 238U is presented in Figure 1. In the left side of Figure 1, the results of systematic calculation are presented for Tcoll = 1 MeV, and the results of systematic calculation are presented for Tcoll = 2 MeV in the right side of this figure. The deformation parameters have been changed to fit the calculated results and the experimental values, so when Tcoll = 1 MeV, we have [image: image] and
[image: image]
It can be seen that [image: image] values increase with increasing mass numbers of fission fragments. This indicates that the probability of the formation of symmetric fragments is reduced, which shows the dominance of the asymmetric fission mode. When Tcoll = 2 MeV, the deformation parameters are obtained as [image: image] and
[image: image]
also, for [image: image], [image: image] equals to 0.43. However, [image: image] values increase significantly for mass numbers between 102 and 96. This increase could be due to the magic neutron number (NL = 50) of fission fragments with the mass number [image: image]. Figure 1 shows that the calculated results for mass yield are in good agreement with the experimental data for two collective temperatures. But, as the collective temperature increases, the order of [image: image] values is disturbed for spontaneous fission of 238U. This indicates that [image: image] is better for spontaneous fission of 238U.
[image: Figure 1]FIGURE 1 | Calculated mass yield for spontaneous fission of 238U accompanied by experimental data [35]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
Also, the obtained [image: image] values, especially for fragments with a mass number around 98, are close to the results of Ref. 13, which used Eq. 2 and close to the results of Ref. 38 obtained from the study of the total kinetic energy. However, in the recent reference, the values of deformation parameters are the same for the two complementary fission fragments, which caused differences in the β values for some fragments.
The photofission mass yield of 238U is presented in Figure 2 at 8 MeV bremsstrahlung endpoint energy. In the left side of Figure 2, the results of systematic calculation are presented for Tcoll = 1 MeV, and the results of systematic calculation are presented for Tcoll = 2 MeV in the right side of this figure. The changing of deformation parameters are the same as the deformation parameters for spontaneous fission of 238U for Tcoll = 1 MeV. This shows that with increasing excitation energy up to 8 MeV, the behavior of photofission and spontaneous fission is the same. But for Tcoll = 2 MeV, the deformation parameters are obtained as [image: image] and
[image: image]
also, when [image: image] and 97, [image: image] equals to 0.44. It can be seen that [image: image] values increase with increasing mass number of fission fragments. Also, the light fission fragments around mass number 96 are zirconium, which has the semi-magic number in the proton number (ZL = 40). Figure 2 shows that the mass yield has a good agreement to the experimental data for Tcoll = 2 MeV.
[image: Figure 2]FIGURE 2 | Calculated mass yield for photofission of 238U at 8 MeV bremsstrahlung endpoint energy, accompanied by experimental data [36]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
In Figure 3, the photofission mass yield of 238U is presented at 67.8 MeV bremsstrahlung endpoint energy. In the left and right sides of this figure, the calculated results, along with the experimental data, are presented for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively. When the deformation parameters are obtained by fitting the calculated results to the experimental values for Tcoll = 1 MeV, we have [image: image] and
[image: image]
Also, for [image: image], [image: image] equals to 0.4; for [image: image] and 97, [image: image] equals to 0.45; for [image: image], [image: image] equals to 0.53; and for [image: image], [image: image] equals to 0.52. It can be seen again that [image: image] values increase with increasing mass number of fission fragments. But the increase in [image: image] values is significant only for fragments with a mass number greater than 98. For Tcoll = 2 MeV, the deformation parameters are obtained as [image: image] and
[image: image]
Also, for [image: image], [image: image] equals to 0.39; for [image: image] and [image: image], [image: image] equals to 0.41 and 0.45; for [image: image], [image: image] equals to 0.50, and for [image: image], [image: image] equals to 0.52. [image: image] values increase with increasing mass number of fission fragments similar other cases. Also, For this excitation energy, the fission fragments with mass numbers between AL = 96 and 102 have the semi-magic number protons or magic number neutrons (ZL = 50 and NH = 82), which make the large [image: image] values in this region.
[image: Figure 3]FIGURE 3 | Calculated mass yield for photofission of 238U at 67.8 MeV bremsstrahlung endpoint energy, accompanied by experimental data [37]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
As the excitation energy increases from 8 to 68 MeV, [image: image] decrease and the number of cases where the value of the deformation parameter is expressed separately increases (special in Eqs 24 and 26). This indicates the increase in excitation energy causes a chaos. On the other hand, [image: image] values decrease with increasing excitation energy. This indicates that there is no need to deform the fragments much for fission with increasing excitation energy.
But why does the fission fragment with the mass number AL = 102, corresponding to the heavy fission fragment [image: image] with the magic number 82, have a large [image: image] value at 68 MeV excitation energy but this fragment does not have this large value at 8 MeV excitation energy? This may be because the magic fragment with mass number AH = 132 is much heavier than the magic fragment with the mass number AL = 96, so stimulating a heavier nucleus needs more excitation energy.
3.2 Investigation on the Plutonium Isotopes
The photofission mass yield of 240Pu is presented in Figure 4 at 10 MeV bremsstrahlung endpoint energy. In the left side of Figure 4, the results of systematic calculation are presented for Tcoll = 1 MeV, and the results of systematic calculation are presented for Tcoll = 2 MeV in the right side of this figure. The deformation parameters of fission fragments are obtained by fitting the calculated results with the experimental values for Tcoll = 1 MeV, so we have [image: image] and
[image: image]
Also, for [image: image], [image: image] equals to 0.5; for [image: image], [image: image] equals to 0.55; for [image: image] and 104, [image: image] equals to 0.53; and for [image: image], [image: image] equals to 0.52. These [image: image] values, especially for fragments with a mass number greater than 101, are similar to results of Ref. 38 in which the total kinetic energy of actinide were studied within statistical scission point model.
[image: Figure 4]FIGURE 4 | Calculated mass yield for photofission of 240Pu at 10 MeV bremsstrahlung endpoint energy, accompanied by experimental data [39]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
For Tcoll = 2 MeV, the deformation parameters are obtained as [image: image] and
[image: image]
Also, for [image: image], [image: image] equals to 0.47; for [image: image], [image: image] equals to 0.48; for [image: image] and [image: image], [image: image] equals to 0.48; and for [image: image], [image: image] equals to 0.52. It is seen that the heavy fission fragments with mass numbers around 102 have a magic neutron number (NH = 82), which makes large changes in [image: image] values. Also, the heavy fission fragments with mass numbers around 106 have a magic neutron number ([image: image]), which make the large change in [image: image] values.
The photofission mass yield of 239Pu is presented in Figure 5 at 28 MeV bremsstrahlung endpoint energy. In the left side of Figure 5, the results of systematic calculation are presented for Tcoll = 1 MeV, and the results of systematic calculation are presented for Tcoll = 2 MeV in the right side of this figure. The deformation parameters of fission fragments are obtained by fitting the calculated results with the experimental values for Tcoll = 1 MeV, so we have [image: image] and
[image: image]
Also, for [image: image], [image: image], and [image: image], [image: image] equals to 0.36; for [image: image], [image: image] equals to 0.47; for [image: image], [image: image] equals to 0.45; for [image: image], [image: image] equals to 0.43; and for [image: image], [image: image] equals to 0.46. [image: image] values do not increase with increasing mass numbers of fission fragments, so Tcoll = 1 MeV may not be suitable for this excitation energy.
[image: Figure 5]FIGURE 5 | Calculated mass yield for photofission of 239Pu at 28 MeV bremsstrahlung endpoint energy, accompanied by experimental data [40]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
For Tcoll = 2 MeV, the deformation parameters are obtained as [image: image] and
[image: image]
Also, for [image: image], [image: image] equals to 0.36; for [image: image] and [image: image], [image: image] equals to 0.32; for [image: image], [image: image], and [image: image], [image: image] equal to 0.42; and for [image: image], [image: image] equals to 0.40.
Also, the [image: image] values in plutonium-239 fission are lower than the [image: image] values in plutonium-240 fission. This decrease can be due to both an increase in excitation energy and the odd effect of the plutonium-239 nucleus. Of course, since the compound nucleus does not absorb neutrons in the photofission process, the number of neutrons remains odd; it shows that the fission of nucleus with the odd number of neutrons can be easier than the fission of an even nucleus. To examine the odd–even effect, we investigate the neptunium nucleus in the next section.
3.3 Investigation on Neptunium Isotopes
The photofission mass yield of 237Np is presented in Figure 6 at 28 MeV bremsstrahlung endpoint energy. In the left side of Figure 6, the results of systematic calculation are presented for Tcoll = 1 MeV, and the results of systematic calculation are presented for Tcoll = 2 MeV in the right side of this figure. The deformation parameters of fission fragments are obtained by fitting the calculated results with the experimental values for Tcoll = 1 MeV, so we have [image: image] and
[image: image]
It can be seen that [image: image] values increase with increasing mass numbers of fission fragments like in other studies [42]. As can be seen, the [image: image] values for photofission of 237Np are higher than the [image: image] values for photofission of 239Pu, while the excitation energy of both is equal. This indicates that the odd neutron number can play a major role in reducing the [image: image] values. Also, the odd mass number reduces the deformation parameters.
[image: Figure 6]FIGURE 6 | Calculated mass yield for photofission of 237Np at 25 MeV bremsstrahlung endpoint energy, accompanied by experimental data [41]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
For Tcoll = 2 MeV, the deformation parameters are obtained as [image: image] and
[image: image]
and for [image: image] and [image: image], [image: image] equals to 0.45. [image: image] values for symmetric fragments are higher than those values for the previous case, and these values are slightly lower for fragments with mass numbers between 96 and 101. These changes and the closeness of the calculated results to the experimental results indicate that the choice of collective temperature as Tcoll = 2 MeV is more appropriate than Tcoll = 2 MeV.
The photofission mass yield of 237Np is presented in Figure 7 at 9.5 MeV bremsstrahlung endpoint energy. In the left side of Figure 7, the results of systematic calculation are presented for Tcoll = 1 MeV, and the results of systematic calculation are presented for Tcoll = 2 MeV in the right side of this figure. The deformation parameters of fission fragments are obtained by fitting the calculated results with the experimental values for Tcoll = 1 MeV, so we have [image: image] and
[image: image]
Unlike plutonium fission, [image: image] values do not change much with decreasing excitation energy. This confirms that the [image: image] values decrease in plutonium-239 fission is related to the odd neutron number. For Tcoll = 2 MeV, the deformation parameter is chosen as [image: image] and
[image: image]
The calculated results for the neptunium even–odd nucleus are in good agreement with the experimental values, and the deformation parameters have the least variations. Also, the deformation parameters reduce oscillations when Tcoll = 2 MeV. These conditions are true for all actinides, so it is best to use Tcoll = 2 MeV for intermediate energy of photofission.
[image: Figure 7]FIGURE 7 | Calculated mass yield for photofission of 237Np at 9.5 MeV bremsstrahlung endpoint energy, accompanied by experimental data [43]. In the left and right sides are presented the calculated results obtained for Tcoll = 1 MeV and Tcoll = 2 MeV, respectively.
Therefore, by using the fragment temperature, instead of collective temperature in Eq. 2, the values of mass distribution are better obtained like in Ref. 13. Unlike the Gaussian models to calculate mass yields [5], where the excitation energy (bremsstrahlung endpoint energy) is used to evaluate mass distribution, in the statistical scission point model, the Q-factor energy and the height of the fission barrier are better added to the initial excitation energy.
Naik and Pomme [39, 44, 45] showed that the fission fragment mass yields around mass numbers 94–95, 99–100, and 104–105 are higher than other fission fragment mass yields for photofission of 238U and 240Pu in the low-energy region. Therefore, our calculated results confirm the changes in the mass yields of experimental data in some fragments. But these changes are seen for all nuclei studied in this systematic study.
4 SUMMARY
The mass yield for spontaneous fission and photofission of actinides are calculated within a systematic scission point model. The calculated results are compared with the available experimental data. There is good agreement with the experimental data, especially for a collective temperature of 2 MeV.
For intermediate excitation energy, the calculated results with Tcoll = 2 MeV have better agreement with the experimental data, so it is better to add initial excitation energy (E) with the height of the fission barrier (and other energies such as Q-factor) to evaluate the mass yields. But for spontaneous fission, it is better not to change the excitation energy because the calculated results with Tcoll = 1 are in good agreement with the experimental data. Therefore, by using the fragment temperature, instead of collective temperature and adding other energies to initial excitation energy, the values of mass yield are closer to the experimental data.
In this study, the collective temperature is constant and also the change in mass distribution values was small with the change in excitation energy; therefore, the major effect of excitation energy (in other studies) is due to change in collective temperature.
The deformation parameters of fission fragments are presented by fitting the calculated results to the experimental data. There are close to the values in other studies obtained by the total kinetic energy and the integral form. The deformation values increase with increasing mass numbers of fission fragments (symmetric fragments) for all fissioning systems, which is due to the dominance of the asymmetric fission mode for photofission of actinides. On the other hand, the deformation parameter values decrease with increasing excitation energy. This increase in excitation energy also causes the deformation parameter changes to be irregular. Also, these parameters decrease for odd mass number fissioning systems. Also, the fissioning systems with odd neutron numbers have less deformation parameter values than the fissioning systems with even neutron numbers. The mass yield values for photofission of other actinides can be predicted by this method.
It is seen that the higher values in mass numbers of fission fragments around 104–105 and 99–100 in experimental data for photofission are related to the potential energy of the fissioning system at the scission point, and it can be seen for all photofission of nuclei actinide. But for some nuclei, these peaks are so small that they are not seen in the measurements.
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