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We report recent results obtained with a novel optical fiber experimental setup based on a heterodyne optical time-domain reflectometer in the context of FPU recurrence process. Moreover, we actively compensate the dissipation of the system. We show that we can observe several FPU recurrences by monitoring the power and relative phase evolutions of the main discrete frequency components involved in the process.
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1 INTRODUCTION
The Fermi-Pasta-Ulam (FPU) recurrence process describes the ability of a multimodal nonlinear system to come back to its initial state after its energy had been distributed over its modes during the evolution. It had been discovered in the 50s by Fermi and co-workers who were studying the dynamics of a chain of nonlinearly coupled oscillators [1]. The problem has been extensively studied and led to the development of a theory allowing to explain the formation of solitons by Zabusky and Kruskal in 1965 [2]. Since then, the FPU recurrence process has been especially investigated for its role in chaos [3] and for its relation with the nonlinear stage of modulation instability (MI), in the framework of nonlinear systems which can be described by the nonlinear Schrödinger equation (NLSE). In particular, it led to the development of breathers theory [4], which plays an important role in the description of rogue waves formation [5–10]. Experimentally, FPU had been observed in several fields of physics such as hydrodynamics [11] and electric transmission lines [12].
The first observation of FPU recurrence in optics has been achieved in 2001 by Van Simaeys et al. [13]. The main issue was to monitor the longitudinal evolution of the optical power along the fiber to confirm that the system indeed came back to its initial state. Van Simaeys et al. [13] succeeded via an indirect measurement method. These results attracted a lot of attention from the nonlinear scientific community with the publication of a short editorial in the prestigious Nature journal [14]. Indeed, optical fibers constitute a fantastic test bed for investigations of such complex nonlinear processes as they offer an easy tuning of initial conditions, an accurate control of fiber parameters and an accurate characterization of the output field with sub-ten femtosecond resolution. For those reasons, this pioneering result has motivated numerous studies of FPU, breathers or rogue wave formation in fiber optics [8, 10, 15–21]. This non-exhaustive list of works highlights the strong interest for this experimental system. However, there are two main limitations in fiber optics systems. Firstly, the monitoring of the longitudinal evolution of the field is not straightforward while it is crucial in FPU recurrence investigations to unambiguously prove that the systems evolved before coming back to its initial state. Van Simaens et al. exploited the invariant properties of the NLSE. They used a fiber of fixed length and performed indirect distributed measurements by varying the optical power [image: image] instead of the distance z. This method was also used for the first observation of Peregrine soliton [16]. However, varying [image: image] also changes the MI frequency which scales in [image: image] so the frequency detuning of the seed has also to be varied to keep a normalized frequency detuning constant, which is not really convenient. Another set of solutions based on cut-back techniques had been reported. They are either fully destructive by cutting the fiber in several pieces [15] or by using fibers of different lengths [19] and repeating the experiments by copying the electric field characteristics to the input of the following fiber. Another approach to perform distributed measurements is the use of scattering processes, either elastic (Rayleigh) or inelastic (Brillouin), which presents the advantage of being non-invasive and offers a good resolution [22]. As an example, Brillouin optical time-domain reflectometry (OTDR) has been used [23, 24] to characterize fiber optical parametric amplifiers. Concerning OTDR based on Rayleigh scattering, it enabled the distributed measurement of one FPU recurrence via the distributed characterization of the pump and low-orders sidebands intensity when the process is coherently seeded [25] or the pump and the amplified noise intensity when it is spontaneous [26]. These options are very interesting but have the drawback to only measure power evolutions. We will see below that the knowledge of the whole electric field is crucial to accurately characterize the FPU recurrence process. The second limitation is due to dissipation, despite the ultra-low attenuation of optical fibers with the latest record of 0.1419 dB/km [27]. This is the reason why in previous experiments on FPU recurrence, most recordings had been limited to one or one and a half period of recurrence [13, 15, 23, 25, 28]. The capability to observe more than one recurrence period is of great interest to study in detail the complex dynamics of the FPU process appearing at the second compression point [29]. There is a need to develop an experimental optical fiber system enabling the monitoring of the longitudinal evolution of the electric field (phase and amplitude) without loss. Note that multiple recurrences had been observed in bulk optical systems [30], which can be considered as lossless untill a certain point, but initial conditions are trickier to tune as compared to fiber optics.
In this paper we present a review of recent results obtained with a novel optical fiber experimental setup allowing a non-invasive distributed characterization of the amplitude and phase of the main frequency components of a laser pulse train based on a heterodyne optical time domain reflectometer (HOTDR) [31]. Moreover, we implemented an active loss compensation scheme by exploiting the Raman amplification effect to get an almost fully transparent fiber [31]. Note that other groups took benefit of a recirculating loop to observe two recurrences as it was originally done in telecommunications applications to emulate long-haul fiber systems [32].
The paper is organized as follows. In the first part, we present the experimental setup. We provide detailed information on the HOTDR technique and on the active loss compensation compared to already published papers. Then we review various striking results that we recently published [33–38]. We first show a detailed characterization of the FPU recurrence, highlighting the symmetry breaking of the process [33, 35], demonstrate a record of 4 recurrences in an ultra-low loss fiber [37] and reveal the observation of A- and B-type solutions of the NLSE [36]. Then we show that a spatio-temporal evolution of the whole electrical field can be extracted from HOTDR recordings [34]. We illustrate this with the fine characterization of first and second order breathers with sub-ps resolution.
2 BASIC CONCEPTS
MI results from the amplification of weak sidebands by a strong pump wave. A numerical example is provided in Figure 1. As initial conditions, we used a strong pump ([image: image] mW), surrounded by two symmetric weak sidebands (20 dB below) located at [image: image] GHz. This frequency shift corresponds to the maximum MI gain (Figure 1A). These three waves are launched in the anomalous region of an optical fiber. In the early steps, the sidebands are amplified at the expense of the pump and rapidly additional side bands resulting from multiple cascaded four wave mixing processes are generated during the propagation. At about 5 km, more than twelve of these Fourier modes are generated (Figure 1B) and the pump is maximally depleted. This broadest spectrum corresponds to maximally compressed pulses in the temporal domain (Figure 1C). Then, due to the linear and nonlinear phase acquired by these waves, the energy flow is reversed back into the pump. At about 9 km, the system presents characteristics which are almost identical to initial conditions.
[image: Figure 1]FIGURE 1 | (A) Parametric gain. (B) Spatio-spectral and (C) spatio-temporal evolutions of a modulationally unstable wave. Parameters: [image: image] mW, [image: image] s2/m, [image: image] W/m, [image: image] GHz and the initial signal/idler (symmetric sidebands) to pump ratio is −20 dB.
This behaviour is a manifestation of the FPU recurrence process. By further propagating in the fiber, the process can be repeated several times. In experiments we will aim at monitoring the evolution of the pump and sideband power evolution as well as their relative phase to characterize in detail the FPU recurrence process.
3 EXPERIMENTAL SETUP
The full experimental setup of the HOTDR we have developed is shown in Figure 2A. It is relatively complex and cumbersome as seen in the laboratory picture in Figure 2B. In the following, we will explain each element step by step.
[image: Figure 2]FIGURE 2 | (A) Experimental setup. Laser 1 is a narrow linewidth (100 Hz at FWHM) CW laser and laser 2 is a continuous distributed feedback laser diode. IM (1,2): intensity modulator, PM, phase modulator; AWG, arbitrary waveform generator; EDFA (1,2), erbium-doped fiber amplifier; ISO, isolator; AO, acousto-optic modulator; MUX, multiplexer or de-multiplexer; SOA, semiconductor optical amplifier; PID, proportional, integral, derivative controller; PD, photo-detector; PC, polarization controller; PBS, polarization beam splitter; RF, radio frequency; LNA, low-noize radio frequency amplifier. All instruments of the setup (including the oscilloscope) are referenced to the same 10 MHz clock. (B) Picture of the experiment.
3.1 Initial Conditions
The initial conditions we use to observe the FPU process consist of a pump and a pair of sidebands. To generate such a three-wave input, we first modulate the intensity of the CW beam delivered by laser 1 in order to get 50 ns square-shaped pulses (Figure 3A) at a 9.8 KHz ([image: image]102 ms) repetition rate (it has to be decreased when fiber length exceeds [image: image]). To do so, an arbitrary waveform generator produces a clock at 9.8 kHz to trigger a pulse generator that delivers the RF signal driving the intensity modulator (IM1). Then, the optical pulses pass through a phase modulator (PM) to generate a frequency comb with a [image: image]35 GHz line spacing. A programmable optical filter (waveshaper) with a bandwidth of 10 GHz allows us to tailor the frequency comb to select the pump, signal and idler waves and to control their relative phases. Figure 3B shows the spectrum at the output of the waveshaper when we do not apply any filters (blue line) and when a filter is applied to get a symmetric three waves input (red line). The unwanted harmonics are filtered out. Following the waveshaper, the pulses are amplified via an erbium-doped fiber amplifier (EDFA 1) to reach the high peak power required to trigger the FPU recurrence process (usually around 450 mW). Then the signal goes through an acousto-optic modulator with a high extinction ratio (typically higher than 50 dB) to reduce the CW background between pulses in order to mitigate the stimulated Brillouin scattering (SBS). Finally, a filter with a 1 nm bandwidth (Filter 1) removes the excess amplified spontaneous emission. The 4 GHz OSA resolution, allows us to get a signal to noise ratio of about 50 dB for the pump and 40 dB for the signal and idler (see Figure 3B). Finally, short squared pulses composed of a strong pump surrounded by weaker signal and idler waves with adjustable amplitude and relative phase are generated.
[image: Figure 3]FIGURE 3 | (A) Temporal profile of the pulse. (B) Spectral profile of the pulses at the output of the waveshaper without any correction filter applied (blue) and with a filter applied (red).
3.2 Local Oscillator and Phase-Locking
In order to perform phase measurements via heterodyning, the local oscillator (laser 2) has to be initially phase-locked with laser 1. To do so, we used the method described in ref. 39 based on laser difference-frequency. A 5 GHz bandwidth photodiode receives the beat note of laser 1 and 2 which is then mixed with a 800 MHz RF reference signal provided by a stable synthesizer. In order to have a beat note close to 800 MHz, the frequency of laser 2 can be coarsely tuned via its power supply. The resulting intermediate frequency goes then through a PID controller (with a response time less than 15 ns) which drives the phase of the local oscillator. The efficiency of the phase-locking can be monitored by looking at the beat signal of laser 1 and 2 on a signal analyser as shown in Figures 4A,B, which display the RF spectrum (with a 100 Hz resolution) of the beat signal when the locking is turned off and on, respectively. Once the lasers are phase-locked, the locking can last up to several hours. As we intend to perform measurements not only on the pump component but also on the signal/idler one, the laser 2 is modulated in intensity by IM2 to create sidebands spaced by 35 GHz so that each frequency component of interest has its own local oscillator. The RF signal driving IM2 is delivered by the same microwave source that is driving the previous phase modulator in order to ensure a fixed phase relation between them. The local oscillator is then amplified by a semiconductor optical amplifier (SOA) and the amplitude of its three main components is roughly equalized by tuning the DC bias voltage of IM2 to get similar local oscillators, as can be seen in Figure 4C, which shows the spectrum of the local oscillator after the SOA.
[image: Figure 4]FIGURE 4 | RF spectra of the mixing of the beat signal of L1 and L2 with the 800 MHz reference when the system is (A) not phase-locked and (B) phase-locked. (C) Optical spectrum of the local oscillator. These three phase-locked laser lines will be used to achieve three local oscillators to analyze the pump, idler and signal waves.
3.3 Active Loss Compensation
Linear losses have a strong influence on the FPU recurrence as illustrated in Figure 5. These figures display the pump and signal power evolutions for an initial signal to pump ratio of [image: image] dB and for [image: image] (Figure 5A) or [image: image] (Figure 5B) (with [image: image] and [image: image] the signal and pump phase respectively). We chose these specific value because they trigger the system in its two main operating regimes described by inner ([image: image]) or outer [image: image]) trajectories in the phase plane. In both cases, one can see that dissipation strongly influences the dynamic of the process. It reduces the amplitude of both pump and signal waves (Figure 5B) or completely disable the formation of the second recurrence (Figure 5A). The impact of the attenuation on the recurrent process is more or less pronounced depending on the initial relative phase, which is intrinsically linked to the complex nonlinear dynamics of the system. It is thus necessary to compensate losses to get an almost fully transparent optical fiber to observe more than two recurrences in the two main operating mode of the system. With perfect loss compensation, the dynamics of the process is ruled by the pure NLSE and then direct comparison between experiments and theory will be achievable. Hence, we introduced a Raman amplification scheme. This idea, borrowed from the telecommunication field where distributed Raman amplification is commonly used [40], has been recently implemented successfully in a handful of nonlinear fiber optics experiments [31, 34, 41–43]. The Raman laser source is located at about 13 THz from the signal to benefit from the maximum Raman gain amplification. It counter-propagates in order to minimize the relative intensity noise transfer compared to the co-propagative case [44]. The Raman pump power is set empirically as follows. We chose the configuration where [image: image] and increased the Raman pump power until the level of signal sideband at the second peak of conversion was similar to the first one. This allows to get the best overall compensation of the loss along the fiber length. It lead to very similar input and output signal power values. The efficiency of the loss compensation will be illustrated hereafter, with experimental results in excellent agreements with numerics from pure NLSE.
[image: Figure 5]FIGURE 5 | Influence of the linear attenuation on the recurrent process. (A) Pump (blue lines) and signal (red lines) power evolutions for [image: image]. Solid lines correspond to the case with losses (α = 0.2 dB/km) and dashed ones to the case without losses. (B) Same for [image: image]. Other parameters: [image: image] mW, [image: image] s2/m, [image: image] W/m, initial signal/idler to pump ratio of −10 dB, [image: image] GHz.
3.4 Fading Suppression Technique and Signal Processing
In OTDR, it is known that a random noise in amplitude and phase is superimposed on the backscattered signal [45]. This noise, which is detrimental as it leads to jagged measurements, finds its origins in the random state of polarization of the backscattered light and a speckle-like phenomenon due to huge number of scattered waves involved in the process and/or in the thermo-mechanical fluctuations of the propagating medium. In order to avoid it, many techniques have been developed such as averaging over a huge number of backscattered signal and polarization scrambling [46, 47]. However, none of these techniques have proven to be effective and compatible with accurate distributed phase measurements in our setup. Thus, we have developed a novel method which allows us to remove effectively this additional source of noise. We made two assumptions: 1) the fading phenomenon is a purely linear effect and 2) the thermo-mechanical fluctuations have a characteristic time of a few milliseconds. Therefore, we propose the following post-processing treatment to suppress the fading. We first launch a strong 50 ns pulse into the fiber which will experience both linear and nonlinear effects. Then, 102 μs later, a weak pulse, attenuated by 13 dB, follows experiencing mostly linear effects. The attenuation is obtained via the acousto-optic modulator which is driven at half-rate clock (4.9 KHz) so that one pulse over two is attenuated as it is displayed in the schematic in Figure 6A. Note that the 102 μs delay between two consecutive pulses is long enough to avoid any overlapping between two backscattered signals but very short compared to the response time of the thermo-mechanical fluctuations which ensures that the linear fading effects experienced by both backscattered waves (from the strong and weak pulses) are strongly correlated. The output spectra at the input and output of the fiber of weak and strong pulses are displayed in Figures 6B,C. We observe that for strong pulses (magenta lines), the spectrum is composed of 11 waves in this typical example corresponding to the broadest spectrum achievable by increasing the pump power to get the first maximum compression point at the output of the fiber. In the opposite case, we observe a spectrum made of 3 main waves (cyan lines) plus weak harmonics 25 dB lower than signal/idler wave. We can thus consider that these weak pulses mainly experience linear effects. Note that we analyze each state of polarization of backscattered signals independently (which are later recombined in post-processing) thanks to the use of polarization beam splitters, thus avoiding the need of polarization scrambling. Once the heterodyned signals are logged with the four channels of the oscilloscope (two channels for each polarization states of the pump and two for those of the signal), we proceed to the following data processing. We will refer to each traces observed on the oscilloscope as [image: image] with z being the distance along the fiber (obtained simply by converting the time of flight of the backscattered wave into a distance), [image: image] can either be [image: image] (for the nonlinear pulse) or [image: image] (for the reference), [image: image] is either 1 or 2 for each polarization state and [image: image] refers to the [image: image] or [image: image]. The ratios [image: image] and [image: image] are calculated (the procedure is similar for the signal sideband) in order to remove all linear contributions and to cancel the fading effect in amplitude and phase1. Then, we used a short time fast Fourier transform (FFT) to extract phase and intensity value for each recordings. All demodulated traces are then averaged over at least one hundred shots to remove the noise and filtered afterward, by two types of filters: a median filter and a Savitzky-Golay filter.
[image: Figure 6]FIGURE 6 | (A) Schematic of the sequence of pulses launched into the fiber. (B) Spectrum of the strong (magenta lines) and weak (cyan lines) pulses at the input of the fiber and (C) at the output of the fiber.
The performances of our measurement technique are illustrated in Figure 7. Figures 7A,E show a single-shot of the pump and signal power evolutions (normalized to their respective maxima) and their relative phase without calibration with the reference (weak pulse). One can distinguish the exchange of energy between the pump and the signal but the measurement is very noisy and the relative phase evolution does not agree at all with the one expected. Figures 7B,F show the same measurements but this time with the calibration (fading removed). Although the measurements are still very noisy, one can notice almost two recurrences by looking at the power evolutions and a specific relative phase evolution with jumps around 2 km and 6 km which are approximately the positions where the direction of the power flow between the pump and the sideband reverses. After averaging over one hundred shots, we observe a significant reduction of the noise as displayed in Figures 7C,G. We then obtain clean traces after applying a Savitzky–Golay filter as shown in Figures 7D,H. All results presented in this paper passed this data processing procedure. From this experimental setup and this data processing, we can record clean phase and intensity evolutions of pump and signal waves along the fiber length and to almost perfectly compensate attenuation. In the following, we are going to present a selection of results that we obtained with our HOTDR system, which were not accessible with other setups.
[image: Figure 7]FIGURE 7 | (A) Single-shot of the pump (red line) and signal (blue line) power evolutions along the fibre when the calibration is off and (B) when the calibration is on. (C) Averaging over a hundred shots of the pump and signal power evolution when the calibration is on and (D) same after filtering. (E,F,G,H) show the relative phase evolutions corresponding to (A–D) respectively. All powers plot are normalised to their respective maxima.
4 FERMI-PASTA-ULAM RECURRENCE OBSERVATION
4.1 Evolution as a Function of the Initial Relative Phase
We first present the impact of the initial relative phase value on the dynamics of the FPU recurrence process in Figure 8. The experimental parameters are detailed in Figure 8 caption. Firstly, we looked for the initial phase value allowing the system to evolve as close as possible to the separatrix (homoclinic orbit). This curve marks the border between the two main regimes of the system which consists of the inner or outer trajectories in the phase plane [29, 33, 48]. Theoretically, it corresponds to an input relative phase between the pump and the signal [image: image] from the truncated three wave model [48]. Note that, for weak input signals, the separatrix corresponds to an Akhmediev breather [4]. By finally tuning the relative phase in experiments, the closest results we got were obtained for [image: image] (Figures 8A,B), very close from the theoretical value of [image: image].
[image: Figure 8]FIGURE 8 | (A,C,E) Longitudinal evolution of the pump (blue) and signal (red) powers and (B,D,F) their corresponding phase plane trajectories, for [image: image], [image: image] and [image: image]. Solid lines correspond to experiments and dashed ones to numerical simulations. (G) Positions of the first (green) and second (magenta) pump minima. Crosses correspond to experimental recordings, dashed lines to numerical simulations from the NLSE and solid lines to the theoretical model from ref. 49. The grey line indicates the length of the fibre used in experiments. [image: image] was varied from [image: image] to [image: image]. η is the signal power normalized to its maximum value. All power plots are normalized to their maxima. Parameters: [image: image] mW, [image: image] s2/m, [image: image] W/m, [image: image] 9.2 km, [image: image] (sideband detuning from the pump of 35 GHz) and a signal/idler to pump ratio of −10.4 dB. We summarized the whole dynamics of the system including the spatio-temporal, spatio-spectral, and phase plane evolution ranging from [image: image] to [image: image] in a video available in supplementary materials.
A single cycle of recurrence can be seen corresponding to a single loop in the right half side of the phase plane, as expected. Note that, a slight change of [image: image] makes the system switch o the inner or outer trajectories [33]. Then, we set the input relative phase to [image: image]. Signal and pump power evolutions are shown in Figure 8C and the corresponding trajectory in the phase plane in Figure 8D (solid lines). As seen, the system experiences two recurrences. The pump extrema coincide with the signal ones, as expected from the theory [28, 48]. The curve in the phase plane occupies the right and left sides, showing a symmetry breaking of the FPU recurrence process due to the crossing of the semi-plane [33]. These results are in excellent agreement with numerical simulations depicted in dashed lines. Next, the relative initial phase is set to [image: image] to trigger the symmetric case. It is illustrated in Figures 8E,F. Two recurrences are still visible, but do not experience π shift as can be seen in Figure 8F, where only the right plane is occupied.
The global evolution is summarized in Figure 8G. It shows the evolution of the position of the first and second maximum compression points as a function of the initial relative phase value [image: image]. We compared our experimental results (crosses), with theoretical predictions from Santini and Grinevitch [49] (solid lines) and numerics from the NLSE (dashed lines). The region for which the dynamics of the system corresponds to an outer (inner) trajectory is colored in shaded green (violet) areas, the borders correspond to the initial phase value to trigger the separatrix of the system.
As we can see, the positions of the first and the second maximum compression points diverge both for [image: image]. This is because this particular phase corresponds to the stable manifold of the separatrix, which entails asymptotic conversion from the input sidebands to the pump. Conversely, the position of the first maximum compression point is minimum for [image: image], which entails the most rapid growth of the sidebands to the apex. Note that the position of the second maximum compression point still diverges for this phase value since backconversion still occurs asymptotically along the separatrix. The phase [image: image] being the critical parameter of the system, influences the transition from inner to outer trajectory across this phase. The relatively strong modulation used in our experiment and NLSE simulations (the sidebands contains about 15% of the total power) induces a shift of the critical phase which is here [image: image]. The measured values of the position of the first and second recurrence are in excellent agreement with the numerical simulations and theoretical predictions [49]. Finally, our system allowed us to finely characterize the dynamics of FPU recurrence in a nonlinear system modeled by the pure NLSE and to observe two maximum compression points. More specifically, we evidenced the two main operating regimes of the system characterized by inner or outer trajectories as well as the regime very close to the one modeled by the homoclinic orbit. Detailed information on the symmetry breaking of the FPU recurrence process can be found in refs. 33 and 35.
4.2 Record Observation of 4 Recurrences in an Ultra-Low Loss Optical Fiber
In the previous section, we reported the observation of two recurrences thanks to an active compensation of the loss using a counter-propagating Raman pump. Nonetheless, much remains to be done, since at present it is not clear how far one can go in observing a higher number of recurrences. This is a preliminary step for further studies on the onset of thermalization [50] for instance. The recirculating loop architecture reported by Goosens et al. [32] seems to be an other option, but reported results are still limited to two recurrences. Here we show that by improving our setup it is possible to observe more than 4 recurrences. To do so, we used an ultra-low loss optical fiber developed for ultra-long-haul submarine telecommunication systems [27] with 0.147 dB/km at 1550 nm (see details in ref. 37).
Figure 9 shows an example of recordings. We set the input phase to [image: image]. This leads to phase-shifted recurrences [48] (outer trajectories). In Figure 9A, the power evolutions along the fiber length are represented in blue solid line for the pump and red solid line for the signal, respectively. The phase evolution is shown in Figure 9B. Numerics are represented in dashed lines. As seen, four recurrences have been observed, that is a record achievement [37]. These four recurrences correspond to ten nonlinear lengths in quasi-lossless optical fiber. The excellent agreement between experiments and simulations proves that the active compensation is not far from being perfect. Note that we also reported the observation of more than four recurrences in ref. 37 by triggering the regime characterized by inner trajectories ([image: image]). However, the system does not spatially evolve in a purely periodic fashion, but is rather following orbits in the infinite dimensional space that can be closer to a higher-order solution of the nonlinear Schrödinger equation [51]. It indicates that the input sideband power was a bit too high to remain close to the same trajectory. These results have been made possible due to the lowering of losses at 1550 nm by 0.05 dB/km from one side but also at the Raman pump wavelength (1450 nm) with an improvement of 0.08 dB/km. These results pave the way to study further complex problems such as the role of multiple unstable sideband pairs and the route to the thermalization using longer fiber spans.
[image: Figure 9]FIGURE 9 | Longitudinal evolution of (A) the pump (blue line) and signal (red line) powers and (B) their relative phase for [image: image]. (C) Phase-plane representation. η is the signal power normalized to the total power. Numerical simulations are shown in dashed lines and experiments in solid lines.
4.3 Observation of Type-A and B Solutions of the Nonlinear Schrödinger Equation
Akhmediev breathers are exact solutions of NLSE that allow to predict for a single stage of growth to the apex and the asymptotic return to the initial state [4]. They do not allow to predict the formation of multiple FPU recurrences. Approximate solutions have been reported recently by means of finite-gap theory and asymptotic expansions to describe multiple recurrences [49]. Exact solutions have been derived by Akhmediev et al. and recently revisited to extract their Fourier coefficients [38]. There are two types of first-order solutions, termed type-A and type-B, according to their location in the infinite-dimensional phase space with respect to the homoclinic orbit corresponding to the Akhmediev breather trajectory [51, 52]. Here we show that they can be observed experimentally with our experimental setup for the first time. We triggered both type-A and type-B solutions by using three initial waves and setting their relative phases to [image: image] or 0, respectively [36].
First we set [image: image] to trigger B-type solutions. Experimental results are displayed in Figures 10A–C in solid lines. Two maximum compression points are observed. The corresponding trajectory is limited in the right half side of the phase plane in Figure 10C as expected from theory [4] for B-type solutions. These results are in excellent agreement with analytical solutions (Eqs. 13–16 in ref. 4 whose parameters were determined through the perfect match condition between the initial three central waves and the experimental three-wave input). A-type solutions are then triggered by setting the initial phase to [image: image]. Experimental results are represented in Figures 10D–F. This time, the first maximum point appears in the right half side of the phase plane and the second one in the left half side. This π shift is characteristic of A-type solutions [4]. These results are also confirmed by exact solutions (dashed lines, Eqs. 13–16 in ref. 4). Detailed information can be found in ref. 36. These results highlight the fact that this system might be a fantastic test bed to observe more complex solutions, such as the rogue waves on the doubly periodic background recently derived in ref. 53.
[image: Figure 10]FIGURE 10 | Evolution, along the fiber, of (A) the pump (blue lines) and the signal (red lines) powers, (B) the relative phase. (C) Phase-plane representation. Dotted lines correspond to the B-type first-order solution of the NLSE and solid lines to the experimental data. Each component is normalized with respect to the maximum value of the analytical solution. The initial relative phase is set to [image: image]. (D–F) Same as (A–C) but for [image: image] (A-type solution). η is the signal power normalized to its maximum value.
4.4 Spatio-Temporal Characterization in Intensity and Phase
4.4.1 Principle
We saw that the measurement the phase and the intensity evolutions of different laser lines in the spectral domain was insightful and allowed the observation of new physical phenomena. However, getting the spatio-temporal evolution of the electric field would be more meaningful, providing an observation of FPU recurrence in space. This requires phase and intensity measurements with sub-picosecond resolution. Standard techniques such as frequency-resolved optical gating [54] and spectral phase interferometry for direct-electric field reconstruction [55] (a review can be found in ref. 56) provide these information with an excellent temporal resolution. Recently, new methods allowing real-time full-field characterization have been developed, based in particular on advanced time lens [21] and/or standard time lens combined with a dispersive Fourier transform technique [57] with typically sub-hundred’s femtosecond resolution. However, these techniques [21, 54–58] are limited to localized measurements. Note that Xu [image: image] [59] reported recently the longitudinal full-field characterization of Peregrine-like structures using a combination of temporal and spectral measurements and a reconstruction algorithm but this technique suffers from the same limitations as the cut-back one. Based on our HOTDR setup, we implemented a new method to perform fast and non-invasive full-field characterization of time-periodic pulses (i.e., with discrete line spectra) along the whole length of an optical fiber [34]. The idea is to calculate the inverse Fourier transform of the data recorded with the HOTDR setup to get the temporal characteristics of the electric field. In most investigations presented in this paper, we measured a truncated spectrum (three main spectral components, i. e., the pump and signal/idler) since it was enough to get a clear description of the process. However, we remind that at maximum compression points, more than eleven spectral components appear in the spectrum in our configurations [33]. We estimated from numerics that the truncation lowers the accuracy of the recordings, specifically in regions where sharp transitions exist. By calculating the error in the sense of the mean square difference from numerics, we estimated that the error is about [image: image] by considering 3 waves, drops down to [image: image] with 5 waves and to less than [image: image] with 7 waves [34]. For practical reasons, we limit our recordings to 5 waves, but there is no fundamental limitations to make it with a larger number and to obtain almost perfect spatio-temporal recordings with less than 1[image: image] error [34].
4.4.2 First Order Breathers
We show here the spatio-temporal evolution of the FPU recurrence process presented in previous paragraphs. The detection of the five waves requires launching five waves at the fiber input in order to improve the signal-to-noize ratio in the heterodyne detection stage. So we launched two additional waves compared to previous experiments, but we checked numerically that they are so weak (20 dB lower than the pump), that they do not affect the dynamics of the system. We only record the evolution of the pump, signal and its first harmonic as displayed in Figures 11A,B. It shows the longitudinal power (Figure 11A) and phase evolutions (Figure 11B) in solid lines for experiments. The system exhibits two recurrences, in good agreement with numerical simulations depicted in dashed lines. We then calculate the spatio-temporal evolution of the field via the inverse Fourier transform from the five waves. The intensity plot is displayed in Figure 11C and exhibits two maximum compression points at about 1.5 km and 6 km, respectively, which are in phase, as expected (here [image: image]). This is in good overall agreement with the results obtained from numerical simulations accounting for the full spectrum and displayed in Figure 11D. The experimental spatio-temporal 2D-map shows broader pattern maximum compression points due to the truncation [34].
[image: Figure 11]FIGURE 11 | (A, B) Power and phase of the pump, signal and first harmonic (solid lines for experiments and dashed lines for numerics). Spatio-temporal evolutions of the power and phase, (C, E) from numerics and (D, F) from experiments calculated from the inverse Fourier transform of the whole spectrum in numerics and truncated to 5 waves in experiments. Parameters: [image: image] mW, [image: image] s2/m, [image: image] W/m, initial signal/idler to pump ratio of −10 dB and harmonics to pump ratio of −20 dB, signal/idler detuning 35 GHz from the pump, harmonics detuning 70 GHz from the pump.
The spatio-temporal evolution of the phase of the field is displayed in Figures 11E,F. The experimental evolution is in very good agreement with numerical simulations, the impact of the truncation being less pronounced on the phase evolution. Noteworthy, in the temporal case (Figure 11G), we observe a phase jump close to π between the center of the pulses and their wings and equal to π in simulations which is one of the characteristic features of Akhmediev breathers and Peregrine soliton [8]. More details can be found in ref. 34 where we also reported the spatio-temporal evolution of the FPU recurrence when the symmetry is broken. Finally, we demonstrated that our HOTDR system enables non-invasive distributed measurements of the electric field in the temporal domain with a resolution lying in the picosecond scale with a 20 m spatial resolution.
4.4.3 Second Order Breathers
Second order breathers is a family of higher order solutions of the NLSE [60]. They have already been observed in fiber optics systems by Frisquet et al. [18]. They are known to experience sharper edges and higher maximum powers compared to first-order solutions (e.g., the maximal normalized intensity of a first order breather is 9 while it is 25 for a second-order one). Thus, they are of great interest because they could constitute good prototypes to model extremely rare and powerful rogue waves. We will show that it is possible to record the spatio-temporal evolution of their intensity and phase with our experimental setup. The solution of the field envelope of a second-order breather is reported in ref. 60. We use the same normalized parameters in the following. In order to design the experimental initial conditions to trigger second-order breathers, we started from the analytical expression of these breathers [60] and truncated this solution to the 5 central components. We then use these 5 waves to trigger the formation of second order breathers.
We checked numerically (not shown here) that these solutions are very robust and while being excited by a truncated initial condition, they remain quasi-unchanged. We set the phase and amplitude in experiments by using the waveshaper (Figure 2).
As an example, we choose a solution for which signal and harmonics experience the same linear MI gain: [image: image] (and [image: image]). In physical units, this corresponds to [image: image] and [image: image][image: image] in normalized units from ref. 60. For a total power of [image: image] mW, [image: image] s[image: image]/m and [image: image] W/m this corresponds to [image: image] GHz and [image: image] GHz. With these parameters, the maximum compression point of this second order breather is predicted at [image: image] km. The Fourier transform of this solution [[image: image]] is calculated in order to get the input spectrum. This spectrum is displayed in red in Figure 12A. As we can see, it is composed of many sidebands with only four falling within the MI gain band (the MI gain curve is superimposed in blue): the signal and idler at frequencies [image: image] and their first harmonics at [image: image]. These bands have indeed experience similar parametric gain. We extracted the phase and amplitude value of the 5 main components and use them as initial conditions in experiments. The input initial spectrum is shown in Figure 12B. Experimental results are depicted in Figures 13C,D,G,H. The evolution of the pump, signal and harmonic power (Figure 13C) are in excellent agreement with numerical simulations (solid lines in Figure 13A), triggered with the truncated 5 waves solution, as well as the analytical solution (dashed black lines in Figure 13A). The relative phase evolution is shown in Figure 13B (numerics and analytical solutions) and in Figure 13D (experiments). The agreement between experiments, numerics and analytical predictions is excellent too. It means that while initial conditions does not correspond exactly to second order solutions, it is still possible to trigger this solution. By calculating the inverse Fourier transform of these 5 waves it is possible to plot the spatio-temporal evolution of the power (Figure 13G) and the phase (Figure 13H). As seen, a sharp and powerful second-order breather can be observed. We obtained a pretty good agreement with numerical simulations (Figures 13E,G). The main disagreement at the maximum compression point is due to the truncation. We show that using the HOTDR setup and then calculating the inverse Fourier transform, it is possible to obtain the spatio-temporal evolution of the electric field of a second-order breather. An even better agreement would be possible by using more waves.
[image: Figure 12]FIGURE 12 | (A) Spectrum at [image: image] from the Fourier transform from ref. 60 for [image: image] and [image: image] mW, [image: image] s[image: image]/m, [image: image] W/m, [image: image] and [image: image]. The linear MI gain, normalized to its maximum, is superimposed in blue. (B) Experimental input spectrum in gray line (amplitude) and red dotes (phase). The MI gain spectrum is superimposed in dashed blue lines.
[image: Figure 13]FIGURE 13 | Relative pump, signal and harmonic power and phase evolutions, respectively, from (A,C) numerical simulations with a five-wave input and (B,D) from experiments. Blue lines correspond to the pump, red ones to the signal and green ones to the harmonic. Dashed black lines in (A,C) correspond to the analytical solution from Theory [61]. Spatio-temporal evolution of the field power and phase (E,G) from numerical simulations and (F,H) from experiments. The spatio-temporal plot of (F,H) are obtained through the inverse Fourier transform of fives waves. Parameters: [image: image] mW, signal/idler to pump ratio of [image: image] dB, harmonics to pump ratio of [image: image] dB, [image: image] rad, [image: image] rad, [image: image] rad, [image: image] GHz and [image: image] GHz ([image: image] GHz and [image: image] GHz in experiments).
5 CONCLUSION
We have reviewed recent results obtained with a novel optical fiber experimental setup based on a heterodyne optical time-domain reflectometer allowing to monitor the power and relative phase evolution of the main discrete frequency components of a periodic laser pulse train. Moreover, we actively compensated fiber losses with a conter-propagating Raman pump leading to an almost fully transparent optical fiber which can be accurately modeled by the NLSE. We provided details about the experimental setup, notably about the multi-heterodyne detection technique, the phase-locking between the laser and the local oscillator, the solution we developed to suppress the fading effect, and the data processing. Then, we presented a selection of results recently obtained with this system in the context of the FPU recurrence process. It enabled the observation of several FPU recurrences for the first time, the study of their dynamics, and a direct comparison with analytical predictions from the pure NLSE. More precisely, the symmetry breaking of the FPU process has been observed by varying initial conditions, in excellent agreement with analytical predictions. Moreover, we showed by recording first harmonics in addition to the signal, idler, and pump waves it is possible to obtain the spatial evolution of the electric field of time-periodic pulses with a sub-ps resolution. We illustrated the performance of this technique by showing the power and phase evolution along the fiber of first and second-order breathers. All these results have been confirmed by numerical simulations, and remarkably with analytical solutions thanks to the efficient loss compensation scheme we developed. This original experimental setup combining dissipation compensation and non-invasive characterization of the electric field of a periodic laser pulse train is a powerful tool in nonlinear fiber optics experiments that could be implemented to investigate other nonlinear effects.
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1Unfortunately, this removed also the linear phase due to the group velocity dispersion acquired during the propagation, which cannot be neglected as it directly impacts the dynamics of the system. The following phase term [image: image] is then added later on to the measured pump-signal phase difference to get [image: image].
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