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The conformational states of a semiflexible polymer enclosed in a volume V := ¢3 are
studied as stochastic realizations of paths using the stochastic curvature approach
developed in [Rev. E 100, 012503 (2019)], in the regime whenever 3¢/¢, > 1, where £,
is the persistence length. The cases of a semiflexible polymer enclosed in a cube and
sphere are considered. In these cases, we explore the Spakowitz—\Wang-type polymer
shape transition, where the critical persistence length distinguishes between an oscillating
and a monotonic phase at the level of the mean-square end-to-end distance. This shape
transition provides evidence of a universal signature of the behavior of a semiflexible
polymer confined in a compact domain.

Keywords: semiflexible polymer, stochastic curvature, shape transition, critical persistence length, mean-square
end-to-end distance, worm-like chain

1 INTRODUCTION

Semiflexible polymers is a term coined to understand a variety of physical systems that involve linear
molecules. The most popular polymers are industrial plastics, like polyethylene or polystyrene, with
various applications in daily life [1, 2]. Another prominent example is the DNA compacted in the
nucleus of cells or viral DNA/RNA packed in capsids [3, 4]. These last examples are of particular
interest since they are confined semiflexible polymers. Indeed, biopolymers’ functionality is ruled by
their conformation, which in turn is considerably modified in the geometrically confined or crowded
environment inside the cell [5-7].

A common well-known theoretical framework used to describe the fundamental properties of a
semiflexible polymer is the well-known worm-like chain model (WLC), which pictures a polymer as
a thin wire with a flexibility given by its bending rigidity constant « [8]. The central quantity in this
model is the persistence length defined by 2a/ (kg T (d — 1)) [9, 10], with d being the space dimension;
however, here we simply use £, := a/ (ks T)', which is the characteristic length along the chain over
which the directional correlation between segments disappears. kgT is the thermal energy, with kg
and T being the Boltzmann constant and the bath temperature, respectively [11].

In the absence of thermal fluctuations, when a > kg T, the conformations of the polymer are well
understood through different curve configurations determined by variational principles [12, 13]. For
the WLC model, the bending energy functional is given by

H[R] =% st;cz (s), (1)

'For the sake of notation, the dimension of the space in the persistence length definition is hidden. In those cases where an
explicit dependence on the dimension is needed, it should be adequately scaled by the factor 2/(d - 1).
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where R (s) is a polymer configuration and « (s) is the curvature of
the chain, with s being the arc-length parameter. Additional terms
can be added to the Hamiltonian to account for other effects,
including multibody interactions, external fields, and constraints
on the chain dimensions [14, 15]. When the thermal fluctuations
are relevant, that is, a=kgT, then it is usual to introduce a
statistical mechanics description. Since H[R] represents the
bending energy for a curve configuration R, the most natural
approach is to define the canonical probability density

P(R)DR := %exp( —% J dsi’ (s))DR, 2)

C

where Z. is the canonical partition function and DR is an
appropriate functional measure. In this description, the theory
turns out to be a one-dimensional statistical field theory.
Nonetheless, the theory is not easy to tackle since «(s)
acquires nonlinear terms in R. To avoid this difficulty, a
different perspective was introduced by Saito’s et al. [8], where
the following probability density function was studied:

P(T)DT := leexp( —% j dsi* (s)>DT, 3)

instead of Eq. 2. Here Z; is the Saito’s partition function and DT
is an appropriate functional measure for the tangent direction of a
given polymer configuration R. The Saito’s partition function can
be solved since one has k2 (s) = (dT (s)/ds)?; thus, one can relate
Z with the Feynman’s partition function for a quantum particle
in the spherical surface described by T2 = 1. For the cases when
the semiflexible polymer is in an open Euclidean space, the Saito’s
approach works very well. For instance, it reproduces the
standard results of Kratky-Porod [16], among other results [8,
14]. However, for the cases when the semiflexible polymer is
confined to a bounded region of the space, the Saito’s approach is
difficult to use, with some exceptional cases like the situation for
semiflexible polymers confined to a spherical shell [24].

For semiflexible polymers in plane space, an alternative
theoretical approach to the above formalisms was introduced
in [17]. This consists of postulating that each conformational
realization of any polymer in the plane is described by a stochastic
path satisfying the stochastic Frenet equations, defined by
%R(s) =T(s) and %T(s) = k(s)N(s), where R(s) is the
configuration of the polymer, T (s) is the tangent vector to the
curve describing the chain at s, N(s) := €T(s) is the normal
stochastic unit vector, with € a rotation by an angle of 77/2, and
x(s) is the stochastic curvature that satisfies the following
probability density function:

exp( —%p j dsi’ (s)>DK, (4)

1
P(x)Dx := Z
where Z¢_. is the partition function in the stochastic curvature
formalism and Dk is an appropriate measure for the curvature. This,
in particular, implies a white noise-like structure, that is, {x(s)) = 0
and {x(s)x(s')) = 8(s—s")/¢, [17]. This theoretical framework
successfully explains, by first principles, the Kratky-Porod results
for free chains confined to an open 2D-plane. Moreover, it correctly
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describes the mean-square end-to-end distance for semiflexible
polymers confined to a square box, a key descriptor of the
statistical behavior of a polymer chain.

In the present work, we carry out an extension of the stochastic
curvature approach for semiflexible polymers in the three-
dimensional space R?. In particular, we analyze the
conformational states of a semiflexible polymer enclosed in a
bounded region in three-dimensional space. This polymer is in a
thermal bath with a uniform temperature. The shapes adopted by
the polymer are studied through the mean-square end-to-end
distance as a function of the polymer total length as well as its
persistence length. In particular, we analyze the cases of a polymer
confined to a cube of side a and a sphere of radius R.

The plan of this article is as follows. In Section 2, we introduce
the stochastic Frenet equations for the semiflexible polymers in
three-dimensional spaces, and by using a standard procedure, we
derive the corresponding Fokker-Planck equation. In particular,
the Kratky—Porod result for polymers in a 3D open space is
obtained. Section 3 contains the derivation of the mean-square
end-to-end distance for semiflexible polymers confined to a
compact domain. In Section 4, we present the analysis of the
mean square end-to-end distance for the cases when the compact
domain corresponds with a cube of side a and a sphere of radius
R. Finally, Section 5 contains our concluding remarks.

2 PRELIMINARY NOTATION AND
SEMIFLEXIBLE POLYMERS IN 3D

Let us consider a polymer in a three-dimensional Euclidean space
R’ as a space curve y, R : I ¢ R — R?, parametrized by an arc-
length, s. For each point s € I, a Frenet-Serret trihedron can be
defined in terms of the vector basis {T (s),N(s), B(s)}, where
T (s) = dR/ds is the tangent vector, whereas N (s) and B (s) are the
normal and bi-normal vectors, respectively. It is well known that
each regular curve y satisfies the Frenet-Serret structure
equations, namely, dT/ds=x«(s)N, dN/ds=—-«x(s)T —1(s)B
and dB/ds = 7(s)N, where x(s) and 7(s) are the curvature and
the torsion of the space curve, respectively. In addition, the
fundamental theorem of space curves estates that given
continuous functions x(s) and 7(s), one can determine the
shape curve uniquely, up to a Euclidean rigid motion [18].

2.1 Stochastic Curvature Approach in 3D

In order to study the conformational states of a semiflexible
polymer, we adapt the stochastic curvature approach introduced
in [17] to the case of semiflexible polymers in 3D Euclidean space.
For the 2D Euclidean space, the formalism starts by postulating
that each conformational realization of any polymer is described
by a stochastic path satisfying the stochastic Frenet equations. In
the 3D case, it is enough to consider the following stochastic
equations:

iR(s) =T(s), (5a)
ds

iT(s) = Prx(s), (5b)
ds
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where R (s), T (s), and x(s) are now random variables. Here, x (s)
is named as stochastic vectorial curvature. Also, a normal
projection operator Py =1 -T ® T has been introduced such
that T (s) ~%T(s) = 0. According to these equations, it can be
shown that | T (s)| is a constant that can be fixed to unit, where | |
is the standard 3D Euclidean norm. The remaining geometrical
notions also turn into random variables as follows. The stochastic
curvature is defined by « (s) := |« (s)|. The stochastic normal and
bi-normal vectors are defined by N(s):=x(s)/x(s) and
B(s) :=T(s) x x(s)/x(s), respectively, where x(s) is the
stochastic curvature. In addition, the stochastic torsion is
defined with the equation 7 (s) := N(s) ~%B(s).

In addition to the stochastic Eq. 5a and Eq. 5b, the random
variable «x(s) is distributed according to the probability density
function

P (k)Dx := Zl exp (-BH [«]) Dx, (6)

where H[«] = § J x2ds is the bending energy and « is the bending
rigidity modulus. This energy functional corresponds to the
continuous form of the WLC model [8]. Also, in Eq. 6, Z;_.
is an appropriate normalization constant, Dk := H?:IDKi is a
functional measure, and 8 = 1/kgT is the inverse of the thermal
energy. The Gaussian structure of the probability density implies
the zero mean {x;(s)) =0 and the following 3D fluctuation
theorem:

() = 1 8,0(s- ), %
14

where «;(s) is the i—th component of the stochastic vectorial
curvature x(s).

2.2 From Frenet-Serret Stochastic
Equations to Hermans-Uliman Equation

in 3D

In this section, we present the Fokker-Planck formalism
corresponding to the stochastic Eq. 5a and Eq. 5b. This
description allows us to determine an equation for the
probability density function associated to the position and
direction of  the endings of  the polymer
P(R,TIR,T';s) = (6 (R=R(5))0(T - T(s))), where R and R’
are the ending positions of the polymer, and T and T’ are the
corresponding directions, respectively. The parameter s is the
polymer length.

Now, the stochastic Frenet-Serret Eq. 5a and Eq. 5b can be
identified with a multidimensional stochastic differential
equation in the Stratonovich perspective; thus, applying the
standard procedure [19], we find the following Fokker-Planck
type equation:

op 1

—+ V. (TP)=—A,P, 8

5tV (TP =50 (8)
where T is identified with the unit normal vector on S?, thus
satisfying the condition T®=1. The operator A, is the
Laplace-Beltrami of the sphere S$%. Similarly, as the situation
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for semiflexible polymers confine to a plane space [17], this
equation is exactly the same as the one obtained by Hermans
and Ullman in 1952 [20], where the heuristic parameter they
included can now be identified exactly with 1/(2¢,). In addition,
we can make a contact with the Saito’s approach [8] by
considering the marginal probability density function:

Z(T,T,s) o Jd3Rd3R’P(R,T|R’,T’,s). ©)

Using the Hermans—Ullman equation, we can show that Z.
satisfies a diffusion equation on a spherical surface with diffusion
coefficient equal to 1/(2¢,) [8], that is,

0Z. 1

=—Ag 2., 10
os  2¢, ¢ (10)

An immediate consequence of the above equation is the
exponential decay of the correlation function between the two
ending directions C(L) := {T(L) - T(0)) = exp(-L/¢,), where L
is the polymer length. Indeed, this expectation value satisfies the
following  equation: %C(s) = ﬁ = JSZdQ(T(s) ST (s))AeZ,
where dQ is the solid angle and 47 is a normalization
constant. Now, we can integrate twice by parts the r.h.s of last
equation and since $? is a compact manifold the boundary terms
vanish. Also, using AgT = —% T, it is found that the correlation
function satisfies the ordinary differential equation
%C(s) = —%C (s). Now, we solve this equation using the
initial condition C(s'=0) =1 and the length of the polymer
set up by s = L.

2.3 Modified Telegrapher Equation

As in the situation of the two-dimensional case [17], we carry
out a multipolar decomposition for HU equation in 3D. This
consists of expanding the probability density function
P(R,T|IR,T';s) in a linear combination of the Cartesian
tensor basis elements 1, T, T;T; — 18y, TiT;Tx —18(;Th, -
where the symbols (ijk) means symmetrization of the indices
ij, and k, that is, §(;; Txy = 8;;Tx + 8% T; + 01 Tj whose expansion
coefficients are hydrodynamic-like tensor fields. These tensors
are p (R, s), meaning by the manner how the ending positions are
distributed in the space; P(R, s), meaning as the local average of
the polymer direction; Q;(R,s), pointing the way how the
directions are correlated along the points of the space, etc.
These tensors are the moments associated to the Cartesian
tensor basis, for example, P; = J ‘fl—gT,-P(R, T,s). These fields
satisfy the following hierarchy equations:

op(R.s) _ -0P' (R,s), v
Os

IP;(Rys) _ 1 : |

IR Pi(R,5) -2 0p(R,5) ~0Q;(R,5),  (12)

0Q;(R.s) _ 3 1

5= GRS RI-IRu(R ), (13)

where TV = 0'Y + 9P — 2%1-] o Pk,
Now, by combining Eq. 11 and Eq. 12, we can obtain a
modified telegrapher equation:
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BZP(R, s) N 1 Jdp(R,s)
0s? ¢, Os

_ %Vzp(R, 9+00Q7(Rys),  (14)

where V? is the 3D Laplacian. In a mean-field point of view, one
can consider the preceding equation as an equation for the
probability density function p(R,s) under the presence of a
mean-field Q; (R, s). In particular, Q;(R,s) does not play any
role for the mean-square end-to-end distance for a semiflexible
polymer in the open Euclidean 3D space. Indeed, let us define the
end-to-end distance as R := R — R’; thus, the mean-square end-
to-end distance is given by

(OR?)p = JD p(RIR,JORTRAR. (15)

Now, we implement the same procedure used in [17] to calculate
the mean-square end-to-end distance in the open three-dimensional
space D = R?, where it is used as the modify telegrapher of Eq. 14
and the traceless property of Q;(R,s). We can reproduce the
standard Kratky-Porod [16] result for a semiflexible polymer in
the three-dimensional space [16, 20].

L
(OR¥)gs = 2€PL—2€;<1 —exp<—€>> (16)
»
with the typical well-known asymptotic limits: diffusive regime
(6R*)=2¢,L for L>¢,, and ballistic regime (SR*)=L? for
L<¢,.

3 SEMIFLEXIBLE POLYMER IN A
COMPACT DOMAIN

In this section, we apply the hierarchy equations developed in the
previous section in order to determine the conformational states of a
semiflexible polymer confined to a compact volume domain of size
V. From the hierarchy Eq. 12 and Eq. 13, the tensors P; (R, s) and
Q; (R, s) damp out as /% and e*"/%, respectively. Furthermore, if
we consider that the semiflexible polymer is enclosed in a compact
volume V := £, with a typical length ¢; thus, as long as we consider
cases when 3£/¢, is far from one, we may assume that Q; (R, s) is
uniformly distributed. This condition corresponds to truncate the
hierarchy equations at the second level; that is, the only equations
that survive in this approximation are Eq. 11 and Eq. 12.

In the latter situation, the distribution p (R, s) of the endings of
the semiflexible polymer is described through the following
telegrapher’s equation:

azp(R, s) +l op(R,s) 1

=-V*p(R, 17
0s? ¢, Os 3 p(Rs) (17)
that satisfies the initial conditions
lim p(RIR’,s) = 8% (R~ R), (18)
lim PRRD (19)
s=0 Os

The condition Eq. 18 means that the polymers’ ends coincide
when the polymer length is zero, whereas Eq. 19 means that the

Semiflexible Polymer in Compact Domain

polymer length does not change spontaneously. In addition, since
the polymer is enclosed in the compact domain D of volume
V (D), we also impose a Neumann boundary condition

VP(R|R,’S)|R,R’68D =0, Vs (20)

where 0D is a surface bounding the domain D. This boundary
condition means that the polymer does not cross the boundary
neither wrap the domain. The procedure to obtain a solution of
the above telegrapher’s Eq. 17 is identical to the one developed in
[17]. We just have to take into account the right factors and the
dimensionality considerations. In this sense, the probability
density function is given by

s 48

—M)l/’f( Ry (R), (21

1
RIR: - -
N X E

where we recall from [17].

G(v,w) = e”[cosh(vx/l -w)+ W] (22)

and {y,} and {A} are a complete set of orthonormal
eigenfunctions and a set of corresponding eigenvalues of the
Laplace operator —V2 in R*. Notice that each y; (R) must satisfy
the Neumann boundary equation Vi, [gesp = 0. In addition, it is
known [21, 22] that for Neumann boundary Laplacian eigenvalue
problem, there is a zero eigenvalue Ay = 0 corresponding to a
positive eigenfunction given by v, = 1/VV.

Now, using Eq. 21, the mean-square end-to-end distance
(SR?)p, can be computed in the standard fashion by

s 48
(R p = Y &Gl A ), (23)
kel 2€P 3
where the coefficients of a; are obtained from
ap = LJ (R-R)*y{ (R)y, (R)FRAR. (24)
V(D) DxD k k

We can have a further simplification after squaring the end-to-
end distance inside the last integral. It is not difficult to see that
the square terms R?> and R'? in (R — R)? only the zero mode

contribute; thus, we have
2

((SRY)p = 20> (R) - %gor; i G(i %Ak) 25)
where o* (R) := (R*), - (R); is called the mean-square end
position, {---)4 :=ﬁjpd3R--~ is termed as the geometric
average, and the factor ry := th//k (R)d’R for k #0. The factor

D
ri can be written in a simpler form for Neumann boundary
conditions, since y, = —ﬁvz V> and by integrating out by parts,
this factor is expressed in terms of a boundary integral

1
I = A—# dS nl//k (Rs), (26)
k J oD

where Rg € 0D and dS is the area element of 0D. Since the function
G (v, w) decays exponentially as the polymer length gets larger values,
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| /a=0.25 —
l./a=0.2

s/a

FIGURE 1 | Monotonous and oscillating behaviors of the mean-square end-to-end distance (Eq. 30) of polymers with £, below (A) and above (B) the critical
persistence length e; = V/3/(2m)a in cubic confinement. Inside the plotting area, we sketch the conformational states of each class of polymers.

B " ja=1.0 ——
la=0.75 ——
l/a=0.5 - -

s/a

we can convince ourselves that twice the mean-square end position
corresponds to a saturation value for the mean-square end-to-end
distance. An additional property of ry is the identity

1 . ,
——Yrrn =0 (R). (27)
o &

This identity can be proved using the completeness relation
of the eigenfunctions, that is, Zl//;((R)l//k(R’) =8® (R -R).

This identity allows us to prove that in general (OR)p
starts at zero.

4 RESULTS

4.1 Semiflexible Polymer Enclosed by a
Cube Surface

In this section, we provide results for the mean-square end-to-end
distance for a semiflexible polymer enclosed inside of a cube domain.
All the problems are reduced to solve the Neumann eigenvalue
problem —V?y = Ay with Neumann boundary condition, when the
compact domain C := {(x,y,2) €e R : 0<x<a,0<y<a,0<z<a}
is a cube of side a in the positive octant. This problem is widely studied
in different mathematical physics problems [21, 23]. The
eigenfunctions in this case can be given by

¥, (R) = IZ';ZP cos(%x)cos(%y)cos(%p z), (28)

where x, y, and z are the standard Cartesian coordinates, and R =
(x,y,2) is the usual vector position. The eigenfunctions are
enumerated by the collective index nmp, with
n,m,p=0,1,2,--*. Ny is a normalization constant with
respect to the volume of the cube V(D) = a’, whose values
are given by Ny = 1; Ny = Nowo = Noon = V2, for n#0;
Nupo = Nuop = Nowp =2, for n,p#0; and  Nypy = 2V2, for
n,m,p#0. The eige(walues of the Laplacian are given by

A = k%, where k = (2,7 ™) Now, we proceed to calculate

a>a’al

re using its definition, that is, r¢ = IRI//k (R)4*R. The three
components are given by ¢

5/2

(1) = —V2 —

n’m?
5/2

% (1= (=1)")80005 (29)
mei

(1= (=1)")8mo0p0»

(r), = —V2

a5/2
(1. = V2 s (1= 1) 0B,

In the following, we use the general expression in Eq. 25 for
the mean-square end-to-end distance. The mean-square end
position can be easily calculated as o*(R) = %. Since the
Kronecker delta in ry, each contribution of (ry); is the same,
thus taking into account the correct counting factor, the mean-
square end-to-end distance is

2 o (1 - (=1)F 2
(R, =%—24azsz<%é<e—P> n2k2>. (30)
k=1 P

k*mt a

Following the same line of argument performed in [17], it is
observed that 24) ;’Zl% = 1 consistently with Eq. 27; thus,
up to a numerical error of 10”2, we claim that

OR)e 1 1 L
e 2 2%\ T

2

AN AR LAY
H1-2) ginn|—(1-Z 2
3 a? 2¢, 3 a?

Let us remark that for any fixed value of a, the rh.s of Eq. 31, as a
function of L, shows the existence of a critical persistence length,
{,’; = +/3a/(2n) such that for all values of ¢ >€;, it exhibits an
oscillating  behavior, whereas for ¢, < 8;, it is monotonically
increasing. In Figure 1, we show the behavior of the mean-square
end-to-end distance versus the length of the polymer for several

[N}

S
N——
o
o
(2]

(=x
[}
Bl
//
|
‘ S~
w3
o
QN"'Q‘\R)
~—

(31
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<8R%>5/R?

4 6
s/R

A " T R03 ——
I/R=025 —
15+ Ip/R=0.2 _—
(s}
s
o 1F .
NA
=
\
05 i,{;.t_\ |
0 | | | !
0 2 8 10

FIGURE 2 | Monotonous and oscillating behaviors of the mean-square end-to-end distance (Eq. 37) of polymers with ¢, below (A) and above (B) the critical
persistence length ég = V/BR/(2a1) in spherical confinement. Inside the plotting area, we sketch the conformational states of each class of polymers.

values of the persistence length below and above €;. Moreover, we
also show sketches of conformational states corresponding to the
monotonous and oscillating behaviors of the mean-square end-to-
end distance. In addition, the same mathematical structure as the
mean-square end-to-end distance found by Spakowitz and Wang
[24] is noticeable for semiflexible polymers wrapping a spherical shell,
and recently for semiflexible polymers confined to a square box [17].

4.2 Semiflexible Polymer Enclosed by a
Spherical Surface

In this section, we provide results for the mean-square end-to-end
distance for a semiflexible polymer enclosed inside of a spherical
domain. All the problems are reduced to solve the Neumann
eigenvalue problem -V?y = Ay with Neumann boundary
condition when the compact domain B := {r € R® : r» <R?} is a
center ball of radius R. This problem is widely studied in different
mathematical physics problems [21, 23]. The eigenfunctions in this
case can be given in terms of spherical Bessel functions j, (x) and
spherical harmonic functions Y4, (6, ¢):

r

Vi (1,6, 9) = Nekje(“zﬁ) Yeu (6, 9), (32)

where 7,0, and ¢ are the standard spherical coordinates. The
factor Ny is a normalization constant with respect to the volume
of the ball B, given by

V2 Kok

Ny = = : (33)
&~ R jo (o) (a2, — £(€ + 1))

The coefficients ayy are the roots of dj, (x)/0x, which, by using
the identity €je_1 (x) — (€ + 1)jes1 = (2€ + 1)0je (x)/0x, satisfy the
equation &je_1 (apr) = (€4 1)jps1 (o). The eigenfunctions are
enumerated by the collective index ¢mk, with €=0,1,2,-
counting the order of spherical Bessel functions,
m=-6—-€+1,---,¢, and k=1,2,3,--- counting zeros. The
eigenvalues of the Laplacian are given by Agux = a/R?, which

are independent of the numbers . Now, we proceed to calculate
omi by using Eq. 26. It is enough to calculate $dSn Yy, (6, 9),

since nox Yy,,; thus, $edSnY; . (6,¢) = —\/Z—”R2 (+1,4,0) and
$s2dSn Y1 (0, 9) = 2\/§R2 (0,0,1). Now, we call a;; := ay; then,
using Eq. 33 one has

T RS/Z
i1k =21 ——(+1,4,0), 34
r+1k \/; 061{(061% _ 2)1/2 ( 1 ) ( )
21 RY2
ok =2\5 ——— 3, (0,0, 1), (35)
3 o (og - 2)

where roots {ay} satisfy the equation jj(ax) = 2j, (ax). Using
explicit functions of the spherical Bessel functions, the root
condition is F (o) = 0, where

2
F(x) = (J;— 1>5inx+xcosx. (36)

In the following, we use the general expression (Eq. 25) for the
mean-square end-to-end distance. We calculate the mean-square
end position, o (R) = 2R?, and use the factors re,u; thus, the
mean square end-to-end distance is

00 2
@GRy = SRRy L (222 2) e
5 SZat(ar-2) \26,3\R/) "

Following the same line of argument performed in [17], we
observe numerically that 12 7, m—%/S as N increases;
this is consistent with Eq. 27. Thus, up 'to a numerical error 10”2,

we claim that
L 42 2}
cosh|—/ 1 - i Wi}
2¢, 3 R

(OR*)5 _6 6 L
R 5 5 P\ 2,

(38)
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Let us remark that for any fixed value of R, the r.h.s of Eq. 38,
as a function of L, shows the existence of a critical persistence
length, 8; = V3R/(2ay), with a; =2.08158 according to Eq. 36
such that for all values of €,>¢,, it exhibits an oscillating
behavior, whereas for £, <¢,, it is monotonically increasing. In
Figure 2, we show the behavior of the mean-square end-to-end
distance versus the length of the polymer for several values of the
persistence length below and above £,. Moreover, we also show
sketches of conformational states corresponding to the
monotonous and oscillating behaviors of the mean-square
end-to-end distance. In addition, it is noticeably that the same
mathematical structure as the mean-square end-to-end distance
found by Spakowitz and Wang [24] for semiflexible polymers
wrapping a spherical shell, and recently for semiflexible polymers,
confined to a square box [17].

5 CONCLUDING REMARKS

In this work, we carry out an extension of the stochastic curvature
formalism introduced in [17] to analyze the conformational states
of a semiflexible polymer in a thermal bath for the cases when the
polymer is in the open space R® and when it is in a bounded
domain D ¢ R’. The basic idea of formalism in the 3D case is
followed by two postulates, that is, each conformational state
corresponds to the realization of a path described by the
stochastic Frenet-Serret Eq. 5a and Eq. 5b, to introduce a
stochastic curvature vector k(s), and a second postulate that
gives the manner how « (s) is distributed according to the thermal
fluctuations.

In the case of a polymer in an open space R?, the standard
Kratky-Porod formula for polymers is reproduced in three
dimensions [16], while when the polymer is confined to a
space bounded region D ¢ R?, the conformational states show
the existence of a critical persistence length E; such that for all
values of ¢, >€;, the mean square distance fro?n end to end
exhibits an oscillating behavior, while for £, <£,, it exhibits a
monotonic behavior in both cases of a cubic region and a
spherical region. Furthermore, for each value of ¢,, the
function converges to twice the mean-square end position
0*(R), that is, twice the variance of R? with respect to the
volume of the domain. The critical persistence length,
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