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The Maxwell–Boltzmann distribution is a hallmark of statistical physics in thermodynamic equilibrium linking the probability density of a particle’s kinetic energies to the temperature of the system that also determines its configurational fluctuations. This unique relation is lost for Hot Brownian Motion, e.g., when the Brownian particle is constantly heated to create an inhomogeneous temperature in the surrounding liquid. While the fluctuations of the particle in this case can be described with an effective temperature, it is not unique for all degrees of freedom and suggested to be different at different timescales. In this work, we report on our progress to measure the effective temperature of Hot Brownian Motion in the ballistic regime. We have constructed an optical setup to measure the displacement of a heated Brownian particle with a temporal resolution of 10 ns giving a corresponding spatial resolution of about 23 pm for a 0.92 [image: image] PMMA particle in water. Using a gold-coated polystyrene (AuPS) particle of 2.15 [image: image] diameter we determine the mean squared displacement of the particle over more than six orders of magnitude in time. Our data recovers the trends for the effective temperature at long timescales, yet shows also clear effects in the region of hydrodynamic long time tails.
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1 INTRODUCTION
Brownian motion provides a window to microscopic dynamics. Observing the erratic motion of a colloid in a fluid delivers information on the strong interconnection of fluctuation and dissipation summarized, for example, by the simple Stokes–Einstein relation for the diffusion coefficient that is determined by temperature and viscous friction in thermal equilibrium. Breaking this equilibrium by introducing, for example, a single laser-heated particle to the solution [1–6] also breaks the fundamental assumption of equipartition and new physical descriptions are required. However, Hot Brownian Motion can be still mapped onto the well known fluctuation–dissipation relation when introducing effective quantities for temperature and viscosity [7]. Recent theoretical studies have shown that the effective temperatures are not unique for all degrees of freedom (i.e., rotation [8] and translation of colloids) due to their coupling to the generated hydrodynamic flow fields [9]. As these flow fields due to the translation and rotation of colloids in liquids also depend on the timescale of observation, the corresponding effective temperatures shall also reveal a frequency dependence as suggested in recent theoretical work [9]. The effective configurational temperature of Hot Brownian Motion governing the diffusion coefficient at long times shall, therefore, also differ from the effective kinetic temperature that would enter a Maxwell–Boltzmann like description. Here we explore in a sophisticated experiment the short time dynamics of a heated Brownian particle. We have constructed an optical tweezers to trap and heat colloidal particles in water. We demonstrate on isothermal particles the spatial resolution of about 23 pm at a time resolution of 10 ns, which allows us to approach the ballistic regime of Brownian motion. Introducing an additional heating of the particle we explore the capabilities of the setup to provide information on the hot ballistic motion of particles for the first time.
The one-dimensional Maxwell–Boltzmann distribution (Eq. 1) was originally used to describe the velocity distribution of atoms and molecules in an ideal gas where it is assumed that there is no interaction or potential between any pair of arbitrary particles except brief collisions,
[image: image]
Here the mass of the particle M and the temperature of the system T control the distribution. While this is true for gases with elastic collisions [10], the Maxwell–Boltzmann distribution has also been shown to hold experimentally in condensed matter with complex intermolecular interactions [11, 12]. Yet, in liquids additional hydrodynamic effects play an important role on intermediate timescales. Liquid flows that are induced by the displacement of the colloid particle lead to long living perturbations that travel a distance of the particle radius on timescales of several microseconds [13–15]. This hydrodynamic memory has to be included in the Langevin equation [16, 17] to yield the equation of motion of a colloidal particle in an incompressible liquid,
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The effective mass [image: image] is a result of the incompressible-fluid assumption, which now also replaces the particle mass in Eq. 1. Here [image: image] is the particle mass and [image: image] the mass of the displaced fluid. η and [image: image] are the viscosity and density of liquid. The first term on the right side of the equation resembles the Stokes friction force of a spherical particle while the second term accounts for the vorticity memory of acceleration of the liquid [11]. The third term is the anti-correlated thermal force which is no longer Gaussian but colored owing to the fact that the vorticity generated at the surface of the particle affects the force on the sphere at a later time [11, 15, 18]. This is now captured in Eq. 3, which shows that the correlation of the force decays with a power law. Here γ is the drag coefficient and [image: image], estimating the time needed for the perturbed fluid to move to the backside of the particle,
[image: image]
Finally, the last term in Eq. 2 contains the trapping force with the spring constant k.
This already complex dynamics of a Brownian particle in a dense liquid is for Hot Brownian Motion altered by a stationary inhomogeneous temperature profile taking the shape
[image: image]
where [image: image] is the ambient temperature, [image: image] the heating power supplied to the particle and κ the thermal conductivity of the liquid and r the distance from the particle center. This long range temperature profile is now leading to an inhomogeneous viscosity distribution in the surrounding. Both temperature increment and viscosity decrease lead to an effective diffusion coefficient of the particle
[image: image]
in the long-time limit, which we can use to verify our experiments on long timescales. The effective quantities [image: image] which resembles a configurational temperature and [image: image] can be calculated from the theory of Hot Brownian Motion [2, 19]. The effective temperature of Hot Brownian Motion is thereby found to be
[image: image]
with [image: image] being the ambient temperature and [image: image] the surface temperature increment of the colloid given by the second term on the right side of Eq. 4. Estimates for the effective viscosity [image: image] are reported in [19] for an assumed Vogel-Fulcher type temperature dependence of the viscosity of water. At shorter times, the effective temperature has required corrections with a more advanced theoretical description [9].
2 EXPERIMENTAL SETUP
Our experimental setup is shown in Figure 1 and mainly consists of three parts. The primary part of the measurement system is for particle trapping and tracking. Light of a 1,064 nm laser (Mephisto, Coherent) is sent through a rotatable half-wave plate to adjust the IR power in the sample without modifying the driving current of the laser. A beam expander is further used to overfill the first objective (Olympus ×100/1.3NA) lens. The beam is tightly focused by this objective lens to generate a stable trapping potential [20–23] for the Brownian particles in three dimensions. A second objective is used to collect light from the trapping region that is split by a knife-edge prism and sent to a 350 MHz bandwidth balanced photodetector (Thorlabs) with a damage threshold of 20 mW. Our setup, therefore, detects the particle motion only in one dimension (e.g., the x-direction), while other dimensions may show different trapping stiffness [24]. The analog signal is converted by a 200 MHz digitizer card and saved on the computer. The second part of the setup comprises the beam path for heating the gold nanoparticles on the polymer colloid surface at 532 nm wavelength (Sapphire, Coherent). The laser beam is passing a quarter wave plate and a polarizing beam splitter to obtain two equal-power beams with orthogonal polarization to avoid interference in the sample region. Both 532 nm beams are focused to the sample region by two lenses and two Olympus 100x/1.3NA objective lenses (where one is also used by the IR beam). The additional lenses ensure a homogeneous heating of the particles. The remaining third part (yellow) including an LED illumination and a CCD is used to check the particle trapping and particle quality.
[image: Figure 1]FIGURE 1 | Simplified schematic of the setup.
In our experiments we use PMMA (Poly (methyl methacrylate)) polymer particles ([image: image], density [image: image], microParticles) or AuPS (diameter 2.15 [image: image], effective density [image: image], microParticles) particles. The AuPS particles are polystyrene (PS) colloids coated with gold nanoparticles that have a diameter of about 8 nm covering around 10 percent of the surface of the PS particle. The gold nanoparticles are used for the PS colloid surface heating. This geometry has been used as a compromise. A larger particle mass favors a longer period of ballistic motion due to the large inertia. A larger mass, as predicted by the theory of Hot Brownian Motion [9], also decreases the observable effect of the heating on the effective kinetic temperature of ballistic motion. The AuPS particles thereby keep the mass of the PS particle almost unchanged, while still allowing us to heat the particle environment. All particles are suspended in water ([image: image], density [image: image]). Our sample chamber is comprised of two pieces of 20 mm [image: image] 20 mm microscopy cover slips with a thickness of 0.13–0.16 mm and sealed by 50-[image: image]-thick tape (3 M ATG Klebstoff-Film 924) and PDMS at the boundary.
3 RESULTS AND DISCUSSION
We analyze the mean squared displacement (MSD), power spectral density (PSD) and velocity distribution of the Brownian particle trapped in the optical tweezers. To decrease the statistical noise, we take 20 trajectories for each type of particle with a sampling rate of 200 MHz (10 MHz for Hot Brownian Motion) and obtain the averaged results for MSD and PSD analyses [25–27].
We first address the general performance of the setup to detect spatial displacements under isothermal conditions. In Figure 2, we show the PSD curve of the diameter [image: image] PMMA particle with a trapping power [image: image] mW measured at the trapping center at a temperature of 23°C. The theoretical fitting function of the PSD (see Appendix) including all hydrodynamic memory effects matches the experimental data very well. We extract a trap stiffness of about [image: image] being well in the range of published results [24]. The conversion factor reaches 5.7 mV/nm for our detection under a shot noise level of 12.0 fm/[image: image] at high frequencies. Figure 2 also displays the power spectral density for an empty trap indicating the noise background present in the system. The PSD with the particle reaches the noise floor of the system at a frequency of around [image: image] Hz.
[image: Figure 2]FIGURE 2 | Power spectral density (PSD, green dots) of a [image: image] diameter PMMA particle at an ambient temperature of [image: image]°C. The found trap stiffness corresponds to [image: image] at a trapping power of [image: image] mW. The black line displays the theoretical fitting function (see Appendix). The blue dots display the power spectral density of the empty trap.
We further calculate from the data the mean squared displacement. For the calculation of the MSD we take the average of every two adjacent data points to bin the position data of the balanced photodetector and subtract from the particle’s MSD the MSD calculated for the empty trap. Figure 3 displays the result of the MSD calculation together with a fit using Eq. A1, which nicely represents the measured data. The figure also displays as guides the power laws corresponding to a diffusive [image: image] and a ballistic motion [image: image]. The extracted trap stiffness from these experiments is determined to be [image: image] and the conversion factor equals 5.7 mV/nm, which correspond well to the value obtained from the PSD. At the smallest times the MSD displacement approaches the ballistic regime, where the instantaneous momentum of the particle has not relaxed. The found momentum relaxation time of the particle is [image: image] ns. The time resolution of 10 ns, therefore, allows us to resolve displacements of about 23 pm, which roughly corresponds to a fifth of an atomic diameter making the detection of the particle velocity distribution more accessible [28]. Note that this ballistic motion is different from the quasi-ballistic motion of an active system as observed in [29], which shows similar time dependence. There the quasi-ballistic motion observed in the time dependent MSD is likely the result of a net phoretic motion [30] and not related to the instantaneous momentum of the particle as in our experiments.
[image: Figure 3]FIGURE 3 | Mean squared displacement determined for the [image: image] diameter PMMA particle (see Figure 2 for PSD) at ambient temperature of [image: image]°C. The green circles correspond to the experimental data after binning and subtraction while the black line displays the theoretical fitting function (see Appendix). The dotted blue line is Einstein’s prediction for diffusive motion [image: image] while the dashed blue line is for ballistic motion [image: image]. The vertical black lines denote the characteristic time constants of a Brownian particle in the trap. The momentum relaxation time [image: image] ns, [image: image] ns and [image: image] which is the time for the particle to move through the trap from one side to the other.
Based on this performance, we now explore the dynamics of a gold-covered polystyrene particle with a diameter [image: image] for which additional heating is not applied. Figures 4, 5 show the PSD and the MSD for the trapped particle at a trapping power [image: image] mW under a temperature of around 23.5 °C. We extract a trap stiffness [image: image] from the PSD and [image: image] from the MSD which implies the AuPS particle is trapped not as strongly as the [image: image] PMMA particle. It is additionally reflected by a smaller corner frequency in the PSD curve of the AuPS particle. Moreover, the resulting conversion factors are 3.7 mV/nm and 3.9 mV/nm from PSD and MSD respectively under the shot noise level of 20.3 fm/[image: image]. The spatial resolution for the measurements on the AuPS particle has been determined to yield 27 pm with a temporal resolution of 40 ns which demonstrates the robustness of our particle detection.
[image: Figure 4]FIGURE 4 | Experimental power spectral density for a [image: image] diameter polystyrene particle covered with gold nanoparticles (AuPS) at an ambient temperature of [image: image]°C. The found trap stiffness corresponds to [image: image] at a trapping power of [image: image] mW. All symbols have the same meaning as in Figure 2.
[image: Figure 5]FIGURE 5 | Mean squared displacement for the [image: image] diameter polystyrene particle covered with gold nanoparticles (AuPS) at an ambient temperature of [image: image]°C. The vertical black lines denote the characteristic time constants of a Brownian particle in the trap. The momentum relaxation time [image: image] ns, [image: image] ns and [image: image] which is the time for the particle to move through the trap from one side to the other.
Since the theoretical momentum relaxation time equals [image: image] ns, which is several times larger than our temporal resolution, we can use the fluctuations of the particle to calculate the probability density distribution of velocities at short times. To diminish the influence of shot noise blocking on the distribution we use binning. The bin size has been adjusted in a way such that the noise background only contributes 13% to the total kinetic energy while the minimum sampling interval is 300 ns which is still comparable with the momentum relaxation time. Figure 6 displays the obtained velocity distribution in comparison with the theoretical one. The red symbols denote the contribution of noise in the empty trap. The found experimental and theoretical root-mean-square velocities are [image: image] and [image: image], respectively. Therefore, our current results with the binning to 300 ns intervals still underestimates the instantaneous velocity distribution. To reduce the binning time and the influence of noise, higher signal-to-noise ratios will be required and are currently implemented with new photodetectors. While the ultimate region of ballistic motion is not yet sufficiently well accessed, our time resolution provides access to the region of hydrodynamic long time tails, where to our knowledge no experimental data in inhomogeneous temperature fields has been available.
[image: Figure 6]FIGURE 6 | Normalized velocity distribution (refer to Eq. 1 with M replaced by [image: image]) obtained for the 2.15 µm diameter AuPS particle without additional heating at room temperature [image: image]°C. The bin size was chosen to be 60. Blue and red circles are experimental data points for full trap and empty trap measurements. The black solid line shows the theoretical expectation for Maxwell-Boltzmann distribution at room temperature for the particle effective mass of [image: image].
To carry out measurements with a heated Brownian particle, we first measure the temperature increase near the surface of the heated AuPS particle in a separate experiment. For this purpose, we exploit the phase transition of a liquid crystal (5CB, see [31] for more details). The inset in Figure 7 displays the results of the measured surface temperature increases converted for when the AuPS particle is immersed in water with an incident laser at 532 nm wavelength under heating powers of 9.34, 12.66, 16.12 and 19.12 mW. The temperature increase [image: image] grows linearly with the heating power P as expected [31]. Equipped with a calibration of the surface temperature we now study the dynamics of heated particles in the optical trap. We use a lower sampling rate of 10 MHz with a minimal time resolution of 100 ns for the experiment to improve the stability at long time scales.
[image: Figure 7]FIGURE 7 | Calculated ratio of the mean squared displacement for the 2.15 µm diameter AuPS particle at different heating powers with a 532 nm laser (see legend). The inset displays the surface temperature increment of the colloids as determined from a separate measurement in a liquid crystal (5CB, see text) as well as from the effective temperature of Hot Brownian Motion ([image: image]) at large time lags.
Figure 7 shows the resulting MSD ratios for a single AuPS particle trapped with 12 mW laser power (1,064 nm) at a temperature of 23.8 °C. A 532 nm laser as mentioned above with a power of 9.56 and 12.66 mW is split into two equal but perpendicularly polarized beams that are focused to a beam waist of [image: image]. As the changes in the time dependence of the MSD are small upon heating, we calculate the ratio of the MSD of the particle when it is not heated to the MSDs of the particle when it is heated by the green laser [image: image]. At large times, [image: image] ms, the ratio is essentially flat and determined by the plateau of the mean squared displacement, i.e., the trapping potential. As the motion in this regime is related to the effective configuration temperature [7], the decreasing ratio suggests a higher effective temperature. This higher temperature is predicted by the theory of Hot Brownian Motion [9]. We obtain the effective Hot Brownian temperatures [image: image] from fitting the diffusive part of the MSD. Using Eq. 6 we convert the effective temperature to the surface temperature increase of the particle [image: image], which is displayed together with liquid crystal measurement results in the inset of Figure 7. Reasonable agreement is found suggesting that the observed trend is due to Hot Brownian Motion. Below a time lag of [image: image] ms, much stronger changes in the MSD ratio are observed. The ratio is decreasing down to a timescale of [image: image]. In this regime the Brownian motion of an isothermal particle turns from the hydrodynamic long time tails toward a diffusive motion. We suspect that the strong changes are due to the altered hydrodynamic memory of the heated liquid, though no detailed analytical model to describe the MSD in this region exists yet. At very short timescales ([image: image]), the MSD ratio starts to increase, indicating smaller modifications of the particle dynamics toward a region of ballistic motion.
4 CONCLUSION
In summary, we have constructed an experimental setup to explore the short time dynamics of heated Brownian particles known as Hot Brownian Motion. With the help of isothermal liquid environments and Poly (methyl methacrylate) (PMMA) particles, we have demonstrated a spatial resolution of 23 pm with a time resolution of 10 ns with our setup. With this time resolution we are close to resolving the ballistic motion of the PMMA particle. We have further used gold-nanoparticle covered polystyrene particles to allow an optical heating of the particle surface in the trap. We observe direct indication for Hot Brownian Motion at long timescales as well as strong effects of the increased surface temperature on the hydrodynamic long-time-tails in the mean squared displacement. Our experiments demonstrate for the first time that with the help of such a setup and particles the ballistic regime of a single heated particle in a dense liquid could become accessible to studies exploring new regimes of non-equilibrium physics, for example the Maxwell–Boltzmann temperature of a heated Brownian particle.
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APPENDIX
We use the following mean squared displacement of the particle for fitting, where [image: image],[image: image],[image: image],[image: image] are four roots of Eq. A2.
[image: image]
[image: image]
The power spectral density (the squared modulus of the position signal’s Fourier transform) in Eq. A3, which is normalized by the measurement time of one trajectory, is fitted with the following equation
[image: image]
Here D is the diffusion coefficient and [image: image] = 1/(2π[image: image]).
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