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We present a theoretical investigation as to how multielectron dynamics of CO are manipulated
by Fourier-synthesized intense laser pulses. The pulses used are assumed to be comprised of
harmonics up to the fourth order. The multiconfiguration time-dependent (TD) Hartree-Fock
(MCTDHF) method, where the multielectron wavefunction Ψ(t) is expressed as a linear
combination of various electron configurations, is employed to simulate the dynamics of CO
interacting with Fourier-synthesized pulses. The multielectron nature such as electron correlation
is quantified by using our effective potential approach. To begin with, the time-dependent natural
orbitals {ϕj(r, t)}which diagonalize the first order reduced densitymatrix are obtained fromΨ(t),
where r is the one-electron coordinate. The effective potentials υeffj (r, t) that determine the
dynamics of ϕj(r, t) are then derived from the equations ofmotion for {ϕj(r, t)}. υeffj (r, t) consists
of the one-body part υ1(t) including the interaction with the laser electric field ε(t) and the two-
body part υ2,j(t) originating from electron-electron interaction. In this way, the role of electron
correlation can be quantified by comparing υeffj (r, t) with those obtained by the TDHF method,
where Ψ(t) is approximated by a single Slater determinant. We found a very similar profile in
υeff5σ(r, t) of the 5σ highest occupied molecular orbital for both near-infrared one-color (ω) and
directionally asymmetric ω+2ω two-color pulses; when ε(t) points from the nucleus C to O, a
hump appears in υeff5σ(r, t) only 2 bohrs outward from C. The hump formation, which originates
from the field-induced change in υ2,5σ (t ) (especially, due to electron correlation), is responsible for
preferential electron ejection from the C atom side (experimentally observed anisotropic
ionization). A coherent superposition of ω and 2ω fields with an appropriate relative phase
thus works as a one-color pulse of which either positive or negative peaks are filtered out. More
sophisticated manipulation is possible by adding higher harmonics to a synthesized field. We
show that the 5σ orbital can be squeezed toward the inside of the potential valley in υeff5σ(r, t),
which encloses themolecule at a radius of∼7bohrs (semicircle in the region of z<0), by adjusting
the phases of a ω+2ω+3ω+4ω field. The hump and valley formation in υeff5σ(r, t) are closely
correlated with domains of increasing and decreasing electron density, respectively.
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INTRODUCTION

Coherence is the succinct but vital word in modern science
that features a wave of definite phase such as a laser field. The
coherence of light [1] can be engraved in matter. Interaction
of a coherent laser field with matter induces unique
phenomena such as molecular alignment [2, 3] and high-
order harmonic generation (HHG) of emission by intense
near-infrared laser pulses [4]. Molecules can be aligned by
intense near-infrared (IR) laser fields along a given space-
fixed axis or plane, depending on the choice of light
polarization through the anisotropic interaction of the
electric field vector of intense laser radiation with the
induced dipole moment. For a polarizable molecule, the
major principal axis of the polarizability tensor is forced
parallel to the polarization direction of a linearly polarized
laser field. The mechanism of HHG is associated with the
dynamics of an electron in field-dressed continuum states:
Electrons freed by tunnel ionization (TI) [5–7] are pulled
away from, pulled back near to, and recollided with parent
ions within one optical cycle (the well-known three-step
model [8]), while synchronized with the oscillating field.
High energy photons even up to the soft x-ray range are
emitted upon radiative recombination of an electron in field-
driven quiver motion with the parent ion. In HHG, electronic
continuum states in atoms or molecules are coherently
excited with certain phases (described by a linear
superposition of states), which leads to quantum
interference between different electron trajectories (such as
short and long trajectories) in the applied laser field [9, 10].
The HHG intensity is provided by the Fourier components of
the induced dipole moment associated with individual
trajectories. Coherent electronic motion in an ensemble of
atoms or molecules, characterized by a definite dipole phase,
is prerequisite for coherent emission of soft x-rays.

Phase coherence is the key concept in the optical control of
quantum systems with high accuracy. Constructive and
destructive interference between the wave packets created by a
phase-locked pump-probe sequence can be controlled by varying
the delay between the two pulses with interferometric precision
[11, 12]. Various schemes for the control of optical phases have
been devised to manipulate the wave functions or dynamics of
quantum systems directly through the coherent nature of a laser
field. This extensively growing research area is called coherent (or
quantum) control [13–15]. Among various coherent control
scenarios is utilization of a two-color phase-controlled laser
field consisting of fundamental light and its harmonic light,
which has been theoretically explored by Brumer and
Shapiro [14]. For laser fields of moderate light intensity
(below ∼1012W/cm2), the population of a target state

∣∣∣∣ f 〉 can
be controlled through quantum interference between two photo-
induced transitions to

∣∣∣∣ f 〉, which is achieved by adjusting the
relative phase between fundamental and harmonic fields [14]. In
contrast, for the high intensity regime (above ∼1012W/cm2),
phase-controlled two-color fields can steer the motion of
charges or dipoles with large amplitude. Such intense fields are
used to induce asymmetric dynamics such as selective C-O bond

breaking of ionized CO2 [16, 17] and also to control the nonlinear
coherent motion in TI [18–27] or HHG [28–31] of atoms and
molecules.

An ultimate extension of this kind of methodology is Fourier
synthesis of arbitrary light waveforms constructed of a
fundamental frequency of light and its harmonics [32].
Sophisticated Fourier syntheses of laser fields have been
reported [33–36]. Light wave engineering based on Fourier
synthesis enables precise manipulation of electron motion
beyond the case of single-frequency excitation; e.g., trajectory
control of the HHG electrons in atoms and molecules by intense
laser fields with various waveforms has been investigated
theoretically [37] and achieved experimentally [38, 39].
Directionally asymmetric molecular TI induced by Fourier-
synthesized four-color laser fields, consisting of fundamental,
second-, third-, and fourth-harmonic light, can make possible
orientation-selective molecular TI [40–43].

For a few-cycle single-frequency (one-color) pulse, carrier-
envelope phase (CEP), i.e., the phase between the carrier wave
and envelope peak of the pulse, also plays a significant role in
electron dynamics such as TI and HHG. CEP stabilization has
been achieved by the active feedback control which uses the
combination of an f-to-2f interferometer to detect CEP drifts and
a stereo-ATI (Above Threshold Ionization) phasemeter [44] to
determine the value of CEP [45–48]. Few-cycle intense laser
pulses with a stable CEP enable one to steer the electronic
motion of atoms and molecules with an ultimate precision.
Consequently, the HHG spectrum exhibits unique features
depending on the CEP [49, 50].

Intense laser fields of light intensity above I≈1012–1013Wcm−2

initiate large amplitude electronic motion in atoms, molecules,
etc., which triggers various physical or chemical phenomena in a
wide range of timescale. Such systems can then be excited to high-
lying electronic states or ionized in a nonperturbative manner. A
typical phenomenon is TI, which is the source of the HHG upon
recombination with the parent ion, as mentioned above. TI
occurs mainly in the sub-femotosecond or attosecond (1 as �
10–18 s) region, owing to a highly nonlinear optical response,
when the electric field of the laser reaches its maximum values. A
number of experimental and theoretical studies have been
devoted to profoundly understanding the intense-field induced
electron dynamics in atoms [51], molecules [52], solids [53], and
biological systems [54].

Different types of theoretical approaches beyond perturbation
theory have been developed to deal with nonperturbative electronic
dynamics of molecules. Epoch-making is the one proposed by
Keldysh [55], in which the intense-field ionization rate or
probability of an atom is formulated as an electronic transition
from the ground state to continuum states of an electron liberated
in a driving laser electric field (Volkov states) [56]. In this
approach, the detailed atomic energy structure, such as
information on excited states or electron correlation, is not
taken into account and the Coulomb interaction of the released
electron in the laser field with the remaining ion core is neglected.
In the Perelemov-Popov-Terent’ev (PPT) approach [57], the long-
range Coulomb interaction is incorporated into the Keldysh
approach as the first-order correction in the quasi-classical
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action of the electron. These types of approaches can be integrated
into S-matrix theory in which the transition amplitude of a
quantum process is formulated by the projection of the total
wave function of the system onto the final state. Several
versions of the S-matrix approach have been developed which
are together known as the Keldysh-Faisal-Reiss (KFR) theory or
Strong Field Approximation (SFA) [58, 59].

Ionization induced by intense fields is characterized by the
Keldysh parameter c � (ω/fmax)(2IP)1/2 [55] (in atomic units),
where ω is the angular frequency of the applied laser electric field
ε(t), fmax is the maximum of the envelop f (t) of ε(t) and IP is the
ionization potential of the system. As f (t) becomes larger and/or
its optical period 2π/ω becomes longer (i.e., c< 1), an electron
penetrates (or goes beyond) the “quasistatic” distorted barrier for
ionization before the sign of the laser field reverses. The opposite
case of c> 1 is the multiphoton regime. In the case of c< 1, the
Ammosov–Delone–Krainov (ADK) model [60], which is the
quasistatic limit c→ 0 of the PPT approach, is most
commonly used for atoms. A molecular version of the ADK
model is developed by Lin et al. (called MO-ADK theory) [61].

In the above theoretical approaches, only one atomic or
molecular orbital is considered as the main ionizing orbital
and is allowed to interact with the applied field [61–63]. This
is the so-called single active electron (SAE) approximation, where
the time-dependent (TD) Schrödinger equation to be solved for
the least-bound one-electron is constructed by modelling an
“effective potential” after the interaction with the remaining
electrons, the nuclei, and the applied fields. In [64, 65], model
effective potentials for the ionizing orbital of a CO molecule were
constructed by semiempirically formulating the dynamic
multielectron polarization effects induced by the applied field
[66–68]. The TD version of the Hartree-Fock (HF) method,
which is a first-principles approach, can be used to describe
the time evolution of a multielectron system (beyond the above
SAE approximation). In this TDHF, the multielectron wave
function Ψ(t) at time t is however approximated by a single
Slater determinant and the atomic or molecular orbitals involved
therein evolve in time under the mean field approximation for
electron-electron interaction; electron correlation (correlated
electron motion) is thus not taken into account, as in the case
of the HF method.

Correlated multielectron dynamics such as simultaneous
double ionization of atoms and molecules is currently one of
the primary targets in the research field of attosecond science [50,
52, 69, 70]. Among related subjects are correlated intramolecular
electron dynamics [71, 72] and channel interference in HHG
[73]. To describe such dynamics properly, one has to go beyond
the computationally inexpensive SAE approximation or TDHF
method. The multiconfiguration time-dependent Hartree-Fock
(MCTDHF) method [74–83] has been developed in the past two
decades as a legitimate method for including electron correlation
in dynamics. In the MCTDHF, the multielectron wave function
Ψ(t) is expanded in terms of Slater determinants corresponding
to various electron configurations, as in the case of time-
independent quantum chemistry; both the orbitals and the
coefficients of Slater determinants are optimized in compliance
with TD variational schemes such as the Dirac-Frenkel

variational principle [84, 85]. As the number of Slater
determinants used increases, the quantitative accuracy is
systematically improved.

As the level of the theory employed is higher, numerical
results obtained become more detailed and reliable;
accordingly, what is acquired to unveil the intrinsic
physics underlying behind the numerical results becomes
more complicated. The TD orbitals in the MCTDHF method
evolves under the effects of electron correlation, but it is hard
to extract the information of electron correlation from the
time evolution of each orbital. For example, the temporal
change in MCTDHF orbitals cannot be linearly decomposed
into the change due to the one-body interaction (interaction
of an electron with nuclei and external fields) and that due to
the two-body interaction.

In our previous papers [86–90], a novel approach, i.e., a single
orbital picture was established under the framework of the
MCTDHF. We adopted the representation of TD natural spin-
orbitals (SOs) {ϕj(t)} (see, for the natural SO, [91]), which
diagonalizes the first-order reduced density matrix of electrons
constructed from the MCTDHF multielectron wave function
Ψ(t). The orbital-dependent effective potentials {υeffj (t)} that
govern the time evolution of {ϕj(t)} under the influence of
electron correlation were then derived as a function of the
spatial coordinate of an electron, r [88–90]. The obtained
effective potential υeffj (r, t) for ϕj(t) can be partitioned into
υeffj (t) � υ1(t) + υ2,j(t), where υ1(t) is the one-body interaction
and υ2,j(t) originates from the two-body interaction between
electrons.We have investigated themechanisms of the directional
anisotropy in intense-field induced ionization of heteronuclear
diatomic molecules CO [88–90] and LiH [90] by scrutinizing the
temporal change in their effective potentials. The results of CO
effective potentials are summarized in the second last paragraph
of this section.

Directional anisotropy in the intense-field induced ionization
of CO has been extensively investigated [20, 21, 26, 92] by using
space-asymmetric ω+2ω two-color fields. The emission direction
of C+ or O+ from CO in two-color field ionization experiments
indicates that ionization is enhanced when the laser electric field
ε(t) points from C to O [20, 21, 26, 92] (ionization from the C
atom side). Intense-field ionization of CO mainly proceeds from
the highest occupied molecular orbital (HOMO). It has been
suggested, e.g., in the SAE approximation or single active orbital
treatment [20, 21, 26, 61] that for CO the large-amplitude lobe of
the HOMO around C is the origin of the preferential TI from C.

The direction of anisotropic ionization does not always agree
with the prediction based solely on the shape of the HOMO. For
OCS, the HOMO has a large amplitude around the C-S axis but
ionization in a circularly polarized field is enhanced when the
electric field turns to the direction from O to S [93]. This
anisotropy is attributed to the linear Stark effect for polar
molecules which increases (or reduces) the ionization potential
of HOMO when ε(t) is parallel (or antiparallel) to the HOMO
permanent dipole moment. In the linearly polarized ω+2ω two-
color experiment reported by Ohmura et al. [27], the preferential
direction was however from the S atom side (opposite to the case
for circularly polarized pulses [93]). The linear Stark effect on
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intense-field-induced ionization has yet to be fully elucidated
[94–100].

The results obtained by the conventional MO-ADK theory
[61] are in agreement with the experimental result that the
ionization rate of the HOMO of CO takes the maximum
when ε(t) points from C to O. The Stark-shift-corrected MO-
ADK theory, on the contrary, indicates the opposite trend [21],
which directly reflects the tendency that the linear Stark effect
increases the ionization potential of CO when ε(t) points from C
to O and is therefore apt to reduce the HOMO ionization rate
from the C atom side. The prediction by the Stark-shift-corrected
molecular SFA [21] is in accord with the experimental
observation. The diversity of theoretical predictions requires
further investigation of the anisotropic ionization of CO.

Among other relevant factors to be considered for intense field
ionization are the combined contribution from multiple orbitals
[101, 102], field-induced multielectron correlation effects [87],
and dynamic electron polarization [64, 99]. Although the
emission direction of C+ or O+ from CO in the two-color
ionization experiments [20, 21, 26] suggests that the main
channel of the TI in CO is the 5σ HOMO, next lower lying
orbitals such as 1π HOMO-1 and 4σ HOMO-2 can contribute to
the ionization yield [88, 101]. These factors also affect the HHG
process. The effects of dynamic electron polarization on HHG
have also been discussed in [103, 104].

In previous studies [88–90], we calculated the effective
potentials for natural orbitals of CO in an intense near-IR
field (λ � 760 nm, I � 1014 Wcm−2) from the MCTDHF wave
function and investigated the mechanism of anisotropic
ionization of CO. The analysis of the 5σ HOMO effective
potential υeff5σ (t) � υ1(t) + υ2,5σ(t) obtained indicates that when
ε(t) points to the direction from C to O, TI from the C atom side
is enhanced and a thin hump barrier then emerges in
υ1(0) + υ2,5σ(t). A hump formed in υeff5σ (t), of which the
location is only 2 bohrs away outside from the nucleus C,
originates from the interaction between the electron leaving
the ion core and the electrons swarming to the region of
hump formation (ionization exit). We attributed the origin of
the anisotropic TI in CO to this thin hump barrier, through which
an ionizing electron penetrates. This kind of hump structure due
to electron correlation is general and cannot be described by the
TDHF. We simulated the dynamics of LiH interacting with an
intense pulse of λ � 1,520 nm, which also indicates that a hump
structure emerges in the 2σHOMO effective potential and brings
about anisotropic ionization.

We have so far shown how useful the effective potential
approach is to unveil the intrinsic nature of multielectron
dynamics [88–90]. In this paper, we examine the role of
electron-electron interaction or electron correlation in CO
interacting with Fourier-synthesized intense laser pulses by
monitoring the temporal change in effective potentials, though
the effective potential itself comes from a single-electron picture.
The structure of this paper is as follows. TheMCTDHFmethod for
the calculation of multielectron dynamics is outlined in
Methodology for Effective Potential, together with a brief
derivation of the effective potentials for time-dependent natural
orbitals. The results and discussion on the ionization and

multielectron dynamics of CO in one-color to four-color phase-
controlled fields are presented in Results and Discussion. Finally,
conclusions about the manipulation of multielectron dynamics of
CO by Fourier-synthesized pulses are given in Conclusion.

METHODOLOGY FOR EFFECTIVE
POTENTIAL

In this section, we outline the MCTDHF method developed for
the simulation of multielectron dynamics of atoms and
molecules. In our approach, the multielectron wave function
Ψ(t) of a target system is obtained by numerically solving the
equations of motion (EOMs) for time-dependent SOs and
configuration interaction (CI) expansion coefficients in the
MCTDHF method. We then convert the set of SOs in Ψ(t) to
an appropriate set of natural orbitals. The effective potential for
each natural orbital is derived from the EOMs for natural orbitals;
in this way, the role of multielectron dynamics or electron
correlation can be quantified in a single orbital picture.

Outline of the Multiconfiguration
Time-Dependent Hartree-Fock Method
The dynamics of an Ne-electron system is governed by the TD
Schrödinger equation for the wave function Ψ(t)

iZ
zΨ(t)
zt

� Ĥ(t)Ψ(t) (1)

where Ĥ(t) is the total electronic Hamiltonian including the
interaction with the applied radiation field ε(t). We solve Eq. 1 by
using the MCTDHF method where Ψ(t) is approximated as a
liner combination of different electron configurations {ΦI(t)}
(represented by Slater determinants or configuration state
functions) [74–83]:

Ψ(t) � ∑M
I�1

CI(t)ΦI(t) (2)

where CI(t) are the CI coefficients for ΦI(t) and M is the total
number ofΦI(t). Each electron configuration is constructed ofNe

spin-orbitals (SOs) {ψk(t)}; ψk(t) is the product of a one-electron
spatial orbital and a one-electron spin eigenfunction for the kth
single-orbital state |k(t)〉. One may write ψk(t) as
ψk(t) � 〈x|k(t)〉, where x consists of the spatial coordinate r
and the spin coordinate μ of an electron. In the present study, the
spin state of Ψ(t) is assumed to be a singlet. The SOs used in the
expansion of Ψ(t) are here referred to as occupied orbitals.
The number of the occupied orbitals, denoted by No, satisfies
the relation No ≥Ne in general; No � Ne for TDHF.

The working EOMs for {ψk(t)} and {CI(t)} have been derived
by means of the Dirac-Frenkel TD variational principle [84, 85]:

〈δΨ(t)|[Ĥ(t) − iZ
z

zt
]|Ψ(t)〉 � 0 (3)

where δΨ(t) represents possible variations of {ψk(t)} and {CI(t)}
in the wave function (2). The EOMs for {ψk(t)} are derived by
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inserting 〈δΨ(t)| � 〈zΨ(t)/zψk

∣∣∣∣δψk into Eq. 3, whereas the
EOMs for CI-coefficients are derived by instead using
〈δΨ(t)| � 〈zΨ(t)/zCI |δCI . Once the EOMs for {ψk(t)} and
{CI(t)} are solved, various quantities such as the first-order
reduced density matrix (1RDM) ρ(x, x′, t) can be calculated
from {ψj(t)} and {CI(t)}.

ρ(x, x′, t) � ∑NO

ij

Aij(t)ψp
i (x, t)ψj(x′, t) (4)

where the (i, j) matrix element of the 1RDM, Aij(t), is expressed
by using the annihilation operator âj(t) and creation operator
â†j (t) for an electron in each ψj(t)

Aij(t) � 〈Ψ(t)|â†i (t)âj(t)|Ψ(t)〉 (5)

Up to this point, Aij(t)≠ 0 in general ({ψk(t)} are not natural
orbitals). The expectation value u(t) of any one-body operator û,
such as the dipole moment operator d̂, is given by

u(t) � ∑NO

ij

Aij(t)〈ψi(t)
∣∣∣∣û∣∣∣∣ψj(t)〉 (6)

We now show briefly how to derive the effective potential for
each SO. To begin with, we present in this paragraph the EOM for
ψk(t) derived in [88]:

iZ
z
∣∣∣∣ψk(t)〉
zt

� [ĥ(t) − ĝ(t)]∣∣∣∣ψk(t)〉 + Q̂(t)⎡⎢⎢⎣ĝ(t)∣∣∣∣ψk(t)〉

+∑NO

ij

A−1(t)kiV̂ ij(r, t)
∣∣∣∣∣ψj(t)〉⎤⎥⎥⎦ (7)

where ĥ(t) is the one-body Hamiltonian including the electric
dipole interaction r · ε(t), Q̂(t) � 1 −∑NO

k

∣∣∣∣ψk(t)〉〈ψk(t)
∣∣∣∣ is the

projector onto the complement to the current orbital space
{ψk(t)}, V̂ ij(r, t) represents the orbital coupling between i and
jmediated by other orbitals [76] (which depends on {CI(t)}), and
ĝ(t) is to be determined so that the orthonormalization condition
〈ψj(t)

∣∣∣∣ψk(t)〉 � δjk is maintained. Since Eq. 7 leads to the
following relation

iZ〈ψj(t)
∣∣∣∣∣∣ zzt

∣∣∣∣∣∣ψk(t)〉 � 〈ψj(t)
∣∣∣∣[ĥ(t) − ĝ(t)]∣∣∣∣ψk(t)〉 (8)

the time propagation of {ψk(t)} is unitary if ĝ(t) is a Hermitian
operator like ĝ(t) � ∑NO

mn

∣∣∣∣ψm(t)〉gmn(t)〈ψn(t)
∣∣∣∣ with

gmn(t) � gpnm(t). The EOM for CI(t), coupled with Eq. (7),
contains {CI(t)}, {gkm(t)} and the matrix elements of electron-
electron interaction among SOs [75–77]. We choose ĝ(t) � ĥ(t)
to ensure that solving the EOMs for {ψj(t)} and {CI(t)} is
numerically stable; then, because of 〈ψi(t)

∣∣∣∣∣zψj(t)/zt〉 � 0 (for i �
j and i≠ j), the orthonormalization condition 〈ψi(t)

∣∣∣∣∣ψj(t)〉 � δij
holds in the time-propagation of

∣∣∣∣∣ψj(t)〉.

How to Derive the Effective Potentials for
Natural Orbitals
In the case of ĝ(t) � ĥ(t), the off-diagonal elements of the 1RDM
are in general nonzero, i.e., Aij(t)≠ 0 for i≠ j. Diagonalization of

the rhs of Eq. 4 is equivalent to find a unitary transformation
which converts {ψj(t)} to an orbital set {ϕj(t)} that satisfies
Aij(t) � 0 for i≠ j. These orbitals {ϕj(t)} are called natural
orbitals [91]. The diagonal element, nj(t) � Ajj(t), is the
occupation number of ϕj(t). For {ϕj(t)}, Eq. 6 becomes the
sum of the diagonal ones uj(t) � 〈ϕj(t)

∣∣∣∣û∣∣∣∣ϕj(t)〉 as u(t) �∑NO
j nj(t)uj(t) [86, 87].
The elements {Akm(t)} of Eq. 5 can be expressed by using CI-

coefficients. We have derived the EOM for Akm(t) in the natural
orbital representation [88–90]:

dAkm(t)
dt

� − i
Z
{Wmk(t) −Wp

km(t) + gmk(t)[nk(t) − nm(t)]} (9)

where Wkm(t) is given in atomic units by [105, 106]

Wkm(t) � ∑
pqr

∫ dx1dx2ϕ
p
k(x1)ϕq(x1)|r1 − r2|− 1

ϕp
r(x2)ϕp(x2)〈Ψ(t)|â†m(t)â†r(t)âp(t)âq(t)|Ψ(t)〉 (10)

We start with the natural orbitals at t � t0, i.e., ψj(t0) � ϕj(t0),
which are obtained from the MCTDHF wave function Ψ(t) at
t � t0. To satisfy Akm(t) � 0 at t ≥ t0 for k≠m, we have to set
gmk(t) for m≠ k in Eq. 9 as

gmk(t) � Wmk(t) −Wp
km(t)

nm(t) − nk(t) (11)

The constraint thatAkm(t) � 0 for k≠m does not fix the values
of the diagonal elements gkk(t). The phases of {CI(t)} and the
global phases of {ϕj(t)} are consistently determined through Eq. 7
and EOMs for {CI(t)}. For simplicity, we set the diagonal
elements to be gkk(t) � 0.

By substituting Eq. 11 and gkk(t) � 0 into Eq. 7, we reach the
EOMs for natural SOs [88]

iZ
zϕk(r, t)

zt
� [t̂ + υeffk (r, t)]ϕk(r, t) (12)

where t̂ is the kinetic energy operator of an electron. Here, the
one-body orbital-dependent effective potential υeffk (r, t), which
determines the time evolution of ϕk(t) under multielectron
interaction, is comprised of the one-body term υ1(r, t)
including the electric dipole interaction r · ε(t) and the two-
body interaction term υ2, k (r, t):

υeffk (r, t) � υ1(r, t) +∑NO

j

〈r|Ûkj(t)
∣∣∣∣∣ϕj(t)〉

ϕk(r, t)
� υ1(r, t) + υ2,k(r, t)

(13)

where Ûkj (t) is the coupling between ϕk(t) and ϕj(t)

Ûkj(t) � (1 − δkj)Wjk(t) −Wp
kj(t)

nk(t) − nj(t) + Q(t) V̂kj(t)
nk(t) (14)

We designate the expectation value of t̂ + υeffk (r, t) over ϕk(t)
as a real-valued effective orbital energy Ek(t). υeffk (r, t) is proved
to be a Hermitian [88]. In practice, we calculate the
“instantaneous” (orthonormal) natural orbitals {ϕj(t)} at time
t from {ψj(t)} and {CI(t)} obtained under the condition of
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ĝ(t) � ĥ(t). υeffk (r, t) can be plotted as a function of r by
inserting {ϕj(t)} and the corresponding {CI(t)} (different
from those for ĝ(t) � ĥ(t)) into Eq. 13. Multielectron
dynamics can be examined by plotting the temporal change
in υ1(r, t) and that in υ2,k(r, t) separately. Electron correlation in
dynamics can be quantified by the difference in υeffk (r, t)
between TDHF and MCTDHF.

RESULTS AND DISCUSSION

In addition to a one-color (ω) two-cycle pulse with different
carrier-envelope phases [88–90], we theoretically investigated the
response of CO to intense multicolor pulses; two-color (ω+2ω),
three-color (ω+2ω+3ω), and four color (ω+2ω+3ω+4ω) pulses
with different relative phases. We present the numerical results
of ionization dynamics of a COmolecule interacting with the above
four types of pulses to extract how laser field coherence affects
multielectron dynamics from the spatial profiles of TD effective
potentials of the 5σ HOMO natural orbital.

Applied Pulses
The C-O axis is assumed to be parallel to the polarization
direction of the applied electric field ε(t). The frequency ω is
chosen to be the fundamental of a Ti:Sapphire laser: here,
Zω � 0.06Eh � 1.64 eV (wavelength λ � 760 nm), where Eh is
the Hartree. The electric field of the one-color pulse, ε1(t), is
assumed to have the form:

ε1(t) � f (t)cos(ωt + φ1) (15)

where φ1 is the CEP and f(t) is the envelope function (The
definition of φ1 is shifted by π, compared to that in [88–90]). For
all pulses presented in this paper, we use the same shape for f(t)

f (t) � F sin2(πt/2Tc) for 0≤ t ≤ 2Tc (16)

and otherwise f (t) � 0. Here F is the maximum of f (t) and Tc �
2π/ω � 2.53 fs is the optical period for the fundamental. The pulse
length is 5.06 fs for all pulses. If f (t) � 0.0534 Eh/(ea0) � 2.74 ×
1010 Vm−1, where e is the elementary charge and a0 is the Bohr
radius, the corresponding light intensity is I � 1.0×1014 W cm−2.
We use the following general form for multi-color pulses:

ε(t) � f (t)[cos(ωt + φ1) + a2 cos(2ωt + φ2) + a3 cos(3ωt + φ3)
+ a4 cos(4ωt + φ4)]

(17)

These four phases φ1,φ2,φ3, and φ4 are chosen so that the main
profile of ε(t) is built in the middle of the pulse (Experimentally
available is a pulse train of ε(t)). ε1(t) is given by setting a2 �
a3 � a4 � 0 in ε(t). F in f (t) is defined as

F � FT/(1 + a2 + a3 + a4) (18)

where FT is determined so that the maximum peak Fp of the
electric field |ε(t)| is the same as Fp � 0.0378 Eh/(ea0) �
1.94×1010 Vm−1 throughout this paper, unless otherwise
noted. This field of Fp, which corresponds to I � 5.0×1013

Wcm−2 in the case of one-color pulses, is weaker than in
previous studies [88–90].

TD-CASSCF Calculation
In One-Color Pulses, Two-Color Pulses, Three-Color Pulses, Four-
Color Pulses, we discuss the characteristic features of the
ionization of CO for one- and multi-color pulses. The effects
of electron correlation is in detail examined on the basis of the TD
effective potentials for the 5σ natural orbitals obtained in the
MCTDHF framework. We trace the temporal change in effective
potentials to investigate how distinctly electron correlation
influences the electronic dynamics.

In the numerical simulations for CO in one-color pulses of
λ � 760 nm [88–90], we considered 10 spatial orbitals 1σ, 2σ, 3σ,
4σ, 2×1π, 5σHOMO, 2×2π LUMO (lowest unoccupied molecular
orbital) and 6σ. There is a limit to the number of molecular
orbitals (MOs) that we can handle in practical applications of the
MCTDHF. The most commonly used scheme is the complete
active space (CAS) method, where the orbitals used in the Slater
determinants (or configuration state functions) are divided into
inactive (core) and active orbitals. The two inactive spin-orbitals
(SOs) with the same spatial function are singly occupied
respectively in all electron configurations; all possible electron
configurations are generated by distributing the other electrons
among the active orbitals. This type of expansion scheme is called
the time-dependent complete-active-space self-consistent-field
(TD-CASSCF) method [107, 108]. Various wave-function-
based multiconfigurational TD approaches to the dynamics of

FIGURE 1 | (A) Electric field profile ε1(t) of the applied two-cycle pulse
(15) of ω � 0.06Eh/Z with CEP of φ1 � 0.5π; (B) the asymmetric ω+2ω two-
color field with φ1 � φ2 � 0 and a2 � 2/3 (both are denoted by green broken
lines). ε2(t) is defined by Eq. 17. The value of FT in Eq. 18 is chosen to be
0.0437Eh/(ea0) for ε1(t) and 0.0378Eh/ea0 for ε2(t). The induced dipole
moment d5σ(t) of the 5σ natural orbital of CO, obtained by TD-CASSCF, is
superimposed in each panel (black solid lines).
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indistinguishable particles are compiled in a recent review [109].
We adopted the following TD-CASSCF scheme in the present
study; the lower lying core SOs up to 4σ were treated to be
occupied by one electron and the shapes of the orbitals are
allowed to vary according to the EOMs derived for the core
SOs. The high lying 6 SOs, i.e., 2×1π, 5σ, 2×2π, 6σ, were treated as
active orbitals that constitute the CAS to accommodate 14−8�6
electrons (the expansion length M � 400).

Since the molecular axis is parallel to the polarization
direction, cylindrical symmetry is maintained; then, the
cylindrical coordinates z and ρ are convenient for the
numerical grid point representation of spatial orbitals; z is
chosen parallel to the molecular axis. The nuclei C is placed at
z � −1.066 a0 and O is placed at z � 1.066 a0 (ρ � 0). The C-O
difference is equal to the equilibrium internuclear distance
R e � 2.132 a0. The parameters necessary to describe MOs
such as grid intervals are given in [88]. To estimate the

ionization probability, we simply set an absorbing boundary
that eliminate outgoing ionizing currents from propagating
molecular orbitals. The details are explained in [87, 88].

One-Color Pulses
The temporal change in induced dipole moments characterizes
the overall electronic dynamics of a molecule. Shown in
Figure 1A are the one-color pulse ε1(t) (i.e., Eq. 15) with φ1 �
0.5π and the induced dipole moment of the 5σ HOMO natural
orbital ϕ5σ(t), denoted by d5σ(t). FT in Eq. 18 is chosen to be
0.04374 Eh/(ea0) so that the maximum peak is the target value of
Fp � 0.0378 Eh/(ea0) (of which the value is used in all figures
except Figure 2D). Up to around the end of the first optical cycle,
the electronic response is quasi-adiabatic with respect to temporal
change in ε1(t): the change in d5σ(t) is nearly proportional to
ε1(t). This quasi-adiabatic feature is related to the fact that the
energies of the excited singlet states of CO are higher than 8.5 eV
[110]. The total induced dipole moment is nearly proportional to
d5σ(t). In the adiabatic regime, the induced dipole moment is
represented by a function of the applied filed ε1(t) (not
necessarily a linear function of ε(t)). In the second optical
cycle, electrons go back and forth during a half cycle to some
extent (continuum states are also involved); the response becomes
nonadiabatic and more complex as the interaction proceeds.

We have numerically confirmed that ionization exclusively
occurs from the 5σ orbital when the electric field points from C to
O, i.e., ε1(t)> 0, for instance, at t ≈ 2 fs in Figure 1A. At ε1(t)> 0,
the electric field then exerts a force on electrons toward the
direction from O to C. The calculated ionization rate around the
second peak of ε1(t) at t ≈ 2 fs is roughly a few times larger for
φ1 � 0.5π than for the phase reversed case of φ1 � −0.5π (The
ionization from 5σ was significantly suppressed when ε1(t)< 0.).
This tendency, already found in the case of FT∼0.06 Eh/(ea0) [88],
is in agreement with the experimentally observed anisotropy [26].
A criterion as to whether the ionization is adiabatic or not is given
by the Keldysh parameter c. For the pulse ε1(t), c∼1.6. It has been
reported that TI remains as the dominant mechanism up to c ∼3
for few-cycle laser pulses [111]. The ionization process for ε1(t) is
thus categorized as TI.

The origin of anisotropic ionization of CO in near-IR fields has
been argued mostly in connection with the fact that the 5σ
HOMO natural orbital has a large lobe around the C atom. In
what follows, we examine what role electron correlation plays in
the anisotropic ionization process. We investigate the mechanism
of anisotropic near-IR induced ionization of CO by tracing the
TD effective potentials of natural orbitals, defined by Eq. 13,
which are changing every moment. More generally, the
(correlated) multielectron nature intrinsic in intense-field-
induced phenomena can be extracted from the analysis of the
temporal change in the effective potential of each natural orbital.

Figure 2 display different types of 5σ HOMO effective
potentials υeff5σ (t) � υ1(t) + υ2, 5σ(t) for four cases, which are
one-dimensional cuts parallel to the z-axis. The value of ρ is
fixed at ρ � 0.755a0, around which the electron density integrated
over z takes a maximum. For the pulse in Figure 1A with
φ1 � 0.5π, the effective potentials at t ≈ t1 � 2 fs obtained by
TD-CASSCF are shown in Figure 2A and those obtained by

FIGURE 2 | Four kinds of 5σ effective potentials plotted parallel to the
z-axis at the fixed value of ρ � 0.755a0: (A) potentials obtained by TD-CASSCF
at t � t1 ≈ 2 fs under the interaction with ε1(t) in Figure 1A; (B) TD-CASSCF
potentials at t ≈2.53 fs for ε2(t) in Figure 1B; (C) TDHF potentials at t �
t1 ≈ 2 fs for ε1(t), i.e., the same pulse as in Figure 1A; (D) TD-CASSCF
potentials at t � t1 ≈ 2 fs for the pulse (15) with a higher strength of FT � 0.06
Eh/(ea0). υ1(t) and υ2,5σ(t) are respectively the one-body part and two-
body part in υeff5σ(t). In each panel, the black broken, blue, red, and purple
lines denote υ1(0) + υ2,5σ(0), υ1(t) + υ2,5σ(0), υ1(0) + υ2,5σ(t), and
υeff5σ(t) � υ1(t) + υ2,5σ(t), repectively. For reference, the level of the effective
orbital energy E5σ(t) is given by a green horizontal dotted line. The time point t
at which the effective potentials are calculated is indicated by a red filled circle
in each panel in Figure 1.
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TDHF (M � 1) are shown in Figure 2C. The electric field ε1(t) at
t ≈ t1 points from C to O for the case of φ1 � 0.5π (i.e., ε(t1)> 0).
The one-body part υ1(t) changes according to the dipole
interaction, i.e., υ1(t) � υ1(0) + zε1(t); υ1(t1) + υ2,5σ(0) in
Figures 2A,C therefore exhibit the same linear slant in the
asymptotic region of large |z|. On the other hand, the change
in υ2, 5σ(t) is distinctly different between the two methods. The
effective potential of υ1(0) + υ2,5σ(t1) obtained by TD-CASSCF
has a hump around z � −3a0 and crosses υeff5σ (0) at z ≈ −5a0;
υ1(0) + υ2,5σ(t1) asymptotically approaches υeff5σ (0) as z goes

negative. As a result, the total one υeff5σ (t1) � υ1(t1) + υ2,5σ(t1)
in Figure 2A has also a hump (extra thin barrier) around z � −3a0
in comparison with υ1(t1) + υ2,5σ(0).

When the sign of ε1(t) is reversed in the next half cycle at
t ≈ t2 � 3 fs, the two-body part υ1(0) + υ2,5σ(t2) monotonically
increases up to z ≈11a0 (υeff5σ (t2) is even slightly higher than υeff5σ (0)
up to z ≈ 11a0, albeit the presence of the applied electric field
of ε1(t2)< 0). A tunnel barrier in υeff5σ (t2) is thus formed in the
region of z > 10a0, far away from the nuclei. Long propagation is
required for an electron to reach the barrier located at z ≈ 10a0.
We found that these features are responsible for the suppression
of TI when ε1(t)< 0 [88–90]. The fact that the tunnel barrier is far
distant from the O atomwhen the electric field points fromO to C
can be also clearly demonstrated by the TD-CASSCF effective
potential υeff5σ (t1) for the opposite case of φ1 � −0.5π. For this
choice of φ1, ε1(t1)< 0; the upward slope in υeff5σ (t1) shifts
downward around z ≈ 13a0. Another example for the opposite
CEP is shown in Figure 5 in [90] (where the field strength is about
one and a half times of the present one). The temporal change in
the spatial profile of υeff5σ (t) is consistent with the experimentally
observed anisotropic TI of CO.

To quantify the role of electron correlation, we compare the
effective potentials in Figure 2A with TDHF ones shown in
Figure 2C. In Figure 2C, υ1(0) + υ2,5σ(t1) increases gradually
with decreasing z and is higher than υ1(0) + υ2,5σ(0) by a
constant of ∼0.1Eh. Accordingly, υeff5σ (t1) is nearly parallel to
υ1(t1) + υ2,5σ(0). The tunnel barrier in υeff5σ (t1) is higher and
wider in Figure 2C than in Figure 2A. As expected from the
tunnel barriers in Figures 2A,C the ionization probability
obtained by TDHF was less than 1/30 of the TD-CASSCF
value (∼0.0008 for the whole pulse of ε1(t) with φ1 � 0.5π).
More importantly, hump formation in υ1(0) + υ2,5σ(t1) is not
observed in Figure 2C. Hump formation is hence ascribed to
the effects of multielectron interaction beyond the mean field
approximation, i.e., the electron correlation originating from
the interaction with the applied field. To grasp the appearance
of the hump more comprehensively, we present 5σ effective
potentials for a higher field strength of FT�0.06 Eh/(ea0) in
Figure 2D [88–90]. Comparison in υ1(0) + υ2,5σ(t1) between
Figures 2A,D shows that the hump grows and the peak
position in υ1(0) + υ2,5σ(t1) slightly shifts toward the nucleus
C with increasing field strength (ε1(t1)> 0). The resulting thin
barrier formed around z � −3a0 in υeff5σ (t1), which is not
reproduced by TDHF, clearly indicates preferential
ionization from the C atom side. The hump formation in
υ1(0) + υ2,5σ(t1) reflects the process that an electron
penetrates through the potential barrier due to a field-
induced local rise of electron density, of which area may be
called an ionization exit.

In Four-Color Pulses, we provide a more concrete picture to
understand the root of hump formation in υeff5σ (t) and the
mechanism of anisotropic ionization of CO.

Two-Color Pulses
The one-color field ε1(t) is directionally symmetric: the absolute
value of ε1(t) is the same for its positive and negative extremes.
The TOF fragment analyses of ω +2ω experiments for CO [20, 21,

FIGURE 3 | Electric field profiles for multi-color pulses (green broken
lines): (A, B) three-color pulses with relative intensities a2 � 2/3 and a3 � 1/3;
(C, D) four-color pulses with relative intensities a2 � 1/2, a3 � 1/3, and
a4 � 1/4. The relative pahses and the intensity parameter FT in Eq. 18
are given as follows: (A) φ1 � φ2 � −π/2,φ3 � π/2, and ET � 0.0541Eh/(ea0);
(B) φ1 � −π/2, φ2 � φ3 � π/2, and FT � 0.0611Eh/(ea0); (C) φ1 � φ2 � φ3 �
φ4 � −π/2 and FT � 0.0528Eh/(ea0); (D) φ1 � φ3 � −π/2, φ2 � φ4 � π/2, and
FT � 0.0778Eh/(ea0). The induced dipole mements d5σ(t) of the 5σ natural
orbital for each pulse, denoted by a black solid line, is obtained by TD-
CASSCF.
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26] have indicated that the ionization rate takes the maximum
when the field points from C to O and takes the minimum when
the field is reversed. To reveal more explicitly the correlation in
anisotropy between the ionization of CO and the applied field, we
here employ two-color fields that provide asymmetric fields.
Figure 1B is an example of an asymmetric two-color field ε2(t).
The parameters in Eq. 17 are chosen for ε2(t) as a2 � 2/3,
φ1 � φ2 � 0, and FT � Fp � 0.0378 E/ea0 (a3 � a4 � 0). The sign
of the electric field ε2(t) is reversed by setting φ1 � φ2 � π. Similar
parameter sets of φ1,φ2, a2 and ET are experimentally feasible as
demonstrated in [20, 21, 26].

The largest peak in ε2(t) of Figure 1B appears in the positive
side. The central peak at t ≈ 2.53 fs is overwhelmingly high and
the effects of the other peaks are expected to be minute. The
induced dipole moment of the 5σ orbital, calculated by TD-
CASSCF, is also plotted in Figure 1B, indicating that the orbital
responds to the two-color field mainly near the central peak. The
TD-CASSCF effective potential υeff5σ (t) at t ≈ 2.5 fs is shown in
Figure 2B, which quantitatively agrees with that in the one-color
case of Figure 2A. The positive peak of ε2(t) in Figure 1B has

therefore almost the same effect on ionization as the positive peak
of ε1(t) in Figure 1A does. The ionization probabilities for the
pulses in Figures 1A,B are nearly the same as ∼0.0008. This
results again suggests that the ionization probability induced by
the negative peak is much smaller than that by the positive peak,
under the assumption that the effects of individual peaks in ε1(t)
on TI are separable from each other. What ionization dynamics
the positive or negative peak of a one-color pulse brings about can
be separately examined by employing two-color pulses that are
per se directionally asymmetric like ε2(t). The ionization
probability for the sign-reversed pulse, i.e., −ε2(t), is about
one-third as small as that for ε2(t). This approach has already
been realized experimentally, as mentioned above.

Three-Color Pulses
Multicolor fields can be used to manipulate the modulation
between the peaks of the electric field. In this subsection, we
present d5σ(t) and υeff5σ (t) for three-color pulses with relative
amplitudes a2 � 2/3 and a3 � 1/3. Two three-color pulses and
corresponding d5σ(t) are shown in Figures 3A,B. The relative
phases and the intensity parameter FT in Eq. 18 are as follows:
(A)φ2 � −π/2 and FT � 0.0541Eh/(ea0); (B)φ2 � π/2, and
FT � 0.0611Eh/(ea0). For both cases, φ1 � −π/2 and φ3 � π/2.

FIGURE 4 | Four kinds of 5σ effective potentials plotted parallel to the
z-axis at the fixed value of ρ � 0.755a0. The pulses used in four panels (A–D)
correspond to those in Figure 3(A–D), respectively. υ1(t) and υ2,5σ(t) are
respectively the one-body part and two-body part in υeff5σ(t). The
definitions of effective potentials are designated in each panel. The effective
potentials in these panels are all calculated by TD-CASSCF. The green
horizontal dotted line denotes the effective orbital energy E5σ(t). The time
point at which the effective potentials are calculated is indicated by a red filled
circle in each panel in Figure 3.

FIGURE 5 | TD-CASSCF results for the pulse in Figure 3C: (A) 2D
contour plot of υ1(0) + υ2,5σ(t) at t ≈ 2.8 fs; (B)Contour plot of the difference in
total electron density between t ≈ 2.8 and t � 0. The contour lines in (A) are
drawn at height intervals of 0.02Eh. The numbers near contour lines
indicate the heights (in units of Eh). The contour lines in (B) are drawn at
intervals of 0.0001 a−30 . The symbol “+” designates that the electron density
increases in the region. The hump ridgeline in υ1(0) + υ2,5σ(t) is schematically
illustrated in (A) by a light green dotted line, which is also drawn on the contour
plot (B) as a dotted line.
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In the case of (A), the time difference between the negative
maximum at t � 2.05 fs and positive maximum at t � 3.02 fs is 0.97
fs. This may be converted to an optical period as 2 × 0.97�1.94 fs,
which is a little shorter than the period of a one-color field and
longer than that of a two-color field, i.e., 2π/(2ω) � 1.27 fs. For
the case of (B), an additional wiggle intervenes between the
negative maximum at t � 1.81 fs and positive maximum at t �
3.26 fs. The time difference between the two peaks corresponds to
the optical period of 2 × 1.45�2.90 fs, which is slightly longer than
the one-color period of Tc � 2.53 fs. The period of the wiggle
around t � Tc is ∼0.8 fs, which corresponds to the period of a 3ω
field, i.e., 2π/(3ω) � 0.84 fs.

The induced dipole moment d5σ(t) in Figure 3A shows a
quasiadiabatic response and the maximum value is as large as in
Figure 1A. Corresponding effective potentials of the 5σ HOMO
at t ≈ 3.0 fs, shown in Figure 4A, are almost the same as in
Figure 2A. These similarities to the case of the one-color pulse in
Figure 1A may be attributed to the fact that the period between
the main negative and positive peaks, i.e., 1.94 fs, is close to the
period of one-color field, i.e., Tc � 2.53 fs. As a matter of fact,
the ionization probability for the pulse in Figure 3A is nearly the
same as that for ε1(t) in Figure 1A. Although a wiggle intervenes
between the main negative and positive peaks in the electric field
in Figure 3B, the corresponding induced dipole moment d5σ(t)
also behaves nearly adiabatic, especially around t � 3.3 fs,. The
present calculation for CO indicates that the response to three-
color pulses is still more or less adiabatic. The peaks in d5σ(t)
nearly coincide temporally with the peaks of the applied three-
color field. The adiabatic character of three-color pulses is
consistent with the recently reported experimental results for
CO using femtosecond ω +2ω +3ω laser fields [43], where the
phase-dependent behavior of ionization was explained by
the phase-dependence and directional anisotropy of the
instantaneous maxima of applied three-color fields. The
maximum value of d5σ(t) in Figure 3B is slightly larger than
that in Figure 3A and the hump in υ1(0) + υ2,5σ(t) at t ≈3.3 fs in
Figure 4B becomes more prominent, compared to Figure 2A or
Figure 4A. The wiggle in the applied field of Figure 3B, which
appears around t � 2.53 fs with a short period of ∼0.8 fs (≈the
period of the 3ω field), exerts influence on the effective potential
υeff5σ (t) at a later time t ≈ 3.3 fs, though the wiggle is relatively small
and the overall response is almost adiabatic. The ionization
barrier of υeff5σ (t) in Figure 4B is thus largely different from
that of υ1(t) + υ2,5σ(0). The ionization probability for the pulse in
Figure 3B is larger than that for Figure 3A. The former is ∼0.0013
and the latter is ∼0.0008.

Four-Color Pulses
The effects of sawtooth wave forms on multielectron dynamics
can be investigated by using four-color fields. The relative
amplitudes are fixed as a2 � 1/2, a3 � 1/3, and a4 � 1/4 in this
subsection. We show the responses to two four-color pulses in
Figures 3C,D: (C)φ2 � φ4 � −π/2 and ET � 0.0528Eh/(ea0); (D)
φ2 � φ4 � π/2 and ET � 0.0778Eh/(ea0). For both cases,
φ1 � φ3 � −π/2. These sets lead to Ep � 0.0378Eh/(ea0). In the
case of Figure 3C, the time difference between the negative
maximum at t � 2.29 fs and positive maximum at t � 2.78 fs

is 0.49 fs. This may be converted to an optical period as
2×0.49 � 0.98 fs, which is shorter than the optical period of a
two-color field and longer than that of a three-color field
(2π/(3ω) � 0.84 fs). The electric field increases steeply and
almost linearly from the negative maximum to the positive
maximum. For the case of Figure 3D, an additional
undulation intervenes between the negative maximum at t �
1.55 fs and positive maximum at t � 3.52 fs. The time difference
between the two main peaks corresponds to the optical period of
3.94 fs, which is one and a half times as long as the one-color
period of Tc � 2.53 fs. The period of the sawtooth-like undulation
between the two peaks is 0.56 fs, which is close to the period of a
4ω field, i.e., 2π/(4ω) � 0.63 fs.

The induced dipole moment d 5σ(t) in Figure 3C behaves
rather nonadiabatically even in the initial region up to t � 2 fs,
though the appled field ε(t) as a whole seems a single cycle pulse
with two dominant peaks at t � 2.29 fs and t � 2.78 fs. In fact,
d 5σ(t) in Figure 3C sensitively reflects how much high frequency
components (in the present case, up to the fourth harmonic) are
included in ε(t). Notice that the induced dipole moment d 5σ(t)
rises steeply from t ≈ 2.3 fs to t ≈ 2.8 fs, while the abolute value of
d 5σ(t) prior to the midpoint of the pulse (t � 2.53 fs) is relatively
small. The maximum value of d 5σ(t) at t ≈ 2.8 fs is as large as
0.18 ea0, much larger than in the other cases of the same Fp. In
Figure 3D, d 5σ(t) increases with undulation from t � 1.55 fs to t �
3.52 fs, while reflecting the modulation in the applied pulse ε(t).
The resulting undulation amplitude in d 5σ(t) is much larger than
that in ε(t), which indicates that the electron motion in ϕ 5σ(t) is
sensitive to the presence of high frequency componets in ε(t)
even when the change in ε(t) is moderate. Peaks in d 5σ(t) are
delayed from the corresponding peaks in ε(t), which is a proof of
nonadiabatic character.

Four types of 5σ effective potentials at t ≈ 2.8 fs for the pulse in
Figure 3C are shown in Figure 4C. The difference between
υ1(0) + υ2,5σ(t) and υ1(0) + υ2,5σ(0) in Figure 4C is striking in
comparison with the cases of Figures 2A,B: A hump is more
clearly observed around z � −3a0 in υ1(0) + υ2,5σ(t) at t ≈2 .8 fs.
The induced dipole moment of ϕ 5σ(t) responds to the steep rise
in ε(t) in the time span from t � 2.3 fs to t � 2.8 fs, and increases to
a large maximum value (∼0.18 ea0) as shown in Figure 3C;
concurrently, the other electrons also enter or appraoch the
ionization exit. This is the reason why the hump become more
distinct in Figure 4C, which is attributed to the electron
correlation (stronger electron-electron interaction) induced by
the coherent four-color pulse in Figure 3C. A more concrete
evidence will be presnted below.

In the present treatment, the effective potential of CO is a two-
dimensional (2D) function, i.e., a function of z and ρ. We have
already examined TD-CASSCF effective potentials in 2D
representation for a one-color pulse [90]. In Figure 5A, we
present a 2D contour plot of υ1(0) + υ2,5σ(t) at t ≈ 2.8 fs for
the four-color pulse in Figure 3C. On the whole, the hump height
in υeff5σ (t) drops from (z, ρ) � (−3a0, 0) with increasing ρ; i.e., the
hump is formed around the molecular axis. The ridgeline of the
hump slides down along a curve line from (z, ρ) � (−3a0, 0)
toward (−2a0, 2a0), which is schematically illustrated in
Figure 5A by a dotted line.
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The change in field-induced electron-electron interaction is
definitely affected by the spatial change in total electron density
P(z, ρ; t) or by the induced dipole moment. We present in
Figure 5B a 2D plot of the difference P(z, ρ; t) − P(z, ρ; 0) at
t ≈ 2.8 fs for the pulse in Figure 3C. A positive peak emerges around
(z, ρ) � (−3a0, 0). Electrons mostly move along the C-O axis in the
case where it is parallel to the polarization direction of the applied
field. This buildup zone in the electron density P(z, ρ; t) −
P(z, ρ; 0) overlaps with the hump in Figure 5A, as indicated by
the hump ridgeline superimposed on Figure 5B. The hump
formation is hence ascribed to the interactions between electrons
swarming to the buildup zone or between orbitals, which cannot be
described by the TDHF level of theory. In conclusion, the hump in
υ1(0) + υ2,5σ(t) results from the penetration of an electron into the
potential barrier formed by a field-induced local rise of electron
density. When ε(t) < 0, P(z, ρ; t) − P(z, ρ; 0) exhibits no distinct
peaks in the region en route to ionization.

The hump ridge elevates as the field strength ε(t) (> 0) increases,
which sharply incises the protruding lobe of the 5σ natural orbital
ϕ 5σ(t) around the C atom (See the light green dotted line in
Figure 6A). This mechanism accelerates the ionization from
ϕ 5σ(t) in the area outside the hump ridge. The area of the newly
emerging hump is regarded as a TI exit in the presence of electron
correlation or a crowd of electrons. We have confirmed that the
hump height from the asymptotic value of υ1(0) + υ2,5σ(t1) at z �
−∞ is nearly proportional to the induced dipole moment of ϕ 5σ(t)
associated with the spatial change in electron density [90]. For
TDHF, the buildup zone in electron density spreads vaguely in
comparison with the TD-CASSCF case, in agreement with the fact
that no hump appears in Figure 2C.

For the pulse of Figure 3D, effective potentials at t ≈ 3.5 fs are
shown in Figure 4D. The potential υ1(0) + υ2,5σ(t) at t ≈ 3.5 fs
exhibits a very unique feature, i.e., a deep dent around z �
−7.5a0. The dents connected in the (z, ρ) space form a deep
valley in υeff5σ (t), which significantly distorts the profile of υeff5σ (t).
The time span where ε(t) > 0 in the latter half of the pulse
(t > 2.53 fs) is as long as 1.3 fs and the ionization barrier of υeff5σ (t)
is then largely shifted down. Considering these facts and
following a primitive picture of TI, we expected that the
ionization probability for the pulse in Figure 3D is rather
large. However, it is only slightly larger than that for
Figure 3C; the ratio is ca. 0.008:0.006 (Overall, the ionization
probabilities for the four-color pulses are about one order of
magnitude larger than in the pulses comprised of harmonics up
to the third order.). The ionization probaility for Figure 3D
includes the additional contribution from the positive field area
around t � 1 fs. We add that the effective potential υeff5σ (t) at
t ≈ 3.5 fs obtained by TDHF levels off in the range from z � − 4a0
to z � −7a0 (as high as 0.4 Eh) and exhibits only a shallow valley
at z ≈ −8a0 (The depth is ∼0.1Eh). The TDHF ionization
probabilities for Figures 3C,D were one order of magnitude
smaller than the TD-CASSCF values.

An interpretation based on the present single-electron picture is
that the valley in υeff5σ(t) of Figure 4D serves to block the electron
current from the bound region (by reflection). This interpretation
can be evidenced by the 2D contour plot of

∣∣∣∣ϕ 5σ(t)
∣∣∣∣. Figure 6A

represents log10|ϕ5σ(t)| at t ≈ 2.8 fs for the pulse in Figure 3C;
Figure 6B represents log10|ϕ5σ(t)| at t ≈ 3.5 fs for the pulse in
Figure 3D. Figure 6A simply shows a typical feature of TI that
electron density leaks out from the bound region toward the negative
z direction (for ε(t) > 0). On the other hand, Figure 6B shows that
the bound component of ϕ 5σ(t) is encircled by the valley in υeff5σ(t),
which is indicated by the red dotted line. The four-color pulse ε(t) in
Figure 3D behaves as if it squeezes ϕ 5σ(t) toward the inside of the
valley, i.e., toward the center of the molecule, though at this moment
the field ε(t) pushes an electron toward the negative z direction. We
found that the difference P(z, ρ; t) − P(z, ρ; 0) at t ≈3.5 fs becomes
slightly negative in the area along the valley in υeff5σ(t) and it rises
around the hump near (z, ρ) � (−3a0,0) in υeff5σ(t), of which rise is
more prominent than in the other cases with the same Fp. The valley
in υeff5σ(t), associated with a diminution in electron density, is
regarded as a signature of strong electron correlation induced by
the four-color pulse. This type of coherent control ofϕ 5σ(t)works in
forvor of ionization suppression. Since ϕ 5σ(t) in Figure 6B is
spatially squeezed, d 5σ(t) at t ≈ 3.5 fs in Figure 3D is smaller
than d 5σ(t) at t≈ 2.8 fs in Figure 3C. The former is∼0.13ea0 and the
latter is ∼0.18ea0. The “squeezed” ϕ 5σ(t) orbital might be associated
with the formation of a localized excited or resonance state as
discussed in the next subsection.

On the Information out of High-Order
Harmonic Generation Spectra
We here discuss the connection of the present results of TI with
HHG. The HHG spectra of asymmetric molecules, which reflect
the presence and motion of the charges in applied fields, can be
utilized to investigate the mechanism of coherent control and to

FIGURE 6 | 2D contour plots of ϕ5σ(t) for four-color fields: (A)
log10

∣∣∣∣ϕ 5σ(t)
∣∣∣∣ at t ≈ 2.8 fs for the pulse in Figure 3C; (B) log10

∣∣∣∣ϕ5σ(t)
∣∣∣∣ at t ≈ 3.5

fs for the pulse in Figure 3D. The brown line represents the height of∣∣∣∣ϕ5σ(t)
∣∣∣∣ � 10− 4a−3/20 . The contour interval on the logarithmic scale is 0.5.

The light green dotted line in (A) denotes the hump ridgeline in Figure 5A. The
red dotted line in (B) denotes the valley in υeff5σ(t) for Figure 4D, along which a
groove runs in the contour map of log10

∣∣∣∣ϕ5σ(t)
∣∣∣∣.
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assess the degree of controllability. The ionization potential for a
polar molecule in an intense field is a time-dependent one, as
denoted by Ip(t), which is due to the Stark-shift of the ground
state; for HeH2+, Ip(t) is approximately given by Ip(t) ≈ I0 +
Rε(t)/2 [112–114], where I0 is the field-free ionization potential
and R is the internuclear distance. The Stark-shifted ionization
potential leads to a cutoff energy in HHG that is higher than the
widely accepted prediction by the three-step model, i.e. E(0)

cutoff � I0 +
3.17f 2max/4ω

2 [8], for the one-color applied field with a frequency ω,
where fmax is the maximum field envelope. Etches andMadsen [115]
have shown theoretically for a polar molecule CO that HHG
components are generated beyond the predicted value of E(0)

cutoff .
The cutoff energy experimentally measured can serve as an index to
quantify how the Fourier-synthesized fields manipulate the
electronic wave function.

Another feature inherent in the HHG spectra of asymmetric
molecules was pointed out by Bandrauk et al. [113, 114], who
theoretically investigated the role of excited states in HHG for
HeH2+. They found that a transient localized state (Stark-shifted or
field-dressed first excited state of HeH2+) is resonantly populated prior
to ionization by laser induced electron transfer from the He2+ side to
the H+ side. This field-dressed excited state is able to get back directly
to the ground state with emission. A resulting new HHG channel,
regarded as the quasi two-step pathway, gives birth to an intense
resonance peak (<E(0)

cutoff ) near the field-dressed energy gap between
the transient excited state and the ground state. In the case where the
resonance state has long lifetime, the ionization via the resonance state
is expected to be delayed, which for short laser pulses, redshifts the
HHG spectrum in the plateau region [113]. This type of resonance
channel is also investigated in [116]. A four-step model was thus
proposed for the HHG of asymmetric molecules [113, 114], in which
the representative transient state is incorporated into the three-step
model as an additional step in the HHG. The extension of the cutoff
energy mentioned in the above paragraph can also be interpreted by
the following four-step pathway in the four-step model: i) An electron
is pumped from the ground state to the localized long lifetime excited
state (field-induced electron transfer from the He2+ side to the H+

side), ii) then, part of the population is transferred to field-dressed
continuum states, iii) the freed electron is accelerated in the laser field,
and iv) recombination with the ground state (the neighboring He2+)
[114]. The cutoff extension is attributed to the difference in electric
field potential between (ii) the ionization site (H+) and (iv)
recombination site (He2+). The four-step pathway interferes in
HHG with the quasi two-step pathway. It has been theoretically
demonstrated that distinct vestiges of the interference between the
two pathways appear in the HHG spectrum if the amplitudes of the
two pathways are comparable with each other [114].

Intermediate states prepared by tailored multi-color fields, such
as represented by a “squeezed” orbital in Figure 6B, may work as
such transient excited states leading to resonance HHG. A realistic
attempt to confirm the existence of such resonance states and to
assess the controllability of the wave function is to examine how the
HHG spectrum (regarding the cutoff energy, individual peak
positions and intensities, etc.) changes by varying the relative
phases among multi-color fields. In line with this, it is necessary
to quantify how long the intermediate states (orbitals) prepared live.
We would like to take on the applications of the effective potential

approach to the setup of new experimental schemes and to the
search of possible results, as discussed in [90].

CONCLUSION

We presented the results of theoretical investigation of the
multielectron dynamics of CO in intense laser fields and
discussed various manipulation schemes by Fourier-
synthesized coherent fields comprised of harmonics up to the
fourth order. The multielectron wavefunction Ψ(t) to describe
the electron dynamics are obtained by using the MCTDHF
method, where Ψ(t) is expanded in terms of various electron
configurations or Slater determinants {ΦI(t)}. In the MCTDHF,
both the CI coefficients {CI(t)} and molecular orbitals {ψj(r, t)}
in {ΦI(t)} obey the coupled EOMs derived from the Dirac-
Frenkel TD variational principle, where r is a one-electron
coordinate. In actual numerical simulations for the dynamics
of CO interacting with Fourier-synthesized pulses, we employed
the TD-CASSCF scheme where the orbital space in the Slater
determinants is split into inactive (core) and active orbitals. The
peak of the applied field is fixed at Fp � 0.0378 Eh/(ea0) �
1.94×1010 Vm−1 throughout this paper except that in
Figure 2D, of which the light intensity corresponds to
I � 5.0×1013 Wcm−2 in the case of one-color pulses.

We then quantified the multielectron nature such as electron
correlation by using our effective potential approach: the time-
dependent natural orbitals {ϕj(r, t)}, which diagonalize the first
order reduced density matrix, are obtained from {ψj(r, t)}; next, the
EOMs for {ϕj(r, t)} are derived, which define the effective single-
electron potentials υeffj (r, t) that determine the dynamics of ϕj(r, t)
under the influence of electron-electron interaction. The effective
potentials {υeffj (t)} consist of two terms: υeffj (t) � υ1(t) + υ2,j(t),
where υ1(t) is the one-body interaction including that with the
applied laser field ε(t) and υ2, j(t) represents an effective two-body
electron-electron interaction for a single electron. The TD effective
potentials as functions of a one-electron spatial coordinate r are thus
obtained from the natural orbitals {ϕj(r, t)} and CI expansion
coefficients {CI(t)} of the calculated Ψ(t). In this approach, the
role of electron correlation can be quantitatively analyzed by
comparing υeffj (r, t) with those obtained by the TDHF method.

Two-body interaction υ2,5σ(t) can dramatically change the
shape of the tunnel barrier in the 5σ ΗΟΜΟ effective potential
υeff5σ (r, t), whereas the one-body potential υ1(t) is simply slanted
by the electric dipole interaction. For near-IR one-color pulses, as
the field strength increases when ε(t) points from C to O
(ε(t)> 0), a hump is formed ∼2 a0 away outside from C (z <
0) in υ1(0) + υ2,5σ(t). Around this region, the lobe of ϕ 5σ(t)
spreads out extensively. Electron density is then transferred from
the interior to the exterior region outside the hump ridge (which
is considered the border between the interior and exterior
regions), and ionization proceeds together with a bound
component already distributed in the exterior region. The
experimentally observed anisotropic ionization in CO is
ascribed to the hump formation, which brings about
preferential electron ejection from the C atom side. Hump
formation originates from the field-induced change in υeff5σ (r, t)
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mainly due to electron correlation. Upon the reversal of the sign
of ε(t), ionization is relatively suppressed, because the tunnel
barrier is then located far away (>13a0) from the O atom. This is
the mechanism we proposed for the anisotropic ionization of CO
[88–90].

We found that υeff5σ (r, t) for an optimized asymmetric ω+2ω
two-color pulse exhibits a very similar profile as in υeff5σ (r, t) for
one-color pulses. A coherent superposition of ω and 2ω fields
with an appropriate relative phase works as if either positive or
negative peaks are filtered out from a one-color pulse. The
induced dipole moments d5σ(t) for three-color pulses behave
almost adiabatic. The peaks in d5σ(t) nearly coincide temporally
with the peaks of the applied three-color field. This suggests that
the main ionization mechanism in three-color fields is still TI.
More sophisticated manipulation can be realized by adding
higher harmonics to a synthesized field. The controllability of
electron dynamics is higher in four-color fields than in three-
color fields. By adjusting the relative phases of a ω+2ω+3ω+4ω
field, one can create, in addition to a hump, a deep potential valley
in the negative z region of υeff5σ (r, t)which encloses the molecule at
a radius of ∼7 a0. The 5σ orbital of CO is then squeezed toward
the inside of the potential valley in υeff5σ (r, t). It is of much interest
to reveal what is the origin of this “squeezed” orbital. We would
like to point out again that a hump and valley in υeff5σ (r, t) are
closely correlated with domains of increasing and decreasing
electron density, respectively. As a first step to establish robust
control schemes for multielectron dynamics by Fourier-
synthesized coherent laser fields, we are planning to extract
the information of two-body parts {υ2, j(t)} from phase-
dependent quantities (functions of relative phases among
harmonics), e.g., HHG spectra as well as the yields and
release-direction propensities of fragment ions and electrons.

The final point to be discussed here concerns the future extension
of the present effective potential approach to chemical reactions. The
strong coupling between intense fields and valence electrons
dramatically distorts the potential hypersurfaces which determine
the motion of the nuclei and brings about decisive changes in
reaction pathways [17, 117, 118]. Kübel et al. [118] ionized H2 by a
few-cycle visible pulse and prepared a wave packet on the σg state of
H +

2 . The behavior of H +
2 was controlled by a mid-infrared pulse

with a delay that couples the σg state with the σu state by one-, three-,
and five-photon absorption. They analyzed a strongly modulated
angular distribution of protons by using two-color Floquet theory
and proved the existence of complex light-induced (field-dressed)
potential surfaces that multiphoton couplings afford. These
potentials can be shaped by the amplitude, phase, and duration
of the applied fields, which allows for manipulating the dissociation
or reaction dynamics of small molecules.

A feasible extension along with this line is to include the
nuclear coordinates {Qk} as adiabatic parameters into the
present approach, i.e., to define or calculate “adiabatic”
natural orbitals {ϕj(r, {Qk}, t)}. The effective potential for
ϕj(r, {Qk}, t) are then expressed as υeffj (r, {Qk}, t), which
might connect more tightly the two pictures of molecular
orbital and molecular dynamics. Another conceivable
approach is to use a more fundamental method, namely, the
extended MCTDHF method where the nuclear coordinates in

the total wave function Ψ({rj}, {Qk}, t) are dealt with as
quantum mechanical variables (e.g., each nucleus is
expressed by a single-particle function, like in the treatment
of electrons as molecular orbitals) [89, 109, 119–121]. The
molecular orbitals used in the extended MCTDHF are
functions of a one-electron coordinate alone (i.e., {ψj(r, t)});
{Qk} are not involved, unlike in the conventional Born-Hung
expansion [122]. An effective potential for each nucleus could
in principle be derived from the non-Born-Oppenheimer wave
function Ψ({rj}, {Qk}, t), which would provide a single nucleus
picture in the presence of correlated nuclear motion. The
extended MCTDHF method also offers a novel concept of
potential surfaces (extended-MCTDHF potentials). So far, the
effective potential curves of the ground and excited states
defined in this method are obtained for a 1D model H2 [89,
120, 121] and the time-dependent system of 3D H2

+ [123]. The
memory size used in this method is shown to be about two
orders of magnitude smaller than in the Born-Hung expansion
method when the same accuracy is required for the lowest
vibronic energy. It is intriguing, especially for polyatomic
molecules, to construct multiphoton field-dressed potentials
based on Floquet theory from extended-MCTDHF potentials.

The various effective potential approaches abovementioned
would help reveal the entire picture of the quantum electronic
and nuclear dynamics of molecules and help contribute to further
development of coherent control of chemical reactions.
Challenges are widespread ahead of the frontier of the
research on Coherent Phenomena in Molecular Physics.
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