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Fuzzy data plays an important role in daily life, and fuzzy structured data is usually
represented by fuzzy graphs, where the graph structure is used to describe the
associated structure of the fuzzy data. Based on the definition of Wiener index on bipolar
fuzzy incidence graphs, this article continues to study the characteristics of this distance
based topological index. The lower and upper bounds for positive and negative Wiener
index of fuzzy bipolar incidence graph are determined respectively, and the relationship of
Wiener index between original graph and its subgraph is discussed. The Wiener absolute
index on bipolar fuzzy incidence graph is introduced accordingly, and several conclusions
are determined in terms of geodesics distance analysis. Furthermore, we demonstrate
the equality of Wiener index and Wiener absolute index for two isomorphic bipolar fuzzy
incidence graphs.
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INTRODUCTION

The reason why the mathematical theory and application technology of fuzzy systems can be
focused by researchers and has been rapidly developed in the past 60 years is mainly due to
the extensive and profound application background in human society and production practice
[1-6]. The development of the mathematical theory of fuzzy systems largely depends on the
development of fuzzy engineering technology and application. Fuzzy engineering technology is
not only the driving force for the development of fuzzy mathematics theory, but also the core
of fuzzy mathematics serving the social production practice. With the continuous maturity of
the mathematical theory and application technology of fuzzy systems, the application of fuzzy
mathematics methods in the engineering field has received more and more attention, and the fields
of application have become more and more extensive. The main aspects include general fuzzy
controller [7-9], fuzzy knowledge representation [10-12], fuzzy information theory [13, 14] and
fuzzy information coding [15-17], fuzzy prediction technology [18], fuzzy decision and evaluation
technology [19, 20], fuzzy statistical theory and application [21], fuzzy operational research
[including fuzzy optimization [22], fuzzy random service system, fuzzy linear programming [23],
fuzzy countermeasures, etc.] and its applications.

As one of the earliest topological indexes, Wiener index plays a key role in the history of chemical
topological indices. Its definition is related to accidental discoveries in chemical experiments and
can be used to predict some basic properties of compounds. As a result, people realize that the
physical and chemical properties of a compound are also closely related to its molecular structure.
The formulation of Wiener index is denoted by the sum of the distances of each pair of vertices on
the graph. With the deepening of the research, various related distance-based topological indexes
are introduced. So far, variants of Wiener index have been studied and applied in a large number of
engineering applications.
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In recent years, fuzzy topological indices on fuzzy graphs have
gradually attracted the attention of researchers. These indices
have played valuable roles in fuzzy decision-making systems
and fuzzy reasoning. Poulik and Ghorai [24] introduced the
Wiener index of bipolar fuzzy graphs, and later, Gong and
Hua [25] defined the Wiener index in bipolar fuzzy incidence
graph. Although some results about Wiener index of bipolar
fuzzy incidence graph were obtained in Gong and Hua [25],
more features need to be explored further. For this reason, we
continue to study the fuzzy distance measure in this paper.
The contributions of this remark can be summarized into
three aspects:

e Introduce bipolar Wiener absolute index for bipolar fuzzy
incidence graph;

e Determine the extreme values of Wiener index and bipolar
Wiener absolute index for bipolar fuzzy incidence graph in
some special settings;

e Discuss the relationship of values of these bipolar fuzzy
index, for example, the bipolar fuzzy incidence graph and its
subgraph, or two isomorphic bipolar fuzzy incidence graphs.

The following contents are organized as follows: first we
introduce the concepts which will be used in the paper, and then
the main results are obtained based on fuzzy distance computing.

BIPOLAR FUZZY INCIDENCE GRAPH

An incidence graph of graph G = (V,E) is denoted by G =
(V,E,I) withI € V xE.If (v,v) in incidence graph, then (v, /)
is an incidence pair or shortly pair. A sequence vy, (v, VoV1),VoV1,
(V1,%0v1)5 V1se o5 V15 (Va—15 Vn—1Vn)Vn—1Vn,(Vis Va—1Vn), vy is @
walk in incidence graph. If v = v,, then it said to be closed. A
walk is a path if all vertices are different, and an incidence graph
is connected if all pair of vertices are connected by a path. The
following concepts from Gong and Hua [25].

Definition 1. [Gong and Hua [25]] Let G = (V, E) be a graph,
nP:v - [0,1], )N:V — [-1,0],0P:E — [0,1], 0N :E —
[—1,0, WP: VXE — [0,1], ¥N: VX E — [~1,0]. If WP (v,e) <
n’(v) A 6 (e) and WN(v,e) > nN(v) v 6N(e) for any v € V and
e € E, then (WP, WN) is called a bipolar fuzzy incidence of G.
Definition 2. [Gong and Hua [25]] Let G = (V,E) be a
graph, and (n*,nN,67,6N) be a bipolar fuzzy subgraph of G.
If (WP, WY) is a bipolar fuzzy incidence of G, then G =
(N, 07, 6N, WP WN) is called a bipolar fuzzy incidence graph
of G.

Definition 3. [Gong and Hua [25]] Let
G = @ nN,0",0N, WP WN) be a bipolar fuzzy incidence
graph. Then H = («kF,«N, 9P, ¢V, QF, Q) is a bipolar fuzzy
incidence subgraph of G if P < ), KkN@w) = pN() for
any v € V, oPe) < 0F(e), pN(e) = 0N(e) for any e € E, and
QP (v,e) < WP(v,e), QN (v,e) > WN(v,e) forany (v,e) € V x E.
Definition 4, [Gong and Hua [25]] Let
G = 0FyN,0P,6N, WP wN) be a bipolar fuzzy incidence
graph. Set n*, 6%, and W™ as the vertex set, edge set and incidence
set (set of V x E) of G (these three sets represent the specific
component elements of bipolar fuzzy incidence graph G).

A fuzzy incidence path A from v to vV (v € n* U 6%) is a
sequence of elements n*, 6%, and W*. The minimum value of
WP(y, 1) is called positive incidence strength and the maximum
value of WN(v,vv/) is called negative incidence strength,
where (v,V') € A.

Definition 5. [Gong and Hua [25]] Let G be a bipolar
fuzzy incidence graph. An incidence pair (v,vV) is strong
if YP(v,w) > ICONNg_(V’W/)(v, w), vNuw,w) <
ICONNgi(V’W,)(v, vv)  where ICONNgi(V)W/)(v, /') is the
maximum positive incidence strength of a — ab and
ICONNé’_(v)W,)(v, vw) is the minimum negative incidence
strength of a — ab. If WP(v, /) > ICONNgi(V)W,)(V, vV') and
wN,w) < ICONNg_(V’W,)(v, v'), then the pair (v,vV) is
called « -strong. If WP(v,»/) = ICONNg_(V’W/)(v, V) and
N, w) = ICONNg_(v,W,)(v, v/'), then the pair (v,vV) is
called B -strong.

Definition 6. [Gong and Hua [25]] Let G be a bipolar fuzzy
incidence graph. If all pair of A are strong, then an incidence path
A in G is called strong incidence path.

Definition 7. [Gong and Hua [25]] Let
G = P nN,07,6N, WP W) be a bipolar fuzzy incidence
graph. Then H = («, kN, ¢, ¢V, QF, QN) is a subgraph of G if
P) = ), «N) = pN () for any v € «¥, oP(e) = 6% (e),
oNe) = 6N(e) for any e € ¢*, and QP(v,e) = WP(v,e),
QN(v,e) = WN(, e) for any (v,e) € Q*.

Definition 8. [Gong and Hua [25]] A bipolar fuzzy incidence
graph G = (nf,nN,0%,6N, WP WN) is said to be complete if
WP, w') = P () A 0P (W) and N (v, ') = V() v ON (W)
for any (v,vV) € Y*.

Definition 9. [Gong and Hua [25]] Let
G = P gN,0F,6N, WP wN) be a bipolar fuzzy incidence
graph. The connectivity index of G is formulated by:

Clgri(G) = (Clg(G), Cl(G))
= (Y ") (¢)ICONNE(x, ),

x,yen*

> NN (G)ICONNE (x, 7)),

x,yen*

where CIEFI(G) and CIgFI(G) are positive connectivity index and
negative connectivity index of G, ICONNZ (x, y) is the maximum
value of positive incidence strength for all the possible incidence
paths between x and y, and ICONN{ (x, ) is the minimum value
of negative incidence strength for all the possible incidence paths
between x and y.

Definition 10. [Gong and Hua [25]] Let
Gy = PN, el 0N, WP uN) and G, =
(nf R né\] s 6{’ s 95\7 s \115 , \Dé\l ) be two bipolar fuzzy incidence
graphs. If there is a bijective mapping f: V(G1) — V(G3) with

W) = (W), (v = Y (f() for all v € Gi(n*),
9{3(1/1/) = 9;(f(v)f(v’)), 9{\](1/1/) = Gé\l(f(v)f(v’)) for
all w € Gi(6*%), and \llf(v,vv’) = lllf(f(v),f(v)f(v’)),

N, ') = UV (f(v), f(n)f (v))) for any pair (v,»v/) € Gy (¥¥).
Then the mapping f is called an isomorphism and we
denote G1 = G,.
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Definition 11. [Gong and Hua [25]] The Wiener index of a
bipolar fuzzy incidence graph G = (%, 7N, 0, 0N, WP, WN) is
denoted by:

WIge(G) = (WIEs(G), Wi (G))
= (Y 0" Wdlxy, Y NV (m)d (x,y).

x,yen* x,yen*
MAIN RESULTS AND PROOFS

In this section, we present the main conclusions and their proofs
which mainly follows from Poulik and Ghorai [24] and Gong and
Hua [25].

Our first result gives the bound of Wiener index of fuzzy
bipolar incidence graphs.
Theorem 1. Let G = (", n", 6%, 6N, WP, W) be a bipolar fuzzy
incidence graph with n’() = 1and N(v) = —1forallv €
n*. Set:

11 = min{WP (v, ) € 6%, ¥P(v,1/) > ICONNE(v, )},
ry = max{WN(v,w)|w € 6%, WN (v, ') < ICONNE (v, v')}.
Then, WIf,(G) = 2n(n*|(n*| — 1) —

and WIY,(G) < 2ra(In*| (In*| — 1) — |0*).
Proof. Let (x,y) be any pair of n*. If xy € 6%, then we have

df(x,y) > 2r and df(x,y) < 2rp. For the rest ( In |> -

16*1)

- 2
6*| = w — |0*| pairs, we get df(x,y) > 2r +
4r; and dﬁv(x,y) < 2rp + 2r, = 4ry. Thus,
* *|_q
Y PO (xy) = 2105 n + an (LD e
xyen®
which implies WIgFI(G) >

27‘1 =

> 2r(In*[(In*] — 1) — |6%]) and
> NN ) = 210%r + anZUEED e
x,yen*
which implies WIQ’FI(G) < 2n(n*l(n*|—1) —|0%]).

In Gong and Hua [25], it is stated that after removing an
incidence pair in W*, the positive Wiener index may decrease and
the negative Wiener index may increase. The next result shows
the changes of bipolar Wiener index of bipolar fuzzy incidence
graph after deleting a vertex, and we skip the detailed proofs.
Theorem 2. Let H = (k¥ kN, 9P, ¢V, QF, Q) be a subgraph of
bipolar fuzzy incidence graph G = (7, ™, 6F,0N, WP, W) such
that ¢* = 6* — {v} with v € n*. Then WIgFI(H) < WIgFI(G)
and WIS, (H) > WIF(G).

Next, we introduce the bipolar Wiener absolute index for
bipolar fuzzy incidence graphs.

Definition 12. The absolute value of the sum of WIgFI(G) and
WILL,(G) of bipolar fuzzy incidence graph is called the Wiener
absolute index of G which is denoted by:

WAIgp(G) = |WIgg (G) + WIEy (G)].

According to this
result immediately.

Theorem 3. Let G = o, 6F, 60N, Wl wh)
and G, = (nf,ng]ﬁfﬁé\], \Ilf,\llé\’) be two bipolar

definition, we get the following

" (0.3,-04) (0.3,-0.4)

FIGURE 1 | A bipolar fuzzy incidence graph G with

Wigr(G) = WIE(G), Wi, (G)) = (5.2, —6) and WAIgs(G) = 0.8. A bipolar fuzzy
incidence graph G' is depicted in Figure 2, we confirm that 1* = {v;, V,, v},
() = nvy) = n"vg) =1, VW) = nV(vy) = n(v) = —1, 07 (vyv,) = 0.4,
ONW,v,) = —0.8, 0P (vyvg) = 0.2, NV, v,) = —0.1, 6P (v,v) = 0.7,

OVv,vy) = —0.6, WPW,, Vivy) = 0.4, WV, V) v,) = —0.3, WP(v,, v,v)) = 0.4,
WV, vpvy) = —0.8, WP(vy, vpvy) = 0.2, WN(v,, v,vg) = —0.1,

WPy, vgvy) = 0.2, WN(vg, vgvy) = —0.1, WPW,, v vy) = 0.7,

W, vivg) = —0.6, WP(vg, vav)) = 0.7, WN vy, vav)) = —0.6,

Wigr(G) = Wigg(G'), WIS (G)) = (4.4, —3.6). Furthermore, by simple
computing, we get WAIgg(G) = WAIgr(G') = 0.8.

l' ————————— 1
' (0.7,~0.6) (0.7,~0.6) b
FIGURE 2 | A bipolar fuzzy incidence graph G" with
Wigr(G) = Wik (G'), Wise(G)) = (4.4, —3.6) and WAIgr(G') = 0.8.
fuzzy incidence graphs. If Wligp(G) = Wlgp(Gy),

then WAIgr(Gy) = WAIgr(G).
However, the converse of Theorem 3 is not hold in general.
Example 1. A bipolar fuzzy incidence graph G is depicted

in Figurel, we confirm that nx = {v;,v2,v3}, n*(v)) =
nP(v2) = nPs) = L) = pNn) = nNs) = -1,
6'P(1q1/2) = 0.8, QN(V1V2) = —0.9, OP(V1V3) = 0.5, QN(V1V3) =
—0.6, 0P(vav3) = 0.3, 0N(vv3) = —04, VP(v,viv2) = 0.8,
UNW viv) = —0.9, WP(vy, vav1) = 0.8, WN(vy, 1av1) = —0.9,
‘I’P(Vz,V2V3) = 0.5, \IJN(Vz,V2V3) = —0.6, \I/P(V3,V3V2) = 0.5,
‘-IJN(V3,1/3V2) = —0.6, \IJP(Vl,V1V3) = 0.3, \IJN(Vl,V11/3) =
—0.4, \I—’P(V3,V3V1) = 0.3, \IJN(V3,V3V1) = -04, WIgp(G) =

(WIE(G), WIEL(G) = (5.2,—6).
Theorem 4. Let G = (7, n™,6%,6N, WP, WN) be a bipolar fuzzy
incidence graph with nf(v) = aand yN(v) = bforallv € n*
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and WP(v,»/) = ¢, WN(v,»/) = d for any pair v,v' € n*.
We have:

WAIgr(G) = |n*| (|n*] — 1) [a*c + b%d|.

Proof. Let G = (n¥,n",67,6N, WP, W) be a bipolar fuzzy
incidence graph that satisfies assumptions of Theorem 4. Hence,
(ICONNg(v, v/),ICONNg(v, v/))are equal for all the pairs of
(»,v') in n*. Since the positive and negative membership
values of all the edges of G are equal, we confirm that
(ICONNg(v, v’),ICONNg(V, V")) lie on all the edge v/ € 6%,
and thus

(@ (v,v/),dY(v,v)) = (QICONNE(v,v/), 2ICONNY (v, v'))
= U, w), 29N (v, W) = (2¢, 2d).

* * *|_
Note that there are < |772 l) = M edges, and hence

Wl (G) = [n*| (|| = Da’e,
and
WINg (G) = |n*| (|n*] — DY?d.
Finally, the result follows from the definition of Wiener
absolute index.
Theorem 5. Let G = (7, n",6%,6N, WP, W) be a bipolar fuzzy

incidence graph. We have:

WAIpr(G) < max{WIky(G),

WIhg (G)|}.

Brief Proof. First, we note that WIEFI(G) > 0 and
WIg’FI(G) < 0. Therefore, by the definition of WAIgp(G) =
|WI§FI(G) + WIBNFI(G) , we get the conclusion.

Our last result shows that two isomorphic graphs have the
same Winer index and Wiener absolute index.
Theorem 6. Let G = (nf, nf’,@f,@f\], \Ilf, \Il{\’) and
Gy = (b, n, 08,08, WP, wl) be two bipolar fuzzy incidence
graphs with G; = G,. Then, WIpp(G1) = WIgp(Gy)
and WAIpp(Gy) = WAIgr(Gy).
Proof. Suppose that G; = (n},n),0F, 0N, WP wl) and
Gy = (mF,nY,07,6), ¥P W) are two isomorphic bipolar
fuzzy incidence graphs. Hence, in light of the definition of
the isomorphic between two bipolar fuzzy incidence graphs,
there is a bijective mapping f:V(G;) — V(Gy) with
f:V(G) — V(G with n(v) = nJ(f(), nf'(v) =
nY(f() for all v e Gin*), of(w) = FX(ffW)),
Qf\](vv’) = 0£\](f(v)f(v/)) for all v/ € G;(6*), and \I’f(v, w) =
P, fFO), WNw,w) = WY(f(v),f(n)f(V)) for any
pair (v, w') € G1(¥*).

Thus, for each path Py, :x = xo,x1,-

“SXp—1, Xy = Yy in
G1, we can found a path Py P xé),xll, cen ,x/n_l,x/n = yin
Gy such that x = f(¥), x1 = f(x)), .oor X1 = f(x, ),
y = f(y), and the elements in Py, and Py, meet the following

relationship in view of the bijective mapping characteristic
(fori=0,1,---,n—1):

oF (xivxiv1) = 05 (F0), f(xii))s
01 (i xi1) = 03 (F(x), f(xiy ),
WP (s xixie1) = WE (), f()f (xiy1),
WL (i1, Xip1X7) = qj;(f(x;+1)’f(x;+])f(x;)))
WY G, xixign) = WY (F), f)f (i)
N (i1 xip1x) = W (F ) f (e ) ().
Therefore, the distance between x and y along Py, and the

distance between x and y’ along Py satisfy

dg, o (6 y) = dg, o (F6).FO)

and

dg, 9 y) = dgy F).F/)).

Furthermore, fori = 0,1, - - , n, we infer

() = 15 (F(x),
7 () = Y (F(x2)).

Combing the above facts together, we yield:

> P W gy = Y PEEITE))
x,y€G1(n*) Xy €Ga(n*)
dgz(s)(f(xl))f()/))
and
o VeV edg e = Y aNEENEG)
x,y€G1 (%) X',y €Ga(n*)
dgz(s)(f(x,):f(y,))-

It implies that WIL,(G)) = WIE,(Gy), WIFL(G) =
WIN(Gy), Wigp(Gr) = Wigp(Gs), WAIgr(Gr) =
WAIpp(Gy). O
Intuitively speaking, two isomorphic bipolar fuzzy incidence
graphs have a bijective correspondence between their same
elements and membership functions. These two graphs can be
regarded as one graph without any qualitative difference,
so their Wiener index and Wiener absolute index are
identical, respectively.

DISCUSSION

In this work, we study the Wiener index of bipolar fuzzy
incidence graphs and several conclusions are obtained.
The obtained theorems have a positive effect on the
development of artificial intelligence, pattern recognition,
and fuzzy machine learning related fields. Due to the
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extremely wide range of applications of fuzzy graph
data, this research will improve the practical application
capabilities of fuzzy structured data in various disciplines.
The results provide tools, methods and application
methods in various fields such as big data, Internet of
Things, blockchain, cloud services, industrial and mining
automation, chemistry, biology, medicine, materials science and
social science.

In the chemical experiments in 1960s and 1970s, scientists
realized that there was an inevitable connection between the
physico-chemical properties of a compound and its molecular
structure. That is, what kind of molecular structure possesses
what kind of chemical properties. This discovery was gradually
confirmed in later experimental science, and a new field was born
from this point of view, which uses chemical structure to infer
the properties of compounds. According to this idea, scientists
use graphs to represent molecular structures: vertices represent
atoms, and edges between vertices represent chemical bonds
between atoms. The graph is regarded a molecular graph, and the
properties of chemicals are studied by defining the topological
index on the graph. Early topological indexes include Wiener
index, PI index, Szeged index, etc., which can well reflect simple
physical properties such as the melting point and boiling point
of compounds.

So far, more than 3,000 topological indices have been defined.
However, as far as we know, only connectivity index and Wiener
index have the corresponding versions in fuzzy graph, bipolar
fuzzy graph and bipolar fuzzy incidence graph (see Definitions
9 and 11). Most topological indices have no corresponding
definitions on fuzzy graphs and bipolar fuzzy graphs, including

some very famous topological indexes, such as Harary index,
atom bond connectivity index, PI index, Szeged index, Gutman
index, Shultz index, eccentric index, Zagreb index, etc. Studying
the expansion of these important indices in fuzzy graphs and
bipolar fuzzy graphs can be used as future research work.
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