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The Seebeck effect is investigated within the framework of a non-equilibrium Green’s
function technique in a quantum dot (QD) sandwiched between the left and right leads
held at different temperatures. We consider that the QD is shelled by a photon field
and is side-coupled to a topological superconductor nanowire hosting Majorana zero
modes (MZMs). It is found that the thermopower (Seebeck coefficient) can be obviously
enhanced by weak QD-MZMs coupling at low temperatures, in addition to its sign
reversion that may be used for detecting the existence of MZMs. In the presence of
a photon field, the thermopower can be further enhanced due to decreased electrical
conductance when electrons’ transport probability through each channel is reduced by
photon-assisted tunneling (PAT). The hybridization between the MZMs will also induce
sign reversion of the thermopower in the absence of a photon field, whereas it has less
impact on the thermopower when the QD is shelled by the photon field.
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INTRODUCTION

Majorana zero modes (MZMs) [1, 2] are zero-energy excitations that have been extensively studied
in the condensed matter physics community for much of the last decade. They are massless and
of their own antiparticles, which are analogous to the electron-hole pair in superconductors. A
pair of spatially separated MZMs obeys non-Abelian statistics and is robust against local sources of
decoherence. This enables them to be used as quantum bits for fault-tolerant topological quantum
computation [2-4]. The MZMs also play important roles in some other research subjects, such as
spintronics [5] and thermoelectricity [6, 7].

Due to the similarities between MZMs and electron-hole pairs, researchers have been naturally
trying to prepare MZMs in superconductors. Indeed, Kitaev has theoretically demonstrated
that MZMs can be formed at the two ends of a p-wave superconductor chain [8]. However,
it can hardly be realized in experiments as the p-wave superconductors are rare in nature.
In 2008, Fu and Kane proved the theory that it is possible to induce MZMs in vortices
by the means of the proximity effect between an s-wave superconductor and the surface
states of a strong topological insulator. It was subsequently demonstrated in experiments
and has led to numerous studies [9, 10]. Along with this kind of scheme, a variety of
other platforms have been proposed as hosts of MZMs and intensively studied, including
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heavy metal surfaces [11], semiconductor nanowires [12, 13],
magnetic atom chains [14], planar Josephson junctions in 2D
electron gas [15] and iron superconductors [16, 17]. Owing to the
unique properties of MZMs as mentioned above, the detection of
it is very challenging. In early years, one of the signatures most
likely to be induced by MZMs is the zero-bias anomaly (ZBA) of
conductance in semiconductor superconductor nanowires [18—
20]. However, ZBA cannot be solely attributed to the existence
of MZMs in that an ordinary localized state can also give rise to
this phenomenon, such as the Kondo effect [21]. In 2011, Liu
and Baranger proposed to detect the MZMs by measuring the
electrical conductance through a quantum dot (QD) attached
to the edge of a topological nanowire [22]. In such a scheme,
the MZMs at one end of the nanowire leak into the QD
[22, 23] and reduce the zero-bias conductance through the
dot to be half of its quantum value, ie., G(0) = &%/2h.
Recently, hybridized topological nanowire-QD junctions have
been successfully realized in experiments [24, 25], providing
an excellent platform for the preparation, manipulation, and
detection of MZMs. The introduction of QD offers a non-
invasive measurement technique for the MZMs as there is no
direct charge transfer between them and the QD. In addition,
the origin of the ZBA in the conductance can also be excluded
from the Kondo effect, even if the experiment is performed
at temperatures below the Kondo temperature [26, 27]. Along
with the preparation and detection of MZMs in tunneling
experiments, thermoelectric effect in QD mediated by MZMs
has also been studied in recent years. The previous research
subject of thermoelectric effect concerned energy conversion
between electrical and thermal energies, which has reacquired
recognitions because of the significantly enhanced thermoelectric
efficiency and thermopower [28]. In thermoelectricity, the most
common studied issue is the Seebeck effect, which refers to
the generation of an electrical voltage AV in response to a
temperature difference AT applied across the two ends of
the system. The thermopower (Seebeck coefficient) is then
defined as § = —AV/AT which is directly measured in
experiments. It has been proved that thermopower in hybridized
QD-superconductor nanowire hosting MZMs satisfies the Mott
formula, and can be used for inferring the temperature of the
Majorana edge state by measuring the differential conductance
[29]. The enhancement and sign change of the thermopower
in such a system have also been reported [30-34]. The
optical techniques are widely used in manipulating particles’
transportation in nanostructures, and were also proved to be
promising in the study of MZMs [35, 36]. In [37], Chen and
Zhu found that in the presence of the QD-MZMs interaction, if
a strong pump laser is applied at the QD, the single peak in the
probe absorption spectrum will be split into two. In [38, 39], as
the photon-assisted tunneling (PAT) occurs, the PAT peaks are
developed and the original zero-bias peak is suppressed to zero
due to the MZMs, which turn to non-zero mode by emitting
(absorbing) photons. Based on the features of MZMs in the PAT
process, it is worthy to investigate the affection of MZMs on the
thermoelectricity by the optical techniques.

In the present paper, we study the Seebeck effect in a
hybridized QD-topological superconductor nanowire with a

FIGURE 1 | Schematic plot of the scheme composing a quantum dot
connected to the left and right leads at different temperatures of T, and Tg,
respectively. The dot is shelled by a microwave field with frequency w, and
intensity Ay, and is side-coupled to a topological superconductor nanowire
hosting a pair of MZMs (red circles). Here we consider that only one mode of
the MZMs denoted by the operator of is coupled to the dot with strength 1.
The hybridization amplitude between the MZMs is 8.

photon field shelled on the QD (see Figure1). The dot is
connected to the left and right leads at different temperatures. We
calculate the electrical conductance and thermopower through
the dot interacting with one mode of the MZMs prepared at the
ends of the topological superconductor nanowire. Our numerical
results show that the magnitude of the thermopower can be
obviously enhanced by the combined effect of the MZMs and
PAT. When the two modes of the MZMs are strongly overlapped
with each other, the thermopower is less influenced by the MZMs
in the presence of the photon field because the photon energy
absorbed by one mode of the MZMs is subsequently emitted by
the other one. We also find a sign change of the thermopower
induced by changing either dot-MZMs coupling or temperature.

MODEL AND METHODS

The Hamiltonian of the system illustrated in Figure 1 is written
as the following [22, 40]

H = Z SkaC:aCka + e ()dtd + Z (Vaczxd + H.c)
ko ko

+ispmna + (d — 2dt)ny, (1)

in which the first term describes the left and right (¢« = L,R)
leads at temperatures of Ty and Tj, respectively. The annihilation
(creation) operator cy, (c;;) is for the electrons on the leads
with wave-vector k and energy &i,. The second term is for the
electrons on the QD with annihilation (creation) operator d (d*),
time-varying dot level g4(t) = g4+ A; cos(wt) [40, 41], in which
g4 is the dot level in the absence of the photon field, A, the
field intensity applied on the dot, and ), the photon frequency.
The third term represents the tunneling between the QD and the
leads, with tunnel amplitude V,,. The last two terms in Equation
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(1) are for the MZMs and their interaction to the QD. Following
previous work [22], we transform the Majorana fermions into the

regular ones by 71 = % (Fr+f).m = ﬁ (f* —f) and then
the Hamiltonian is rewritten as

H =Y el o +eaddtd+ Y (Vucl d+ H.o)
ko k,a=L,R

wou (£ -3) + S ld=rd) (41 @

The electrical and heat currents from lead-o to the dot are
individually calculated from the time rate of the electrons’ average

which Ny, = > ck+acka is the electrons’ occupation number and
We the chemical potential in the lead. In the present paper, we
focus the linear response regime with infinitesimal bias voltage
AV and temperature difference AT between the two leads. The
total electrical and heat currents through the dot are then given
by [30, 31, 42]

J = eLyAV + %LlAT, 3)
1
Q=LA + ZLAT, 4)

where the integral L, (n =0, 1,2) is defined by [31, 42]

occupation number and the associated energy [41], i.e., J, = 1 2 0f (&)
—ed (Ng) /dt and Q = —ed(zk (Ske — Ma) c:acka)/dt, in Ly = _ﬁ/ de (e — p) 9e T(e) ®)
A C

FIGURE 2 | Conductance and thermopower as functions of the dot level for different values of dot-MZMs coupling strength A in (A), (B) with a fixed value of 8, = O,
and for different 8y, in (C), (D) with fixed A = 0.15w),. The other parameters are Te = 0.0025aw),, Ag = 0.
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in which the Fermi distribution function is f(e)=[exp[(¢ —
w)/ksT] 4+ 1]71, with the chemical potential 4 = up = ugr
in the linear response regime. By setting ] = 0 and Q = 0, the
electrical conductance and thermopower are given by G = €L,
and § = —L;/(eTLy), respectively. The remaining task is to
calculate the transmission coefficient T (¢) in Equation (5). In
the framework of non-equilibrium Green’s function technique,
its expression is given by [39-41],

Tilk
e = ZGdk(e)J,f, (6)

in which Ty = 27| Vi |* 04 is the line-width function with py

being the local density of states in lead-«. In the above equation,

]k is the k-th order Bessel function with argument A;/wp, and
G, m (&) the retarded Green’s function given by [39-41]

G:id;k (&)

~r2
’ , (8)
|:gddk(8) Z ]k+n2rm (&) — Zk, g ik

-1
Nr} ()
Saak (&) — Xy (&)

where the dot free Green’s function in the absence
of coupling to the leads and MZMs is g, (e) =

[8 — &g — kawp +i(T'L +Tg) /2]_1, and the associated hole free

Green’s function g/, (¢) = [¢+ &4+ kwp +i (T, + Tr) /2]_1.
The self-energies in Equation (7) are individually given

bySl, () = A% (e+nwp)/ [(8 + nwp)2 + 812\,[],52,2/ (&) =
> wk—nZl, (6),and Ekk’ &) = >k JktnJk—nXhy, (€). One can

check that in the absence of the photon field, i.e., Ay = 0, the
Green’s function G/} ;., (¢) reduces to that in [22].

RESULTS AND DISCUSSION

In the following numerical calculations, the photon frequency w,
is set as the energy unit, and the equilibrium chemical potential
in the leads is fixed at uyp = pur = @ = 0 as the energy
zero point. Throughout the paper we fix the value of line-width
functions I' = I'r = 0.05w,. Figure 2 shows the conductance
and thermopower as functions of the dot level without the photon
field shelled on the dot (A; = 0). For A = 0 as indicated by the
black solid in Figure 2A, the conductance G develops a resonant
peak when the dot level ¢, is aligned to the chemical potential
1, where the maximum of the conductance reaches its quantum
value G (1 = 0) = ¢?/h. Turning on the coupling between the
dot and MZMs (A # 0), the value of conductance around the
leads’ chemical potentials  reduces to half of its quantum value,
ie, G = ¢?/2h due to the half fermionic property of MZM:s.
This is regarded as a signature of the existence of MZMs in QD
[22, 23]. Note that at ultra-low temperature, the half fermionic
property of MZMs (G = €?/2h) is independent of the dot’s level
[31]. At a rather high temperature, however, we find that only the
conductance near the chemical potential is half of its quantum
value, as shown in Figure 2A. This is because the interaction

between the MZMs and electrons on the dot is weakened by
increased thermal motion of the electrons.

The most prominent change of the thermopower is the
sign reversion induced by dot-MZMs coupling, as shown in
Figure 2B. For A = 0 as indicated by the black solid line, the
thermopower is positive (negative) when the dot level is below
(above) the chemical potential 4 = 0. The reason is that in
the presence of thermal gradient AT between the two leads
that induces the thermoelectric effect, there are more electrons
flowing from the left hotter lead to the right cooler one as g5 > p.
This will induce a positive voltage drop AV and correspondingly
a negative thermopower S = —AV/AT [42]. When ¢4 = p,
tunneling of electrons through the dot are compensated by that
of holes and thus the thermopower is zero. In other words, there
are the same amounts of electrons flowing in opposite directions
and then the voltage drop is zero accordingly [42]. Just in the
same way, one can explain the origin of the positive thermopower
when ¢; < p. The dependence of thermopower on the dot-
MZMs coupling A can be derived by Sommerfeld expansion of
the Fermi function f (&) up to second order in temperature, and
its analytical expression when the dot level is near the chemical
potential is [31, 34]

T zké T &4
S - ®)
3e 2A
k. T /o
B e

FIGURE 3 | (A) Conductance and (B) thermopower as functions of the
temperature Te for eg = —0.2w, and different values of the overlap amplitude
between the MZMs 8y,. Other parameters are 1 = 0.05w, and Ay = 0.
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Note that this result applies only to the case of finite dot-
MZMs coupling, and clearly shows the sign reversion of the
thermopower as compared to the case of zero A. From Equation
(8), one can also expect the magnitude of the thermopower to
be enhanced by a small 1, as has been shown in previous works
6, 33].

The two modes of the MZMs at opposite ends of the
topological nanowire interact with each other with strength
of &y ~ e ¢/L, where L is the length of the topological
superconductor wire and ¢ is the superconducting coherence
length [29, 30]. Figure 2C shows that when the hybridization
strength between the MZMs is strong enough 8y > 0.01wg, the
property of G(u) = ¢?/2h is destroyed. For a sufficiently large
value of )y > 0.lwg, the conductance reduces to the result of
resonant level model G(u) = €?/h because the transportation
is dominated by regular fermions as demonstrated in [22, 31].
As for the thermopower with finite 8y, its analytical expression
when the dot level is near the chemical potential can also be
obtained by the Sommerfeld expansion as [31]

S — T ey 8 (8%/1 + AZ) ©)
o 3e 42 + sﬁ 82,

By comparing Equations (8) and (9), one finds that the
hybridization between the MZMs will also induce a sign reversion
of the thermopower as seen from Figure 2D. The peaks at the

two sides of the zero point become sharper and lower with
increasing 8y due to the increased level renormalization by
coupling between the MZMs [22, 31, 33].

Figure 3 presents the conductance and thermopower varying
as functions of the system equilibrium temperature T, for
different values of §); and a fixed value of A = 0.05. The dot level
is fixed at &5 = —0.2w), where the thermopower develops a peak.
With increasing temperature, the conductance for 5y = 0 in
Figure 3A is essentially decreased and finally reaches a constant
value at high temperature (solid line). The absolute value of
the thermopower in Figure 3B is first enhanced, reaching a
maximum, and then decreases with increasing temperature. With
further increased temperature, the thermopower experiences
a sign reversion and then increases. The sign change of the
thermopower by temperature in the absence of dot-MZMs
coupling has been previously found to be induced by the
Kondo effect in single QD [43], and by interdot Coulomb
interaction in double-QD [44]. In the presence of 8y, both the
conductance and thermopower depend on the temperature in a
non-monotonous way. The sign reversion of the thermopower
by 8y can be clearly seen in Figure 3B, which agrees with the
results in [31, 33].

We now study the case of finite photon field shelled on
the dot, ie., Ay # 0. As has been demonstrated in previous
works, the conductance develops a series of photon-assisted
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FIGURE 4 | Conductance and thermopower in the presence of the microwave field with Ag = @, as functions of the dot level for different values of dot-MZMs
coupling strength A in (A), (B) with 8 = 0, and for different 8y, in (C), (D) with 2 = 0.05w,,. The equilibrium temperature is chosen as 7o = 0.0025aw.
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due to the additional transport channels induced by photon
absorption and emission processes [39-41]. Since now electrons
can transport through the dot via more states, the tunneling
probability through each channel is weakened and then the
conductances peak height is lowered, as shown by the solid
line in Figure 4A. The thermopower in Figure 4B is zero at
these photon-induced additional side bands ¢ = u + nw,
(black solid line) correspondingly. The peaks height of the
conductance is further lowered by the dot-MZMs coupling as
indicated by the dashed and dash-dotted lines in Figure 4A,
which is consistent with the results in Figure 2A. For A =

0.15wp, the conductance is negligibly small. As a result of it, the
thermopower in Figure 4B is significantly enhanced in addition
to the sign reversion. This can be understood by the definition
of the thermopower of S = —eL;/(TG). We find in Figure 4C
that the magnitude of the conductance is slightly increased by the
overlap between the MZM:s as shown in Figure 2C. Such a change
is amplified by the thermopower in Figure 4D, in which it shows
the typical sawtooth configuration with weakened strength. By
comparing Figures 4B,D, one can find that the sign reversion
of the thermopower by 8y is retained in the presence of the
photon field.

A B
)
~
[as]
A 0.0 2=0
m . / . . / - e — . . \ .
G 2=0.050, 7 : <.
_05 Q./.’ PRI 7&‘0.1(011 =\ i B - -
- =3=0.150 [ Ao 25
o I 0 2 1 1 1 P i " 1 A 1 2 N n 1
0.04 0.08 0.005 0.010
k. T /o
B:sei: P k'RTL/ (l)p
C
- L] L) L) L) l L) L) L] L)
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FIGURE 5 | Thermopower varying with the equilibrium temperature for ey = —0.2w, and different values of A in (A), and varying 8y in (C). (B) is the blow-up of (A) at
lower temperatures.
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Finally, in Figure 5 we study the properties of thermopower
varying as a function of the temperature. For zero 8y and A as
indicated by the black solid line in Figure 5A, the magnitude of
the thermopower is first increased with increasing temperature,
reaching a maximum at about kg T, = 0.05w, and then decreases
to a constant value. As compared to Figure 3B, one can see that
the sign change of the thermopower induced by the varying
temperature is eliminated in the presence of photon field. For
non-zero A, however, the thermopower changes sign by the
varying of both temperature and X, as shown in Figure 5A. At
a lower temperature, the thermopower develops a peak, whose
sign depends on the magnitude of A. To show this more clearly,
we present in Figure 5B the blow-up of the case of kgT, <
0.0lwp. For A < 0.05w, represented by the red-dashed line,
the thermopower is positive at kgT, ~ 0, whereas those for
A < 0.lwp and A < 0.15w, are negative. In these three cases,
the thermopower develops positive peaks at higher temperatures
and then becomes negative with further increasing temperature.
At sufficiently high temperature, the thermopower reaches a
positive value regardless of the existence of MZMs. Behaviors
of the thermopower in Figure 5C essentially resemble those in
Figure 3B in which A; = 0. The reason can be attributed to the
fact that when the MZM:s are overlapped [39], the photon energy
absorbed by one mode of the MZMs is subsequently emitted by
the other mode, and then the electron transport through the dot
is less influenced.

CONCLUSIONS

In conclusion, we have studied the properties of electrical
conductance and thermopower in a quantum dot coupled to
MZMs under the irradiation of a photon field. Our numerical
results show that the conductance is fixed at half of its
quantum value as the QD-MZMs coupling increases. The
thermopower can be obviously enhanced by the combined
effect of the MZMs and PAT. This mainly occurs in a low
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