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A novel design of the Fabry—Pérot optical cavity is proposed, utilizing both the topological
interface state structures and photonic bandgap materials with a controllable reflection
phase. A one-to-one correspondence between the traditional Fabry—Pérot cavity and
optical topological cavity is found, while the tunable reflection phase of the photonic crystal
mirrors provides an extra degree of freedom on cavity mode selection. The relationship
between the Zak phase and photonic bandgap provides theoretical guidance to the
manipulation of the reflection phase of photonic crystals. The dispersions of interface
states with different topology origins are explored. Linear interfacial dispersion emerging in
photonic crystals with the valley—spin Hall effect leads to an extra n = 0 cavity mode
compared to the Zak phase-induced deterministic interface states with quadratic
dispersion. The frequency of the n = O cavity mode is not affected by the cavity length,
whose quality factor can also be tuned by the thickness of the photonic crystal mirrors.
With the recent help of topology photonics in the tuning reflection phase and dispersion
relationship, we hope our results can provide more intriguing ideas to construct topological
optical devices.

Keywords: photonic crystal, topological interface states, reflection phase, Zak phase, valley-spin Hall effect

INTRODUCTION

In 2008, Haldane and Raghu [1, 2] introduced topology to photonics, opening a brand-new research
direction in the realm of photonics: topological photonics [3, 4]. Various topological invariants,
having been applied to topological insulators, can also be used to characterize the properties of
photonic bulk bands. When two optical materials, characterized by different topological properties,
are placed in proximity, robust edge states emerge along their interfaces which could accommodate
backscattering-immune electromagnetic propagations. After the first demonstration of a
unidirectional optical waveguide [5], the Chern number, as the quantized flux of the Berry
curvature through the whole Brillouin zone (BZ), has triggered various designs in electronic [6],
photonic [7-9], and cold atom [10] systems. The Zak phase [11], a one-dimensional (1D) geometric
phase, was also found to be capable of describing bulk photonic band properties [12]. It was further
extended to two-dimensional (2D) and deterministic waveguiding in both acoustic and photonic
systems [13-16]. Different from the systems characterized by the Chern number, that time reversal
symmetry is broken; the inverted symmetry breaking results in a sign opposite to that of the Berry
curvature near the two inequivalent BZ corners where the valley Chern number [17-19] can be
defined and unidirectional valley pseudospin propagation was observed [20-23]. With the help of
these topologically induced unidirectional electromagnetic propagations, various novel designs, such
as optical delay lines [24], valley couplers [25], and nonlinear optical devices [26], have been
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FIGURE 1| (A) Sketch of a traditional FP cavity. Light of wavelength Aep will exist in such a cavity. (B) The schematic diagram of OTC type | constructed by 2D PCs.
PC1 and PC2 are with different Zak phases where interface states are induced along their interface within the common photonic bandgap of PCm1 and PCm2 (in gray).

successfully demonstrated. Moreover, major research attention
has also been devoted to laser operations, employing the
topological interface states [27-33]. Different topological
interface state designs, based on mechanisms such as the
Su-Schrieffer—-Heeger (SSH) model [27, 28], magneto-optical
effect [29], coupled ring-resonator array [30], spin Hall effect
[31], and valley-spin Hall effect [32], have been applied to
increase the total emission power in topological cavities and
maintain a stable single-mode emission of the whole system.
Topological bulk lasing is also possible by engineering band-
inversion-induced reflection [33].

In a traditional laser, the Fabry-Pérot (FP) cavity, in which
photons bounce back and forth in the lasing medium between
two parallel plane mirrors (as shown in Figure 1A), is an
important component to provide light energy feedback.
Furthermore, it also plays an important role in frequency
selection. In this article, we extend the study of topological
photonics to the design of the FP laser cavity by using 2D
topological photonic crystals (PCs). Different from previous
studies where only topologically induced interface modes were
employed, we also design the reflection mirrors of PCs based on
topological photonics. By assembling different PCs with
topologically induced interface states and different PC mirrors
with different reflection properties, we can construct optical
topological cavities (OTCs) with tunable properties. Two
different types of OTCs, based on different topological
interface states, are designed and compared with the physics
discussed below. The PC-based reflection mirrors also provide a
degree of freedom for mode selection, and an efficient approach
to tune the cavity fidelity is also discussed.

DESIGNS AND RESULTS
Optical Topological Cavity Type |

As shown in Figure 1A, a traditional FP cavity is composed of
parallel cavity mirrors and a lasing medium in between. The laser
wavelength App to be selected depends on the distance between
the two cavity mirrors: #App/2 = Leayity, Where Leayiey is the
distance between the two mirrors and n indicates its index.

Our construction principle for OTCs is to use topologically
induced interface states to replace the lasing medium and PC
mirrors to replace the cavity mirrors. A scheme of OTC type I is
depicted in Figure 1B. In OTC type I, the Zak phase-induced
interface states are employed where PC2 is the counterpart of the
cylinder-arrayed PC1 with a shifted lattice [15]. The cavity length
L is defined as the number of columns of PCs used. Photonic
bandgap materials will serve as reflecting mirrors, and as an
example, mutually inverted 2D PCs with thickness b are used as
illustrated in gray. Other PC mirrors can also be considered. In
this work, we carry out numerical simulations using the finite
element method [34] to study the properties of such OTCs. A
point source (denoted as an orange star in Figure 1B) is used to
excite the cavity modes, and its transmission spectrum is obtained
by a line integral along the black dotted line on the right side of
the cavity. Within the gap frequencies of PC mirrors, the peaks
existing in the transmission spectrum denote the cavity modes
excited.

Here, we consider the transverse magnetic (TM, with electric
field E7 along cylinder axis) polarization. The calculated photonic
band diagrams of the PC1 and PC2 are shown in Figure 2A. PC2
(in red) is identical to PC1 (in blue) of a square array of dielectric
cylinders except that its unit cell is shifted by half a lattice
constant a along the y direction. The radius of cylinders for
PCI and PC2 is r; = 0.282a. In Figure 1B, colored regions (red,
blue, and gray) indicate where dielectric materials with &g =
10.5 are used and air is assumed in other regions. With identical
unit cells, PC1 and PC2 possess the same band diagram with a
common bandgap above the first photonic band. It is discussed
and experimentally verified [15, 16] that the Zak phase of the first
band is inverted between PC1 and PC2; thus, an interface state
would emerge if PC1 and PC2 are assembled, as shown in the
black line in Figure 2B. Here, we consider a supercell with 15 unit
cells of both PCs, and periodic boundaries are applied along both
the x and y directions. Electromagnetic waves will propagate
along the interface within the frequency range between 0.2521
and 0.3021c/a. The major physical reason that the interface state
shall arouse along the interface is that the reflection phase ¢pc; (5
on PC1(2) is of a different sign, and when @pq; + ¢pe, = 0, an
interface state emerges [15]. The reflection phase of PCs plays a
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FIGURE 2 | (A) TM photonic band diagrams of PC1 and PC2 with shifted lattice. (B) Calculated projected band structure with a supercell of PC1 and PC2
assembled along the y direction. The folded bulk bands of PC1 and PC2 are painted in gray, and the interface state is in black. (C) The reflection phases upon PC mirrors.
(D) By changing PC mirrors, the cavity mode frequency will change. Red lines indicate the scenario where PCm1 serves as both cavity mirrors, and the black line
indicates the scenario where PCm1 and PCm2 serve as the two cavity mirrors, respectively. A slab of effective parameters ¢ = -2.8 and p = 1.2 with a reflection
phase 113.578"is also considered to replace PCm1, whose reflection phase is the same as that of PCm1 at 0.2683 c/a.
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key role in the emergence of such an interface state. Will the
reflection phase play a role similar to that of the PC mirrors?
PCml is chosen to be the same as PC1, and its reflection phase is
calculated to be between 83.551 and 126.542°, within the
frequency range of the interface state dispersion. If we
consider a similar cylinder-in-air geometry and at the first
photonic bandgap, we shall obtain a reflection phase with
similar values. On the contrary, as discussed in Huang et al.
[14], an inverted PC, with air holes in a dielectric slab, will have
inverted the Zak phase as well as the reflection phase at the
photonic gap above the first band. In other words, the reflection
on an inverted PCm2 constructed by drilling air holes of radius
1, = 0.473a in the dielectric slab will be totally different from that
with cylinder-in-air geometry, where its calculated reflection
phase is found between -170.309 and —136.291°, as shown in
Figure 2C. OTC type I is thus constructed with the Zak
phase-induced interface as the lasing medium and PCs with
inverted structures as mirrors, as depicted in Figure 1B. In
Figure 2D, the calculated transmission spectrum of OTC type
I is plotted with the cavity length L = 114 and mirror thickness
b = 3a. A cavity mode, peaked at 0.2696 c/a, is excited. What if PC
mirrors are changed? By replacing PCm2 back to PCml, an
obvious shift of the cavity mode is acquired.

In the studies of traditional FP cavities, the reflection phase of
mirrors has never been considered. The major reason is that in a

traditional FP cavity, metallic mirrors are considered with a 180°
reflection phase. During the back-and-forth bouncing between
these two mirrors, no phase accumulation will occur. On the
contrary, although total reflection occurs on PCm1/PCm2, the
frequency shift we observe shall correspond to their different
reflection phases. Electromagnetic waves propagate along the
interface and then bounce back on one PC mirror with the
accumulated phase and propagate again along the interface.
Thus, the FP condition of a cavity shall be revised as

Pocmt T Prcm + 2k (W)L = 2nm, (1)
where Ppcmi(2) 1S the reflection phase on PCm1(2) in the radian
unit, k (w) is the wave number (in the unit of 271/2) of the interface
state at different frequency w, L is the length of the OTC, and # is
an integer. Eq. 1 can be easily reduced to the FP condition if
inserting @p..; = Ppema = 7 and k(w) = 277/Agp. From Eq. 1, we
can easily see that using PC mirrors will provide an effective
approach to tune the reflection phases and the mode to be
selected. However, the precise verification of Eq. 1 is not
straightforward as both the reflection phases of PCs and the
dispersion of the interface states are frequency dependent. As
total reflection occurs here for PC mirrors, a simpler approach is
to replace PC mirrors with effective medium slabs with a single
negative value of permittivity/permeability, where the arbitrary
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FIGURE 3| (A) The calculated transmission spectrum with PC mirrors replaced by single negative effective medium slabs. (B-G) Simulated £ field distributions at

TABLE 1 | Cavity modes at length L = 11a.

n f(c/a) k(n/a) K (n/a) 2kl

1 0.2529 0.090 0.091 1.988n
2 0.2553 0.182 0.182 4.000n
3 0.2592 0.273 0.272 5.999n
4 0.2644 0.363 0.364 7.997n
5 0.2705 0.454 0.455 9.986m
6 0.2771 0.544 0.545 11.968n

reflection phase can be tuned. As shown in the dashed line in
Figure 2D, by replacing PCml with a slab with
€ =-2.8, y = 1.2a, whose reflection phase is the same as that
of PCml1 at the frequency 0.2683 c¢/a, a nearly identical spectrum
is obtained, indicating the validity of our effective slab model. We
thus can verify Eq. 1 through numerical simulations by various
slabs with tunable reflection phases. We change PCml to slabl
with ¢; = =3, 4, = 2and PCm2 to slab2 with &, = 3, 4, = -2,and
their reflection phase sum is ¢, + ¢, = 0. The slab thickness is
a. As can be found in Figure 3A, multiple cavity modes are
excited in OTC type I with L = 11a. The corresponding mode
profiles (normalized to its own maximal intensity) can be found
in Figures 3B-G at the frequencies 0.2529, 0.2553, 0.2592, 0.2644,
0.2705, and 0.2771 c/a, respectively. Red (blue) color indicates
that the electric field is of positive (negative) value, which bears
great similarity to the first of the sixth-order FP modes. It is the
fifth-order FP mode that we achieved, as shown in Figure 2D.

Further analysis is conducted as shown in Table 1. We can
find its corresponding wave number k at the transmission
spectrum peak frequency in our calculated dispersion, as
shown in Figure 2B. Thus, the total phase accumulation 2 kI
with ¢, +¢., =0 is very close to the corresponding n
multiplied by 2m. For comparison, we can also obtain the
corresponding wave number k by the fast Fourier
transformation of the corresponding electric field distribution

as shown in Figures 3B-G, where good consistency can be found
with our dispersion readout.

Optical Topological Cavity Type Il

Using Zak phase-induced interfaces, we have successfully
constructed OTC type I and discovered the role PC mirrors
play in the mode selection. As various applications have been
demonstrated utilizing the unidirectional interface states induced
by the valley-spin Hall effect, we extend our work to construct
OTC type II by using valley-spin Hall PCs. By introducing
sublattice symmetry breaking into the honeycomb lattice PC
[25], unidirectional interface states are induced and adopted to
construct OTC type II. We consider PC3 and PC4 with inverted
inversion symmetry. Here, three honeycomb lattices are
considered as an enlarged hexagonal unit cell, with six
dielectric cylinders with permittivity e;,=7.5 inside, as
depicted in the inset of Figure 4A. If all six cylinders are of
the same radius, with such an enlarged unit cell, the Dirac cones
originally at BZ boundaries (K and K points) of the honeycomb
lattice will be folded to the BZ center (I point) to form a doubly
degenerate Dirac cone. If neighboring cylinders are of different
radii (r; = 0.1764 and r4 = 0.147a , where a is the side length of
the hexagon unit cell), a bandgap opens in the calculated TM
photonic band diagrams of PC3 and PC4, as shown in Figure 4A.
PC3 and PC4 are of an identical unit cell but cylinders of radius 3
are swapped with those of r4. Assembling PC3 and PC4 along the
lattice armchair orientation will give rise to unidirectional
interface states, with the calculated interface dispersions (in
green and orange) shown in Figure 4B. Here, we consider a
supercell (shown in the right panel) consisting of five unit cells for
both PC3 and PC4, with periodic boundary conditions applied
along the x direction and scattering boundary conditions applied
along the y direction. Interface states corresponding to valley
pseudospins up (in green) intercross those of pseudospin down
(in orange) linearly at T’ point, which is very different from the
Zak phase-induced interface state, as shown in Figure 2B. A
major difference between OTC type I and type II is that the
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interface states are with linear or quadratic dispersion, which
leads to their different performance, as we shall elaborate later.

We have shown in the previous section that using an effective
medium slab can explain the role of PC mirrors in constructing
an OTC, and thus, a pair of effective medium mirrors with zero
total-reflecting phases is first considered here to construct OTC
type I with &; = =5, y; = lande; = 5, y, = —1.In Figure 4C, we
show the calculated transmission spectrum through this OTC,
where multiple peaks, inferring multiple cavity modes, are
obtained. For comparison, as shown in Figure 4D, the
spectrum of another set of slab mirrors, with & = -6, y; =1
and ¢, = 1.5, y, = -1 is considered with ¢_, +¢_, = 0.1897,
where all modes shift to higher frequency. But a detailed
analysis from Eq. 1 reveals some new physics. Instead of all-
positive mode indices found in OTC type I, negative indices are

also possible in OTC type 1, as derived from Eq. 1. The field
profiles of mode + 1( + 2) are very similar to each other and bear
similarity to Figures 3B and C. Here, the corresponding
analytical mode index is achieved by finding wave number k
from Eq. 1 and its readout of the frequency from the valley
pseudospin up dispersion. Moreover, an extra n = 0 mode
emerges. As can be seen in Figure 4E, the mode is almost
homogenous along the whole interfacial region except for
some variations in one unit cell, inferring no phase
accumulation for electromagnetic waves during interfacial
propagation.

The unidirectional property of valley-spin Hall interface states
provides a totally different picture of the electromagnetic wave
propagation inside OTC type II. As our source is on the left side of
the OTC, only the valley pseudospin up state (the green-colored
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dispersion in Figure 4B) is excited to propagate rightward, whose
wave number is decided by the corresponding frequency. With its
linear dispersion, both positive and negative values of the wave
number are possible and correspond to different frequencies.
When bounced on the right mirror, the pseudospin up state must
be flipped to the pseudospin down state as for the unidirectional
property and a change of dispersion occurs. However, although
the sign of the wave number changes accordingly, as for leftward
propagation, further phase accumulation will occur to satisfy the
FP condition as shown in Eq. 1. The phenomenon will be
identical if the source is put on the right side of the OTC with
an identical transmission spectrum to be received on the left side
of the OTC. However, if the leftward propagation valley
pseudospin down state is considered first, which is the case
with source on the right, mode index n will be reversed such
that the sequence of the peaks shall read as 2, 1, 0, -1, and -2, as in
Figures 4C and D, respectively. This is quite different from OTC
type I with a Zak phase-induced interface state with only positive
indices. With its quadratic dispersion, the frequency with wave
number k is the same as that of —k and thus positive and negative
indices are degenerate to each other.

The absence of n = 0 mode in OTC type I can also be
understood from their dispersion difference. Although k =0
(at T point) is possible for the Zak phase-induced interface
state, time reversal symmetry requires that its dispersion be
quadratic, whose group velocity is zero there. This slow light
will not be physical and will not appear in our calculated
spectrum. On the contrary, the finite group velocity of the
linear dispersion of the valley-spin Hall effect at I' point
allows its emergence.

Knowing the physics of OTC type II, we can construct it using
PC structures. We consider PC mirrors with deformed
honeycomb lattice, where the positions of the six cylinders in
PC3 and PC4 are changed. When the six cylinders in one unit cell
are moved closer to the center of the unit cell, decreasing the
intercylinder distance, a shrunken-latticed PCm3 is constructed
where its expanded counterpart is considered as PCm4, both
shown in gray in Figure 5A. The lattice deformation not only
provides an extra mechanism for the bandgap opening of the
linear dispersion of two interface states [35], but also leads to the
quantum spin Hall effect of photonic crystals [36, 37]. With the
bandgap of the interfacial state dispersion, PCm3 and PCm4 can
serve as the PC mirrors for OTC type II. Of course, other
honeycomb structures can be introduced as PC mirrors whose
photonic bandgap frequency overlaps with the linear interfacial
dispersion of the valley-spin Hall effect in the PC we design. The
introduction of lattice deformation is the easiest approach
(though not of the easiest geometry) to guarantee the bandgap
with matched lattice. With the same dielectric material
considered, this 2D design can be further extended to
photonic slab geometry. The intercylinder distance is # =
0.594a for PCm3 and %, = 0.6454 for PCm4, and thus, they
are with a common bandgap but different bulk topological
properties. We thus can obtain the transmission spectra
through OTC type II as illustrated in Figure 5A, and the
results are shown in Figures 5B-D. By considering different
PC mirror configurations, the obvious frequency shift of cavity
modes can be achieved. The frequency shift is a consequence of
the reflection phase difference between PCm3 and PCm4. It is
totally understandable because of the different topological bulk
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properties (Z, topological invariant) for expanded and shrunken
lattices. In both OTC type I and type II, the use of PC mirrors with
different reflection phases is an efficient approach to select the
mode to be excited. From Eq. 1 and the traditional FP cavity, the
cavity mode will also be dependent on the cavity length L, except
for the n = 0 mode, which only exists in OTC type II. As can be
seen in Figure 5C, the frequency of the #n = 0 mode remains at the
frequency of 0.6548 c/a with different cavity lengths considered,
but the frequency difference between other peaks becomes
smaller for a longer cavity. Here, PCm3 and PCm4 are
considered as cavity mirrors on either side. Mode fidelity is
also a key property of optical cavities. The quality (Q) factor,
the full-width half maximum of the n = 0 mode can be largely
enhanced if the PC mirror thickness is increased. Although the
results are obtained with cavity length L = 174/, as the frequency
of the n = 0 mode is not sensitive to cavity length, the tuning of
quality factor can be applied to other cavity designs.

DISCUSSION AND CONCLUSION

In summary, we extend the study of topology photonics to the
construction of OTCs. Different topological invariants have been
utilized for the generation of robust topological interface states
with various applications triggered. Following the theoretical
derivation based on the Zak phase and valley-spin Hall effect
of light, respectively, different topologically induced interface
states are designed and introduced in the construction of OTC
type I (PCs with shifted lattice) and OTC type II (honeycomb
lattice with broken inversion symmetry). Although one-to-one
correspondence between a traditional FP optical planar mirror
cavity and OTCs can be found, the quadratic interface dispersion
in OTC type I and the linear interface dispersion in OTC type II
govern the totally different mode selection criteria in the two
OTCs. Negative and zero™ mode indices appear for OTC type II,
solely because of its linear dispersion with topological origin. The
zero™ mode maintains a constant working frequency irrespective
of the length of the cavity.

We also extend the study of topological invariants to the
design of the reflection phase in an OTC. We find that the
reflection phase of PC mirrors adopted in the construction of
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