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Dark solitons dynamically generated from a potential moving in a one-dimensional Bose-Einstein condensate are displayed. Based on numerical simulations of the Gross-Pitaevskii equation, we find that the moving obstacle successively emits a series of solitons which propagate at constant speeds. The dependence of soliton emission on the system parameters is examined. The formation mechanism of solitons is interpreted as interference between a diffusing wavepacket and the condensate background, enhanced by the nonlinear interactions.
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1 INTRODUCTION
Solitons are localized waves which move at constant velocity and stable shape [1]. They usually emerge as the nonlinear interaction counterbalance with the wave dispersion. So far, solitons are found and studied in various systems such as water waves [2], fiber optics [3], magnets [4], plasmas [5], atomic Bose-Einstein condensates (BECs) [6]. With the experiment development of ultracold atomic gases, BECs have higher degree of controllability. There have been extensively investigations about the existence [7] and dynamics of solitons [8–11], including multicomponent matter waves [12, 13] and multidimensional solitons [14] or vortices [15]. Experiment techniques like phase imprinting [16], quantum quenching [17], density engineering [18] have successfully generated dark and bright solitons. In one-dimensional (1D) BEC, manipulating the size of initial box can tune the number, size and velocity of newly generated solitons [19]. For multicomponent condensates, an increase of the initial separation or chemical potential can lead to an increase of nucleated number [20]. By inserting obstacle into the two-dimension supersonic flow of BECs, solitons are generated in numerical simulations [21] and experiments [22]. The number of solitons increases with the size and the speed of the obstacle.
In a recent paper, researchers exhibited solitonic diffusion of a hump or a notch wavepacket in a 1D BEC [23]. The travelling velocity of the generated solitons increases with the nonlinear interaction strength. In this paper, we consider a Gaussian obstacle potential moving at constant velocity in a 1D BEC of repulsively interacting atoms. We find that solitons are successively emitted from the moving obstacle. The velocity of the solitons are nearly same. Numerical simulations exhibit the dependence of soliton emission on the system parameters including the obstacle height, the nonlinear strength, and the obstacle speed as well. It shows that for higher obstacle more solitons are emitted, while fewer solitons are emitted for larger nonlinear strength. When obstacle moves faster, solitons are generated more frequently.
This paper is organized as follows. In Section 2, we introduce the model and the method of numerical simulations. In Section 3, we present the main results of our simulations, including the effects of three parameters on the dynamical generation of solitons by moving obstacle. We discuss the dynamical mechanism of the soliton emission through interference of a diffusive wave packet with the BEC background in Section 4. A brief summary is given in Section 5.
2 MODEL
We consider a one-dimensional uniform BEC background consisting of repulsively interacting atoms, in which a Gaussian obstacle potential moves. In the limit of zero temperature, dynamical properties of dilute atom BECs are governed by the mean-field Gross-Pitaevskii (GP) equation, which is a nonlinear Schrodinger equation (NLSE). Suppose the condensate is confined by a potential of longitudinal scale L greatly larger than the transverse scale. The energy of longitudinal excitations is much lower than that of transverse excitations. Hence the latter can be take as the ground state and is integrated out. The quasi-1D BEC which is described by a macroscopic wave function ψ (x, t) and the GP equation is written as [24].
[image: image]
where g = 4πℏ2aN/M is the nonlinear strength with a the s-wave scattering length. Here, N is the total number of atoms, and M is the atomic mass. The repulsive interaction corresponds to a > 0. The atom density is ρ (x, t) = N|Φ(x, t)|2. The healing length of the confined potential is [image: image]. We introduce the dimensionless variables [image: image], [image: image], [image: image], where [image: image] is the characteristic density with μ0 is the characteristic energy scale. In the BEC of density n0, the healing length is [image: image], and the velocity of sound is [image: image]. For our purpose we introduce an additional moving potential V (x, t) into the uniform BEC in order to stir the dynamical process. The dimensionless GP equation is then given by [25].
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In the rest of this paper we always employ dimensionless variables.
Solitons are stable objects that can exist in a repulsive 1D BEC. In a uniform external potential the GP Eq. 1 has an moving dark soliton solution [26],
[image: image]
where the soliton transports with velocity c = 2μ − 4k2 with k the width of soliton, and μ is the chemical potential of the condensate. In a non-uniform external potential it is not easy to acquire such exact solution to the GP equation. For an external moving obstacle we have recoursed to numerical simulations on the dynamical evolution of BEC. In this paper we employ a Gaussian obstacle moving in BEC with velocity v.
[image: image]
where A is the potential height of the obstacle and σ is the width of the obstacle. Before the dynamical process, we first evolve the GP equation to the ground-state for V (x, 0) via the imaginary-time propagation. Then we take this ground-state as the initial state of the real-time evolution, using the V (x, t) in Eqs 2–4. We will observe the dynamical effects of the BEC excited by moving potential.
In BEC experiments, a moving Gaussian obstacle may be introduced by introducing a moving laser beam whose shape is [image: image]. Experimentally the size of the BEC is about 1um.
3 SIMULATION
Our simulations reveal that the moving Gaussian obstacle can constantly excite dark solitons. We explicitly examine the dependence of solition generation on the system parameters including the obstacle height, the nonlinear strength, and the obstacle velocity.
Figure 1 shows the emission of dark solitons in a BEC of nonlinear strength g = 2 which is triggered by a moving obstacle at fixed velocity v = 1. The potential height of the moving obstacle varies from 1) A = 0.7, 2) A = 1.5, 3) A = 2.5 to 4) A = 3.5, respectively. For A = 0.7, after t = 40 of real-time evolution, four dark solitons are emitted from the moving obstacle, which are the four deep blue parallel lines on the left of obstacle track. The density on the left of obstacle nearly equals to the density on the right of obstacle. The parallel blue trails indicate that the generated solitons propagate at almost the same speed. For A = 3.5, sixteen solitons are emitted with almost same speed while the density on the left of obstacle is much higher than right. Consequently, a higher potential can emit more dark solitions during the same time interval. Additionally, the speed of emitted solitons decreases as A increases. This observation result from the fact that higher obstacle may cause greater disturbance in the nonlinear system.
[image: Figure 1]FIGURE 1 | Successive emission of dark solitons from a moving Gaussian obstacle at fixed velocity v = 1 with the nonlinear strength g = 2. The obstacle height takes (A) A = 0.7, (B) A = 1.5, (C) A = 2.5, (D) A = 3.5, respectively. The color contour shows atom density. As the color is darker, the atom density is smaller. Thus, the deep blue parallel lines are dark solitonic trajectory. As the obstacle height increases, dark solitons are more frequently emitted.
Then we examine how the nonlinear strength affects the generation of solitons. For this purpose we fix the speed of the obstacle at v = 1 and the potential height A = 1. Figure 2 displays the solitonic diffusion relating to different nonlinear strength. For g = 1, seven solitons are emitted during time interval Δt = 40 and the density on right of the obstacle is much larger than on the left of obstacle. As the nonlinear strength increases, fewer and fewer dark solitons are emitted. The velocity of the emitted solitons relative to the obstacle also increases. Since the width of initial wavepacket, i.e., the ground-state under this condition, is smaller, the width of the excited solitons is also smaller.
[image: Figure 2]FIGURE 2 | Comparison of soliton emission from a moving obstacle in a condensate of different nonlinear strength, (A) g = 1, (B) g = 2, (C) g = 3, (D) g = 4, respectively. The Gaussian obstacle with potential height A = 1 moves at fixed velocity v = 1.
We also study the dependence of soliton emission on the obstacle speed. We take the nonlinear strength g = 2 and the potential height A = 1. Figure 3 displays the emission of dark solitions from the Gaussian obstacle at different speed. More solitons are emitted as the obstacle moves faster. When v < 0.2, no solitons are emitted. As v = 0.5, the obstacle generate one soliton within time interval t = 40. We note that the solitons move leftwards instead of rightwards. As the obstacle speed increases to v = 1.2, more solitons are emitted and the solitons begin to move rightwards.
[image: Figure 3]FIGURE 3 | Dependence of solitonic emission on the obstacle speed v for (A) v = 0.2, (B) v = 0.5, (C) v = 0.7, (D) v = 1.2, respectively. The parameters take g = 2 and A = 1.
In Figure 4 we display the explicit relations of the soliton emission with the system parameters. For g = 2 and v = 1, the fitted curve in Figure 4A exhibits the velocity of solitons v0 versus the height of obstacle potential A. In Figure 4B the velocity of solitons exhibits a non-monotonous dependence on the obstacle speed v under the condition of A = 1 and g = 2. Figure 4C plots the relation of soliton velocity versus the nonlinear strength g at potential height A = 1 and obstacle speed v = 1.
[image: Figure 4]FIGURE 4 | Fitting relations of soliton velocity with the system parameters. (A) Soliton velocity versus the obstacle height. (B) Soliton velocity versus the obstacle speed. (C) Soliton velocity versus the nonlinear strength.
Finally, we study a uniformly accelerated obstacle moving in the condensate from zero initial velocity. Figure 5 shows the emission of solitons from a accelerate obstacle with acceleration a = 0.05 for different nonlinear strength g. It shows that the solitons begin to emit only when the obstacle speed exceeds a critical value. The critical obstacle speed is vc = 0.85 for g = 2 in Figure 5A and vc = 1.3 for g = 4 in Figure 5B.
[image: Figure 5]FIGURE 5 | Solitonic emission from a uniformly accelerated obstacle with zero initial velocity. The acceleration is fixed at a = 0.05 and the obstacle height takes A = 1. The nonlinear strength are respectively (A) g = 2 and (B) g = 4. Dark solitons are emitted only as the obstacle velocity exceeds a critical value.
Up to this point, we have qualitatively discussed the law of solitons’ generation from moving obstacle. In short, if we want to generate more solitons during same time interval, we can take a higher obstacle moving faster and reduce the nonlinear strength. Then, if we want generate the solitons whose relative velocity is lager, we can take a higher obstacle.
4 DISCUSSION
We try to understand the underlying mechanism of the soliton formation via a moving obstacle in the 1D condensate. In a previous publication, we have demonstrated that a hump or a defect in a uniform BEC background will exhibit solitonic diffusion [23]. The initial wavepacket splits into a series of dark solitons which travel at different velocity. The moving velocity of the soliton depends on non-linear interaction strength as well as the shape of a particular grey soliton. Soliton emission in the present paper is a phenomenon deeply related to work. In fact, the moving obstacle drills a defect in the uniform background, which thereafter diffuses like in Ref. [23]. The interference between the diffusing wavepacket and the condensate background yields a series of density fringes. These fringes are strengthened by the nonlinear interactions and finally leads to formation of dark solitons. The uniqueness comes from the diffusing source excited by the obstacle is in constant motion.
In order to explicitly show this process, we suppose that the initial wavepacket or defect is Gaussian,
[image: image]
where σ is the width of Gaussian wave-packet. The diffusion of this wavepacket in the 1D space evolves as
[image: image]
Substitute Eq. 5 into Eq. 6 and perform the integral, we obtain an analytical expression for the free diffusion of wavepacket,
[image: image]
The moving obstacle cause a moving diffusion source, hence we have the following form of diffusing wavefunction,
[image: image]
where v is the obstacle speed.
On the other hand, the uniform condensate background acquire a plane wave phase relative to the moving source of diffusion. In the static frame of motion, it becomes a plane wave of the form
[image: image]
with the momentum of the plane wave p = v in our units. The superposition of the diffusing wavepacket ψd (x, t) and the uniform background ψbg (x, t) leads to interference described by the wavefunction
[image: image]
where A is the height of Gaussian wave-packet.
Figure 6 displays the density profiles of wavefunction (10) for 1) v = 1.5 and 2) v = 2.5, respectively. The interfere fringes exhibit similar features as those in numerical simulations from the GP equation. Yet the density fringes are not solitonic, which is attributed to the effects of nonlinear interactions of the condensate. It demonstrates that the periodic emission of solitons is actually an interference effect between the diffusing defects and the BEC background. The nonlinear interactions enhance this process. The increase of obstacle speed implies increase of momentum p of the plane wave, which yields denser interference fringes. Hence, it seem more solitons are emitted in the same time interval as shown in Figure 6B.
[image: Figure 6]FIGURE 6 | The density profiles of wavefunction (10) for (A) v = 1.5 and (B) v = 2.5, respectively. The Gaussian wavepacket takes A = 0.5 and σ = 1. The red line indicates the trail of the moving obstacle.
5 SUMMARY
In summary, we have studied the dynamic generation of dark solitons from a moving obstacle. We find that the obstacle moving with constant velocity can periodically emit solitons. The underlying physics is explored and interpreted by interference between a diffusing wavepacket and the condensate background. Nonlinear interactions enhanced the formation of solitons during the evolution. Our prediction may be observed with the present techniques. It will help readers to get a deeper understanding of dynamical formation of solitons in nonlinear media and trigger new idea for solitonic creation for light transportation in liber.
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