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In this paper, we study two classes of a space curve evolution in terms of Frenet frame for
the visco-Da Rios equation in a 3-dimensional Riemannain manifold. Also, we obtain the
connection between the visco-Da Rios equation and nonlinear Schrédinger equation for
two classes in a 3-dimensional Riemannain manifold with constant sectional curvature.
Finally, we give the Backlund transformations of space curve with the visco-Da Rios
equation.

Keywords: Da rios equation, hasimoto transformation, time evolution, schrédinger equation, béacklund
transformation

1 INTRODUCTION

The study of the motion of curves is understanding many physical processes such as dynamics of vortex
filaments and Heisenberg spin chains. In particular, the dynamics of vortex filaments has provided for
almost a century one of the most interesting connections between differential geometry and soliton
equation. Lamb [1] described the connection between a certain class of the moving curves in Euclidean
space with certain integrable equations. Also, Murugesh and Balakrishnan [2] showed that there are two
other classes of curve evolution that get associated with a given solution of the integrable equation as
natural extensions of Lamb’s formulation and they investigated nonlinear Schrédinger (NLS) equations of
integrable equations with modified vortex filaments for two classes.

Vortex filament equation is also called Da Rios equation or localized induction equation. The theory of
solitons of Da Rios equation was discovered by Hasimoto proving that the solutions of Da Rios equation
are related to solutions of the cubic nonlinear Schrédinger equation, which is well known to be an equation
with soliton sloution [3-9] etc. In particular, Barros et al. [10] studied solutions of Da Rios equation in three
dimensional Lorentzian space form and they also gave classification of flat ruled surfaces with Da Rios
equation. Aydin et al. [11] investigated flat Hasimoto surfaces given by 1-parameter family of Da Rios
equation in pseudo-Galilean space. By using Da Rios equation, Grbovi¢ and Nesovi¢ [12] studied derived
the vortex filament equation for a null Cartan curve and obtained evolution equation for it’s torsion. Also,
they described Bicklund transformation of a null Cartan curve in Minkowski 3-space as a transformation
which maps a null Cartan helix to another null Cartan helix. Qu, Han and Kang [13] investigated Bicklund
transformations relating to binormal flow and extended Harry-Dym flow as integrable geometric flows.
Some special solutions of the integrable systems are used to obtain the explicit Backlund transformations.
Also, Sariaydin [14] dealt with Backlund transformation for extended Harry-Dym flow as geometric flow,
and author gave new solutions of the integrable system from the aid of the extended version of the Riccati
mapping method.

On the other hand, Langer and Perline [15] introduced a natural generalization of the Da Rios equation
in higher dimensional space. Pak [16] find a complete description of the connection between the Da Rios
equation and nonlinear Schrddinger equation on complete 3-dimensional Riemannian manifold and he
also studied the case when viscosity effects are present on the dynamics of the fluids in a complete 3-
dimensional Riemannian manifold, that is, he considered the equation as follows:
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where w is the viscosity and a non-negative constant. Equation 1.1 is
called the visco-Da Rios equation. If the viscosity w is zero, the
equation is reduced to Da Rios equation on Riemannian manifold,
and if the manifold is 3-dimensional Euclidean space, the equation is
classical Da Rios equation. Pak [16] discussed the visco-Da Rios
equation in a 3-dimensional Riemannian manifold for the first class
introduced by Lamb.

This paper is organized as the follows: In Section 2, we present a
brief review for evolutions of Frenet frame of a curve in 3-dimensional
Riemannian manifold. In Section 3, we investigate the geometric flow
described by Eq. 1.1 for two classes introduced by Murugesh and
Balakrishnan, and give the connection between the visco-Da Rios
equation and nonlinear Schrodinger equation in 3-dimensional
Riemannian manifold with constant sectional curvature. Finally, in
Section 4 we discuss Bécklund transformations associated with the
visco-Da Rios Eq. 1.1 for two classes of a curve in a 3-dimensional
Riemannian manifold.

2 PRELIMINARIES

Let (M, {,)) be a 3-dimensional Riemannian manifold and V
denotes the Levi-Civita connection of M. Let T,M denotes the set
of all tangent vectors to M at p € M. For a vector X in T,M, we
define the norm of X by | X|| = V{X, X).

Let C: I — M be a smooth curve parametrized by arc-length s
and {t = d , 1, b} be the Frenet frame of the curve C. We denote

ds X (s) = VX (s) for the derivative of a vector field X along the
curve C(s). Then the Frenet equations define the curvature k(s)
and the torsion 1(s) along C(s) as follows:

2(p)-(22e)e)
—(n|=| -« 0 7 n | (2.1)
ds \ p 0 -t0/\b

It is well-known that the time evolutions of the moving frames
{t, n, b} are expressed as

p/(t 0 o f t
—|n )= -a 0 n |, (2.2)
dt(b) (—/3 -y g)(b)

where a, B and y are smooth functions which determine the
motion of the curve C. Also, the compatibility conditions

2<2t>_2(2t)
dt\ds /] ds\dt )’

D /D D /D
a(ab>:£(ab)

imply
ok Oa
25"
T_oy
7 2.3
gt 5T KB, (2.3)
a—/j =Ky —TQ

Visco-Da Rios Equation

3 NONLINEAR SCHRODINGER EQUATION
FOR TWO CLASSES

3.1 Nonlinear Schrédinger Equation for the

Second Class
Consider the second frame {B, M, M} for the second class of the
unit speed curve as follows:

B =b,
M = (n-it)¢,, (3.1)
M = (n+it)d,,

where ¢; = ¢l* and X represents the complex conjugate of X.

Now to get the repulsive type nonlinear Schrodinger equation
(NLS") of the second class of the curve evolution, we take the
second Hasimoto transformation defined by [17].

¢ =10, (3.2)

From Eq. 3.1, the following lemma shows a way of changing the old
moving frame {t, n, b} into the new complex valued frame {B, M, M}.
Lemma 1. We have

i— i
~, —=¢, 0
N XA
<b> PR <B>
0 0 1
Now we consider
0
X = —C =b (3.4)
Os
and a geometric flow
aC
— =git+ g,n+ g;b, (3.5)

ot

where g;, g, and g3 are smooth functions with parameters s and t.
Since the parameters s and t are independent, and Levi-Civita
connection is symmetric, we have

oy D
ds<at> g (91t + g+ gsb)
_ (99 99, 993
_<as ng>t+<as+zcg1 g5t |n+| 5=+ 70 b,

oy D
dt<as> FrAR L

which imply

0
B = ﬁ_ K2,
-y = ai+ Kg1—T (3.6)
) V4 s g1 g3

Suppose that the geometric ﬂow of the spatial curve C ona 3-
dimensional Riemannian mamfold satisfies the visco-Da Rios
equation as follows:
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€ _ac Dac o

o s dsos Yo (3.7)
= 7t + wb.

Then, we can choose g; = 7, g» = 0 and g; = w in Egs. 3.5, 3.6
leads to

ﬁ:—g, Y = —KT + WT.
Thus, from the third equation in Eq. 2.3 and the above

equations we obtain

and have the following theorem for the time evolution
equations:

Theorem 1. The geometric flow Eq. 3.7 implies the time
evolutions of frame fields, the curvature and the torsion of a
spatial curve C with the second frame in a 3-dimensional
Riemannian manifold as follows:

Tss
0 =+ Kkw —T
T
D t ) . t
VT = —w 0 —KT + TW o
b T b
T KT — TW 0

(3.8)

K —(E—x2+xw> +TT
N s > (3.9)

T = (—KT + TW), — KT,

9 ?
where we denote % =, and % = (,.

Remark 1. System Eq. 3.9 has a solution as

K(s,t) = %(w— Za_b),

(s, t) =a sech(%s + bt + c),

where a, b, c are constants with a # 0.

Lemma 2. Let {B, M, M} be the complex - valued second frame
of the curve C defined by Eq. 3.1 in 3-dimensional Riemannian
manifold. If the geometric flow C; of the curve C satisfies the
visco-Da-Rios equation, the Riemannian curvature tensor R
satisfies the following:

R(C,,C)M = —iR1213|¢|2M + ¢ (Riz3 — iRy313)B, (3.10)

where R;,;3 = (R(t, n)t, b), R;3,5 = (R(t, b)n, b) and R;3;5 =
(R(t, b)t, b).

Proof. In fact R(C;,Cs)M = R(7t+wb,b)(n-it)¢p, =
¢R(t,b)n — ipR(t,b)t implies Eq. 3.10.

Theorem 2. The visco-Da Rios equation for the second frame
of the curve C in 3-dimensional Riemannian manifold given as

oC _oC DoC oC

is equivalent to the non-linear Schrodinger equation

Visco-Da Rios Equation

¢, = ip, +wo + F(¢)p, (3.12)

where a complex valued function F(¢) = i|¢|* - Rz +
iRy3;3 — 1 I Rypisloldt + %D (t) for some real valued function D(t).

Proof. First, we can compute the derivative of the vector M
with the help of Eq. 3.8 as:

DM—D ( ‘t)iJde
ar” Tar |\

= (w¢ +i¢,)B +iQ(s,t)M,
it follows that we have
D (M) =2 (wh+ig)B + QM)
as\a™) = g (e ig B
= (we, +i¢  +iQ¢)B — 7(w¢ +i¢ )n +iQ.M,
where Q(s,t) =k — > + kw - Since n=1¢,M+1pM
and ¢ = 7¢;, the last equation becomes
D /D
— =M )= j 1 B
2o (M) = (wo.+ “/’1“ " 1Q¢)1 o
. _ = I _ . I _ 2 _ . v
+<1Q5 2w¢>¢ 21(/>s(/>)M +< 2w¢ 21¢¢5>M.
(3.13)
Also, one finds
D /D 1 - 1, o,
(M) = 0B+ (<wpf+ 199 IM - (we +igg ).
(3.14)
On the other hand, the Riemannian curvature identity is given by
D D D D
ds dt dt ds
it follows that from Egs. 3.13, 3.14 we have

R(C,,COM = M, (3.15)

R(CCOM = (wh, + i, +iQ¢ - 9B+ (iQ - Sil4 | M.
(3.16)
Combining Egs. 3.11, 3.16 we get
we, +id . +iQ¢ — ¢, = ¢ (Rizz — iRyi313),

1 3.17
Q.= SI4F = ~RuslgF, 17

and the second equation of Eq. 3.17 implies
1
Q1) = 31gF - [ Russlgfs + Do),

where D(t) is a real valued function with a parameter t. Thus,
the first Eq. 3.17 leads to a non-linear Schrédinger equation

¢, = ig + wo, + F($)¢

with a complex valued function F(¢)=i|¢|* - Rz +
iRy313 -1 I Ripisl¢ldt + 5 D(¢).

Now, we consider a 3-dimensional Riemannian manifold with
constant sectional curvature.
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Theorem 3. The visco-Da Rios equation for the second frame
of the curve C in 3-dimensional Riemannian manifold with
constant sectional curvature c is equivalent to the focusing
non-linear Schrédinger equation

) Lo
lq)t = _(Dss - E|(D| O,
. . “’—zt—lJ-t (D (r)+c+w?)dr—ws
with a transformation @ (s, t) = ¢(s,t)e® 2 2

Proof. It is well known that a 3-dimensional Riemannian
manifold has a constant sectional curvature c if and only if

RXLYIW,Z) = c((X,WHY, Z) - (Y, W)({X,Z)) (3.18)
for tangent vectors X, Y, Z and W. From this, we get
Rizs =<R(t,b)n,b) =0, Ryz;3 = (R(t,n)b,b) = 0.

So, the non-linear Schrodinger Eq. 3.12 in Theorem 2 is
reduced to

i

¢, = ip, +we, + > (181> + D(t) + ¢)¢. (3.19)

Now, we put
D(s,t) = ¢ (s, t)e?,

where A= “’Tzit - %J‘t (D(r) + ¢ + w?)dr — %ws, its  partial
derivatives with respect to t and s imply
w? i
¢, =e (D - iTCD +5 (D(t) +c + ),
¢, = e*A(q>s + %wd)),
1
¢, = e'A((DSS + iwd, - szdD).

Thus, Eq. 3.19 is expressed as the focusing non-linear
Schrodinger equation:

1
id, = -0 — 5|<1>|2<1>.

Example 1. The visco-Da Rios equation for the second frame of
the curve C in 3-dimensional Riemannian manifold with constant
sectional curvature c is transformed into the non-linear Schrodinger
equation Eq. 3.19 by using the second Hasimoto transformation Eq.
3.2. To solve the non-linear Schrodinger equation:

i

9 = iy +w + 5 (181> + D(t) + )¢, (3.20)

the starting hypothesis is
$(s,t) = f(s=mt) = f(p),

where p = s — mt. We substitute above relation into Eq. 3.20
to get:

de;I()P) _ _idszgp)_wd";}()p)+%(Kz(p)+D(t)+C)f(P)-

Suppose that the curve C has constant curvature, that is, x(p) =
constant(= «,), and D(t) = 0. Then the last equation leads to

Visco-Da Rios Equation

%—i(m+w)%+%(xﬁ+c)f=0,

whose solution is

) = 6) = g o o VP e

te e%i(m+w+ (m+w)?+2 (xéﬂ:) )(s—mt)
2 >

where ¢; and c, are integration constants.

3.2 Nonlinear Schrédinger Equation for the

Third Class
The third frame {N, P, P} for the third class of the unit speed
curve is given by

N =n,
P =t+ib,
P=t-

ib.

We consider the third Hasimoto transformation defined

by [21.

Y =K-—irT,
then one has

b P

—P=yn.

ds v

The following lemma shows a way of changing the old moving
frame {t, n, b} into the new complex valued frame {N, P, P}, and it
is useful late.

Lemma 3. We have

1 1
0 —_ —
t 2 2 N
<n>= 1 00 <P>. (3.21)
b i1 p
0 —— —
2 2
Now we consider
aC
X=—=
Os n
and a geometric flow
% = hlt + hzn + h3b, (322)

where hy, h, and h; are smooth functions with parameters s and t.
By applying compatibility condition £ g—f =D % and Eq. 2.2,
we obtain

a=—(hy), + khy,
y = (h3), + Thy,
(hZ)s = —Kl’ll + Th3.

Suppose that the geometric flow % of the spatial curve C on a 3-
dimensional Riemannian manifold satisfies the visco-Da Rios Eq.
3.11. Then we have
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C
— = 7t + wn + b, (3.23)

ot
which implies that

h1:T> hz=w, h3=K

from this, one finds

a=—T, + Kw,
Y =K + TW.

Thus, we ave

Theorem 4. The geometric flow Eq. 3.23 implies the time
evolutions of frame fields, the curvature and the torsion of the
spatial curve C with the third frame in a 3-dimensional
Riemannian manifold as follows:

1
0 1+ xkw = (K +1°)
p/t 2 t
E nl|= T, — KW 0 Ks + TW n |,
b ) b
- (K +7°) —x,—TW 0
(3.24)
1
K = (-7, + kw), — =7 (& + 7°),
2 (3.25)

1
7, = (K + TW), + EK(KZ +1%).

Now, we prove that the third Hasimoto transformation is
solution of a non-linear Schrodinger equation of the visco-Da
Rios equation for the third frame of the unit speed curve.

Theorem 5. The visco-Da Rios equation Eq. 3.11 for the third
frame of the curve C in 3-dimensional Riemannian manifold is
equivalent to the non-linear Schrodinger equation

Y, = -y, —wy, +G(y), (3.26)

where a complex valued function G(y) is given by

i i
G(y) = <_§|1//|2 +i J (KRy323 — TRyz13)dt + ED(t))W
+7 (Riz12 +iRy23:) + K (Ryz3; + iR3323)

for some real valued function D(t).

Proof. It follows directly a similar method of proof of Theorem 2.

Suppose that a 3-dimensional Riemannian manifold has a
constant sectional curvature c. Then, Riemannian curvature
tensor Eq. 3.18 implies

Riz3=0, Rppi3=0, Ry =0

from this, Eq. 3.26 can be rewritten as the form:

) i
Y, = iy —wy + o (=lyl* + D(t) + 2¢)y. (3.27)
Now, if we consider a transformation defined by
—i(“’TZH% J (D(t)+2c+w2)dt+ws>
¥ = ye ) (3.28)

Visco-Da Rios Equation

then this transformation implies that Eq. 3.27 is expressed as
the non-linear Schrédinger equation

1
iV, =Y, + E|\1/|2\y.

Thus, we have

Theorem 6. The visco-Da Rios equation for the third frame of
the curve C in 3-dimensional Riemannian manifold with constant
sectional curvature c is equivalent to the non-linear Schrodinger
equation

. 1
iV, =¥, + El\y| Y,

where the transformation ¥ is given by Eq. 3.28.

4 BACKLUND TRANSFORMATION AND
VISCO-DA RIOS EQUATION

In this section, we study the Bicklund transformations of
integrable geometric curve flows in 3-dimensional Riemannian
manifold.

Now, we construct the Backlund transformation of the
geometric flow Eq. 3.7 of the visco-Da Rios equation for the
second frame of the curve C. Considering another curve related

C by
C(s,t) =C(s,t) +u(s, Dt +v(s,hn+ (s, )b,  (4.1)

where 1, v and § are the smooth functions of s and t. Using Egs.
3.4, 3.8, a direct computation leads to

aC aC
i (- x)t+ (v +xp—tEn+ (1 + & + Tv)b,g
= (T +u, + v(—%+ K- Ku)) - frs>t
+ (vt + y(% -+ Kw) +&(xt - Tu)))n
+ (w+ & -yt + v(—x1 + TW))b. (4.2)

Let § be the arclength parameter of the curve C. Then

ds = |Cy|\ds = \/(‘us — 1)’ + (v + ki — 7E) + (1 + & + ) 7ds:
= Qds.

It follows that the unit tangent vector of the curve C is
given by

t=pit+pn+ psb, (4.3)

where p; = Q7 (4, — k), 2= Q7 (v + xku — &) and ps = Q' (1 + &
+ 1v). Differentiating Eq. 4.3 with respect to s, we get
DE: Pls—KP2t+P25+KP1 —TP3n+P3s+TP2b

ds Q Q Q

which gives the curvature of the curve C:
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- \/(Pls —xps) + (s +kp1—7ps) + (P +7p2)” ©
K= = —
Q Q

(4.4)

It follows that form Eq. 2.1 the principal normal vector of the
curve C is given by

Pis —Kpy Pas +KP1 —TPs P3s+TP2
o t+ ) n+ R b.

Thus, Eqgs. 4.3, 4.5 Imply

i= (4.5)

A 2102 rpz)®+ ps (p1s —xp2)

5 = P2 (Pss +7p2) = p3 (pac + kp1 ~ TP3)

(C]
P1(pas + kp1 = TP3) = pa (P15 — kp2) b

: e
:=qit+gn+gsb.
(4.6)

From its derivative with respect to s, we obtain the torsion of
the curve Cas:

- 1
7=~ (P =6P2) (@15 = %) + (P2 + 1Py = 7p3) (qac + 1 — 763)
+(p3s + 7P2) (@5 + 73]

- T
00
(4.7)

Now, we assume that the flows of the curves C and ? are
governed by the same integrable system, that is, the curve C also
fulfills the geometric flow of the visco-Da Rios equation for the
second frame as follows:

ac . -
— = Tt + wb.

p” (4.8)

Then, the Bicklund transformation of the geometric flow
of the visco-Da Rios equation for the second frame with the
help of Eqs. 4.2, 4.3, 4.6, 4.7 turns out to be the following
result.

Theorem 7. The geometric flow Eq. 3.7 of the visco-Da
Rios equation for the second frame in 3-dimensional
Riemannian manifold is invariant with respect to the
Bicklund transformation Eq. 4.1 if p, v and § satisfy the
system

Tss 2 r
Y+ T+ v(—T+ - xw) —&r, = —Q—®p1 +wq,
v, +/4<E—K2+Kw>+£(KT—Tw) = —Lp +wq
t T Q@ 2 2>
E+w—pro+v(—kT + TW) = —Q—®p3 + Wqs.
Finally, we construct the Backlund transformation of the
geometric flow (3.7) of the visco-Da Rios equation for the

third frame {N,P,P} of the curve C. Considering another
curve related C by
C(s,t) =C(s,t) +p(s, )t + a(s,t)n+¢(s,t)b,  (4.9)

where p, 0 and ¢ are the smooth functions of s and t.
Using Eqs. 3.23, 3.24, a direct computation leads to

Visco-Da Rios Equation

— = (p, —x0o)t+ (1+ 0, + xp — T5)n + (g, + TO)b,
_:<T+pt+a(rs—xw)—%c(xz+12)>t (4.10)
+(w+ 0, + p(—75 + kw) — ¢(k, + Tw))n

1
+(K+ G + 0 (K, + TW) + EP(KZ + TZ))b.

Let s be the arclength parameter of the curveﬁ and Q denote
the norm of the tangent vector C; of the curve C. Then, the unit
tangent vector of the curve C is given by

t = ut+ un + usb, (4.11)

where u; = Q’l(ps - x0), uy = Q' (o, + kp — 1¢) and u3 = o'+
¢ + 10).
Equation 4.11 Implies
D. u,-xu, Uy + KU — TU3 Uszs + TU,

—t= t+ n+ b.
ds Q Q Q

(4.12)

It follows that the curvature of the curve C is given by

. \/(uls —xkp)* + (s + Kty — Tus) + (usg + TU2)° 3
K= = —
Q Q

(4.13)

Also, from Eqs. 4.12, 4.13 the principal normal vector of the
curve C becomes
Us — KUy Uys + KUy — TU3 Uszs + TU,
hX 2 z

fl:

b.  (414)

Thus, Egs. 4.11, 4.14 Imply

b = v;t+ v,n + vsb, (4.15)
where
vi = X7 [y (uss + Tuy) — us (s + Ky — TU3)],
vy = 7 =y (uss + Tp) + us (s — K1),
vs = 27wy (ugs + Kty — Tus) — s (s — K1)
and its derivative with respect to s gives

F=o— 416
o (4.16)

where we put

B = (ugs — Ktp) (Vig — Kv3) + (U + Kty — TUz) (Vo5 + KV — TV3)
+(Uss + TUy) (V35 + TV3).

Suppose that the flows of the curves C and (~:’~are governed by
the same integrable system, that is, the curve C also fulfills the
geometric flow of the visco-Da Rios equation for the third frame
as follows:

o . -
—C:%t+wii+;%b.

pn (4.17)

Then, the Bicklund transformation of the geometric flow of
the visco-Da Rios equation for the third frame with the help of
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Egs. 4.10, 4.11, 4.13.16.-.4.4.16 turns out to be the following
result.

Theorem 8. The geometric flow Eq. 3.23 of the visco-Da Rios
equation for the third frame in 3-dimensional Riemannian
manifold is invariant with respect to the Bicklund
transformation Eq. 4.17 if p, 0 and ¢ satisfy the system

1
p,+T+0(T— Kw) - Ec(xz +17°)

1
== (—Buy + wQ (s — kuip) + i 2%), 0, + w + p(—T + kW)
- ¢ (ks + TW)

1
= — (=Buy + wQ (s + Kty — TU3) + 1222), G + K
QZ( 2 (u, 1 3) 2 )Ct

1
+ 0 (K + TW) + EP(KZ +1%)

1
0 (~Eus + wQ (U3 + T12) + 1327).

5 CONCLUSION

One of classical nonlinear differential equations integrable by

through inverse scattering transform is the Da Rios equation. In

this study, we consider the visco-Da Rios equation & =

o€ A D OC € i i i ;
SN I 5+ wg: with the viscosity w of a space curve in a 3-

dimensional Riemannian manifold. From this, we show that the
visco-Da Rios equation of two classes of the space curve in a
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Visco-Da Rios Equation

3-dimensional Riemannian manifold with constant sectional
curvature is geometric equivalent to the nonlinear Schrodinger
equation by using modified Hasimoto transformations, and we
also give the Béacklund transformations of space curves with the
visco-Da Rios equation.
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