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In emergencies, the transmission of false and uncertain information from
individual to individual causes group panic, which in turn leads to the spread
of negative emotions in the group. To explore the process of panic spreading in
groups, an improved panic-spreading model is constructed in this study. First,
the groups are divided into the impatient group and the level-headed group,
based on the theory of personality traits in psychology. Second, the logistic
model is used to express the growth in the number of susceptible individuals
subject to emergencies. Third, the delay effect of panic in the group can have an
influence on the spread of panic. Therefore, a time-delayed panic-spreading
model considering the epidemic model is established. The threshold value of
the model is calculated, and the conditions for the local and global stability of
the panic-free equilibrium and panic-permanent equilibrium are obtained by
analyzing the dynamic behavior of the delayed-time panic model. On this basis,
we choose the intensity of government measures as control variables and
establish an optimal control model to minimize the spread scale. The existence
and necessary conditions of the optimal solution are proved. Finally, the
correctness of the conclusion is verified by numerical simulations.
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1 Introduction

With the rapid development and progress of the global economy, the security of
emergencies has become a very hot topic in daily life. High-rise buildings and intensive
places are increasing, and these places attract a large number of people, triggering social
stability and public safety in the case of fires, earthquakes, and a series of other
emergencies. Such emergencies can generate negative emotions, such as agitation, and
panic can spread through the group [1-4], thus generating a herding behavior and leading
to group clogging [5]. Therefore, it is important to model emotions during emergencies.

Epidemic models are widely used in the construction of transmission models due to
their own characteristics, such as rumor spread [6-8], virus spread [9, 10], and emotion
spread [11, 12]. For example, Hu et al. [13] established a rumor model considering the
proportion of wise men in a crowd and studied its effect on rumor spread. Jiang et al. [14]
proposed a new rumor model to analyze the interaction mechanism between rumor
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spreading and debunking processes. Liu et al. [15] constructed a
bird-to-human spread model with logistic growth and the Allee
effect and explored the dynamic behavior of the model. Chen
[16] developed a dynamic model by analyzing the impact of
investor sentiment on the stock market and simulated the
relevant theoretical results. Zhao et al. [17] applied the SIR
model and bond percolation theory to study the multiple
route-transmitted epidemic process on multiplex networks,
and we obtained the epidemic threshold and outbreak size by
calculation. To analyze the impact of patch distribution on virus
propagation, Zhao [18] proposed a hybrid patch distribution
strategy by combining the advantages of both the traditional-
centralized patch distribution strategy and the traditional-
decentralized patch distribution strategy. Guo et al. [19]
developed a new epidemic model with local mapping
relationships in a two-layered time-varying network to study
the effect of information diffusion on the spread of epidemics.

However, in natural and social phenomena, the trends of
many models are related not only to the current situation but also
to past development dynamics, for example, the incubation
period of viruses and the delay of transmission signals. Thus,
the introduction of a time delay to study the effects caused by
such phenomena is widely used in computer networks [20-23]
and biological systems [24-26] in many fields. Zheng et al. [27]
proposed a two-strain delay model and calculated the threshold
and equilibrium point of the model. Wu [28] developed a
nonlinear incidence and distributed latent delay model-based
SIR and analyzed the traveling waves at the equilibrium point of
this model. With COVID-19 as the background, Khan et al. [29]
developed a model with random perturbations as well as time
delays and obtained the condition for the extinction of the virus.
Similarly, Rihan [30] proposed a STAQR delay model and focused
on the spread of the virus in populations. Xia et al. [31] studied
the effects of a delayed recovery and nonuniform spread on
disease transmission in structured populations. Chen et al. [32]
built an improved rumor-spreading model based on considering
the delay of an interactive system. By proposing the correlated
strategies, this study could control rumor spreading. Zhang et al.
(33]
transformed and analyzed the effect of time delay on the
Hu [34] the
reaction—diffusion rumors with time delay as well as their

found a time-delay model when public opinions

equilibrium  point. modeled spread of
variations based on complex networks and studied the
diffusion around the equilibrium point of the model and the
Turing bifurcation.

Emergencies lead to the spread of uncertain information and
panic, and the government should take effective measures, such as
releasing official information and suppressing by force. The
application of such measures can be referred to as the optimal
control problem. The aim is to use the minimum cost while
controlling emergencies. Bolzoni et al. [35] considered the
time-optimal control problem in an epidemic model, and an
analysis of the optimal strategy could reduce viral transmission.
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Grandits [36] investigated a stochastic control epidemic model and
used the HJB equation to explore optimal control strategies. Dai [37]
considered the semigroup theory and minimizing sequences to
prove existence and some estimates of the unique strong solution
and optimal pair of optimal control problems, respectively. Hang
et al. [38] proposed an optimal control avian influenza model with
delay and analyzed the results using Pontryagin’s maximum
principle. Bashier [39] developed an optimal control model by
delay differential equations based on the SIR epidemic model and
studied the sensitivity of the two strategies to time delays. Wu [40]
investigated nonlinear optimal control problems with multiple time
delays using gradient-based optimization algorithms. To address the
dynamics virus spread model, Sun et al. [41] formulated a model of
disseminated FMD with a fixed incubation period and non-localized
infection to explore effective control measures. Kouidere et al. [42]
proposed an optimal control approach with delays in state and
control variables. Measures have been proposed in the literature on
how to control the current spread of COVID-19. Among them,
wearing masks and vaccination are effective measures. Based on the
implementation of the New York City policy, Ma et al. [43]
established a dynamic model incorporating effective mask
coverage to assess the impact of mask use during the COVID-19
epidemic. Ruhomally et al. [44] developed a cellular automaton (CA)
describing the dynamics of COVID-19 and studied the effect of
contact tracing and vaccination on the number of two reproductive
species. Economy and cost were considered in the prevention and
control of COVID-19. Asamoah et al. [45] developed a non-
autonomous nonlinear deterministic model to study the control
of COVID-19 in order to analyze the cost and economic health
outcomes of the autonomous nonlinear model proposed in the
Kingdom of Saudi Arabia. The epidemic cannot dissipate due to the
mutation of the COVID-19 virus. To predict the future evolution of
COVID-19, Massard et al. [46] constructed a model to investigate
the impact of three different SARS-CoV-2 variants on the spread of
COVID-19 in France from January to May 2021 (before vaccination
was extended to the entire population).

The models of time-delay rumors and time-delay viruses and the
corresponding optimal control models were reviewed in the
aforementioned paragraphs, but the time-delayed panic-spreading
model in emergencies was not mentioned. In real life, emotions have
an impact on the behavior of individuals, especially panic. At the
same time, emotions have three characteristics: process, holistic, and
individual variability, among which individual variability is the most
significant characteristic. Individual differences in emotions are
individual.
Individuals have different emotion perception abilities. Normally,

mainly determined by the personality of an

impatient individuals are emotionally infected and irrational, while
level-headed individuals are sensible. Therefore, it is necessary to take
into account the difference of different individual personalities in the
spread of panic under emergencies, which can truly simulate the
process of emotion spread in real life. Therefore, it is of great
theoretical and practical importance to explore the effect of time
delay on the spread of panic.
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The rest of this study is structured as follows: In Section 2, a time-
delayed panic-spreading model is presented. In Section 3, the local
stability and global stability of two equilibria are studied by
mathematical analysis. We develop the corresponding optimal
control model and solve necessary conditions for the existence of
optimal solutions by the maximum principle of Pontryagin in Section
4. The theoretical results of the numerical simulation analysis are
given in Section 5. A brief conclusion is given in Section 6.

2 Model formulation

Individuals in the group realize that the occurrence of
emergencies and the panic caused by them have a delayed effect.
The delayed model is more in line with the phenomenon after the
occurrence of emergencies. Therefore, we establish a time-delayed
panic-spreading model considering the epidemic model.

(I) In emergencies, individual differences in characteristics
(gender, age, and personality, etc.) can have an effect on
individual panic spreading. We mainly consider the effect of
individual personality on panic spreading. Therefore,
according to personality of the literature [47], the group
was divided into the impatient group and the level-headed
group. The former is reckless and adventurous and easily
influenced by the emotions of others. On the contrary, the
latter is wise and thoughtful and will calm down in the face of
difficulties. An important aspect of the level-headed group is
that panic can spread from the impatient group. However,
the impatient group infects within the group. The infection
rate of both groups adopts a bilinear infection rate:

g(DS = BIS. 1)
(II) The number of susceptible individuals increases rapidly due
to incomplete knowledge of the occurrence of emergencies.
Since the logistic model can considerably take into account
the factors that the growth of the number is limited by the
environment (e.g., emergency), the logistic growth model is
more suitable for the actual situation. Therefore, in the
group the the
susceptible individuals follow the classical logistic single-

impatient and

level-headed  group,

species growth model [48]:

as = rS(l —E),

dr K @

where K is the carrying capacity and r is the intrinsic increase rate
constant.

(IT) In emergencies, due to the time required for susceptible
individuals to come into contact with the surrounding
panicked individuals to become infected individuals, we denote
the certain time as the spread delay, which are defined by 7, and
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7,.The rate of change of the infected impatient group depends not
only on their number at the previous moment ¢ — 7, but also on
the probability that the infected impatient group survived from the
moment ¢ — 7, to the moment . Similarly, the rate of change of
the infected level-headed group depends not only on their number
at the previous moment ¢ — 7, but also on the probability that the
infected level-headed group survived from the moment t — 7, to
the moment £.

(IV) The recovered individuals of the impatient group and the level-

headed group experience permanent immunity with probability.

The model can be described as

% = r181<1 - %) ~BiliSi - dSy,
A e s, ()l =7 (d B0,
% =61, —dR,,
3)
% - r282<l - IS<—22> =08~ dSy,
% = e BS, (t - (t - 12) — (d+ D),
% = 8,1, - dR..

In this model, both the impatient group and the level-headed
group could be divided into three states: susceptible, infected, and
recovered, represented as Sy, I, and R; and S,, I,, and R, at time
t, respectively. d represents the death rate of the individual. f3,
and 3, are the infection rates of the susceptible impatient group
and level-headed group, respectively. §; and §, are the recovery
rates of the susceptible impatient group and level-headed group,
respectively. 7; and 7, are the time delays of the susceptible
impatient group and level-headed group, respectively.

We assume that the initial conditions are

S$2(0) = 9,(6), 1> (6) = 95 (6), R, () = 95 (6),

$1(6) =91 (6), 1, (0) = 9,(0), R, (6) = 95 (6),
9;(6)>0,9;(0)>0,

0¢€[-1,0] ,(9%€C)[-1,0,R) i=1,2,3,4,5,6.

(4)

For Model (3), the basic reproduction number can be
computed as follows [49, 50]:

R = e_d”ﬂlKl (7"1 - d)
0 1 (d + 61)

3 Stability analysis

It is to be noted that the two recovered equations are
independent in Model (3) and have no effect on the dynamic
analysis, so Model (3) can be decoupled to obtain the following
model:
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as N
7; = 7‘181(1 - é) —ﬂIIISI —dSl,

T
% = e MBS (t =T (¢~ 11) = (d+ )],
* . 5)
d_t2 = rzsz<1 - é) =B 11, - dS,,
lilltz 7de/;ZSZ(t_T2)Il (t=13) = (d+ 8y,

We discuss the design of Model (5) as follows:
(i) For any feasible parameter, the E° = (0,0,0,0) equilibrium
point always exists.

(i) The model has three equilibrium points, namely,

(Kl ri—d) 0, Kz(rz d) ,0), EO (Kl (1’1 0 0,0), and

E0 = (0, 0 K (:22 —d) 0) provided that the conditions r{ —
d>0 and r, —d >0 are met.

(iii) The unique positive equilibrium point E* = (81,11, S5, 1),

when Ry>1, r;-d>0, and r,—-d-p,I;>0.

Here, Si=ﬁ€ﬁh, I*:rgd(l—ﬁﬁ, S —éi@ﬁ?, and
Kop,Tie 472

L= (ra-d - By — 5

3.1 Stability of panic-free equilibrium

Theorem 3.1. the panic-free equilibrium E? is locally
asymptotically stable if Ry < 1.

Proof. The corresponding characteristic equation of Model
(5) at E(l’ is

2r;S (dehyn
ot s

1

21,8 ©
[}t—<r2—d— 2 2)][“ (d+68,)]=0.
K,
Clearly, according to (6), we obtain the eigenvalues
1 =—=(d+68,)<0, 7)
2r1S; 2ry Ky(r,—-d) _
Az—fl—d— Kl —rl—d—K—l T——(Tl—d)<0,
(®)
21,8 2r, K -d
As=r,—d- r2% =r2—d—£~M=—(r2—d)<O.
2 2 T
)
Then, the other eigenvalue of (6) can be rewritten as
fl Aa) = e_(de'ﬁlSl —(d+61) -2 (10)
If 7,=0 and Ry<1, then A4 = W— (d+ry)<0.

Hence, E? is locally asymptotically stable.
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If 7, >0, assume that A, = iv(v>0) and substitute iv into
(10). Separating real and imaginary parts by the Euler formula,
we can obtain

ﬁlKl (7'1 - d)e_dT1
r

_ﬁlKl (71 - d)eid”
r

- cos(vry) =d + 6y,
11)

-isin(vry) = iv.

We square and add the two equations of (11), yielding

_ —dt) 2
P [M] —(d+ &) (12)

T

omdri

Since Ry<1, we can obtain [M]2 < (d+ 6%
Thus, v? <0, which is a contradiction, so the roots have a
negative real part.

Therefore, if Ry < 1, the panic-free equilibrium E? is locally

asymptotically stable for all 7, > 0.

The eigenvalues of equilibrium point ES are A; = —(r; — d),
A =r,—d>0, A3=d+6,>0, and
Ay = %{(M)”ﬁ‘ - (d+381), so Eg is  not locally
asymptotically ~ stable. ~ Similarly, ES is not locally

asymptotically stable.
In summary, the panic-free equilibrium E} is locally
asymptotically stable for Ry < 1.

Theorem 3.2. the panic-free equilibrium EY is globally
asymptotically stable if Ry < 1.
Proof. We study the impatient group submodel as follows:

das S
d_tl = TISI<1 - K_ll> —/311181 - dSl,
(13)
dI] _dr,
I =e MBSt - (t—11) - (d+ 8],

The panic-free equilibrium of Submodel (13) is EY =
(S5 19) = (0=, 0).

Therefore, we choose the Lyapunov function as shown in the
following equation:

V1 = <Sl—

Then,

av, 8§ -8 Si
T;: lSl 1[7151(1_f> ﬁlI Sl dSl]

" [eidﬂﬁlsl (t-t)I, (t-71) - (d+51)11]

t
- $In %) +1I, + J e‘d”ﬂlSl (s)I, (s)ds.
1 -1

(14)

+ [e’d",BIS?Il —e MBS, (t— 1), (t - Tl)]

;
= TS =S B (S~ 8) — (@ 8T + e RS,
1

(15)
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: B, Ste
(Sl ) B Li(Si-8)+ (d+61)11[ EET) 1]
—fl(sl ) ﬂlIl (Sl ) d+81)[1[ 1]<0
1
Since Ry <1, d;/t‘ < 0. Combined with the LaSalle invariance

principle, for Submodel (13), the panic-free equilibrium E?, is
globally asymptotically stable.

Thus, we consider the level-headed group submodel at the
none-infected state.

ds S
72 = 7282 1- 2 dSz,
dt Kz
(16)
dl,
—==(d+ &)l
d ( 2) 2.
By calculation, we can obtain
s - etz d) g
T2 (17)
I, = Ce” )¢,
Since C is a positive constant, when t — oo,

S, — %;'d), I, — 0. Hence, we summarize this result in the
following theorem.

If Ry<l,
asymptotically stable.

the panic-free equilibrium E¢ is globally

3.2 Stability of panic-permanent
equilibrium

Theorem 3.3. the panic-permanent equilibrium E* is locally
asymptotically stable if Ry > 1.

Proof. The Jacobian matrix of Model (5) at the panic-
permanent equilibrium E* is

J(E") =
Zrl /311 - "BIST 0 0
ﬁllle-(du)r. B,Sie S@n (4 4 8)) 0 0
0 _‘stz 2 2”25 ﬁz 17 0
0 B,Sye @i 521;e @i (d+8y)

(18)

The characteristic equation of the Jacobian matrix
(18) is

[

)] [A=e @B, + (d+8))] + e @m -ﬂls;}

2r,S;

[A7<r27d7ﬁ211 ©

19)
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We can obtain the eigenvalues by calculating the following

equation:
A =—(d +8,) <0.
. 2135 2r,S; .
L=r,—d-BI - Iéz (1— I§22>—d—ﬁ211
—d+B,I —ﬁ—d BI = r;(‘z%o‘

The other two eigenvalues of (19) are rewritten by the
following equation:

[)L < —d-BI;-

+ e @D . g 5

21‘151

>][A SEnB S+ (d+8))]

=0.
(20)
Eq. 20 is equivalent to
M +MA+N=0, (21)
where
. 2r18; "

M= <5111 wd+ 2 r1> +e @Vng S (d+4), (22)

2r.S .

N = < —d- ﬁlll T 1>' [(d+51)—€7(dﬂmﬁls1]

K,

+ ﬁ1511137 @b, (23)

If Ry>1, we easily obtain d+d; <e‘(‘i+““ﬁ181. Since
$1>0,11>0, and e @71 >0, M>0 and N >0. According to
Vieta’s theorem, Eq. 21 has negative roots.

In summary, the panic-permanent equilibrium E* is locally
asymptotically stable if Ry > 1.

Theorem 3.4. the panic-permanent equilibrium E* is globally
asymptotically stable if Ry > 1.

Proof. We consider the impatient group submodel in the
following form:

ds M
d_tl = 7'181( E) ﬁlI Sl dSl,
(24)
dIl —dn,
- e MBS (- (t—71) - (d+ 8L,
We structure the Lyapunov function as
d’!
Vz = V3 ﬁlslV4 + V5, (25)
M I, I,
Vi=—=+1-In—, —+1-In—, 26
ST s; Vesg+l-lng (26)
nI(t-s) Sy (t=8)(t—s)
Vs = 1-1 ds. 27
5J0<Iz+“ ST, @
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Since r = 28 + B I} +d, av, 1 I\ _
=5 o 1—»<1 -1—1) (8,8, (t — 11 (¢ — 1) — (d + 8)1]
Vs LIS (1S B,1;S, —dS 1 dl
s _ (2 _2t) _ < i
_ 1 ! 1 141 1 1
dt S*l S*l 191 K, 14191 1 _ﬂSIIIe [S (t—T)I (t—T)_I_
s I S I
* 191
= (S —Sl)[ﬁ _?_ﬂlll —d] (28) _Sit-mhLiE-mh
. Sty '
* 1’181 * 1’181
=($-9) 71+ﬁ111+d-K—1—ﬁ111-d %‘r‘i Lit=s) | Sit=9)lit=9)) (29)
" N ) ) dt ~ ), ds I SiI;
=5, S =S =B (S =S) (I - 1), T d (I (t-s) Si(t =), ()
= J - - + 1 —h‘l% dS
. . ) . . o ds I SiI;
whelzvsl,sl and Iy, I; have the same sign, (S, - S;) (I, —I;) >0, L L(t-n) S (t— ), (E—11) e
and 22 <0. === — +1In = -In ——. (30)
dt I I Silh Silh
6 - § T
0 I L | | | | | | |
FIGURE 1
Stability of panic-free equilibrium when Rg < 1.
2 T
| | |

FIGURE 2
Stability of panic-permanent equilibrium when Rg > 1.
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FIGURE 3
Trends of S; and S, with different time delays when Rg <1.

Thus, we can obtain

dv " " .
gf=—%ﬂ&—&f—ﬁﬂﬁ—&xh—h)

_ Si(t-t)L(t-11) Si(t-t)L(t-11)

— -1-In —

SlIl SlIl
Si(t-t)L(t-11) 3 Ii(t-1) “In Si1,
S I Sy

(31)

Since f(x)=x-1-Inx (x>0),%<0.

To prove that Model (5) is globally asymptotically stable, we
consider the level-headed submodel.

@ = 7’252<1 - §> _ﬂzrl& —dSy,
dt K,
(32)
dI "
d_tz = eidnﬁzllsz (t - TZ) - (d + 62)12'

—B. 11— _n
Ky (ra-p,1h d)+ce Kzt'

2 .
Here, C is constant. Thus, t — 0o and S, — mrz;i’lerd).

The solution to the first equation is S, =

Frontiers in Physics 07

Considering the Lyapunov function,
T2
Ve=1,+ J e B8, (t - s)1ds
0

=—(d+8,)I, — e B,8,1;<0. (33)

According to the LaSalle invariance principle, we further
conclude that the panic-permanent equilibrium E* is globally
asymptotically stable for Ry > 1.

4 Optimal control problem
4.1 Optimal control model

In this section, we denote the intensity of the
government measures of the impatient group and the
uy (1)
the
emergencies. Hence, we can obtain the optimal control

level-headed group, and p,(t), as control

variables to restrain spread of panic during

model as follows:
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FIGURE 4
Trends of /1 and I, with different time delays when Rg < 1.

ds N

a5 rlsl(l . E) SRS, — (d+u (£)S,

dIl —dr

e Bt -t (E—11) = (d+ 6 +u (D),

) (34)
S S

i w(l B K_22> =B11S = (d+u, ()5,

dIz _dTZ

ar ¢ BySa (t = )1 (t = 72) = (d + 82 + p, (1),

with the initial conditions as follows:

S1(6) = 9:(6), 1, (6) = 9,(6), S, (6) = 95 (6), 1, () = 9, (6),
9;(0)=0,9;(0)>0,0 € [-7,0], (% € C([-7,0,R),i=1,2,3,4.

(35)

We define the control set as

U = {(uy (1), uy (t))}u; (t)meansurable, u(t) € [0,1],¢ € [0,T]}.
(36)

Frontiers in Physics
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The goal of the control problem in this section is to take
the intensity of the government measures that minimizes the
number of infected individuals in the impatient group and the
level-headed group and spread scale. Thus, for the control
variables u;(t), (i = 1,2), the objective function can be
defined by

! (w1 (£)° + uy ()] dt.
0

(1t (6,11 (1)) = %j (37)

4.2 Existence of the optimal control model

Theorem 3.5. an optimal control pair u*(¢) = (u},u;) € U
exists so that

](ul) uZ)'

J (ui,u3) = (ﬁizl)lu
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FIGURE 5
Trends of S$; and S, with different time delays when Rg > 1.

Proof. To prove the existence of an optimal solution for the
model, we need to satisfy the following conditions:

(¢))
(ID)
(I11)

The state and control variables are non-negative.

U is closed and bounded.

The right-hand side of the state equation is continuous and
bounded.

(IV) Since the control variables are quadratic functions, the
objective function is convex.

(V) There exist constants w; >0, w, >0, x> 1 such that

% ( + ui)zan( g |* + |u2|2) - w,.

We use the results in [51]. We consider that the state
and control variables are non-negative. Also, the control
set U, by definition, is closed and bounded. Since u; (t)
and p, (1) (III) is satisfied.
Furthermore, the integrand (37) is convex due to the

are linear, condition

biquadratic and quadratic nature of control variables

u(t) and p,(t). Next, there exist constants
w; >0,w, >0,x>1, and we have
Frontiers in Physics
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1
5 (u? +u§)2w1< N |? + |u2|2) - w,.

We conclude that there exists optimal control.

Theorem 3.6. there exists an adjoint variable A; (t),i = 1,2, 3,4
that satisfies the following equations:

dr S .

7; = —‘[/\1 (t)[rl - 2;(1 - =B = (u (t) + d)]
-1 (1) [Az (t+ ‘ﬁ)/ﬂfﬂlr1 Lit- TI)] },

d\, . "

G M (O)B,S1+ A () (d + 81 +uy (B)) + A3 (£)B,S2

- {X[O,T*n] ®) [/\2 (t+ Tl)l;le_drl sl (t- Tl)]
t+yl0,7-72) (t) [A4 (t+ Tz)ﬁze_d”S; (t- TZ)]},

dh; 21,8,
G ‘{As (t)[fz K

- (d + uz(t))—ﬁzn)] ytoroe (8) [Ma (£ + T2)Boe 2 I (= n)]},
dl,

E =M (8)(d + 6, + uy),

(38)
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FIGURE 6
Trends of /1 and I, with different time delays when Rg > 1

with boundary conditions: A; (T) =0 (i = 1,2,3,4).

Furthermore, the optimal control variables are given as

follows:
uy = max{min (A, (£)S] + A, ()T}, 00), 0},
u; = max{min (A; (t)S; + Ay (£)I5, 00), 0}

Proof. We define the Hamiltonian as

H= (uf+u§)+ll[r151<l—ls<—l>—,811181— (d+u1)51]
1

N =

+A2 [eid”ﬁlsl (t - T])Il (t - Tl) - (d + 61 + ul)Il]

S
+A3[7232<1 - K_2> =B - (d+ﬂz)82:|

2

+A4 [eidTZﬁZSZ (t - Tz)Il (t - Tz) - (d + 62 + MZ)IZ:I

(39)

By differentiating the S, I3, S5, I5 states in the Hamiltonian

(39), we obtain the following adjoint equations:
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d\ oH oH
G _[6781 (O+y101-m) (f)m (t)]»
dA, oH oH
RS e () =— (t ) () 57—/ (1) |,
a0 [all (B)+y107-m11( )811 (B) 0.1 ( )all(t—‘rz) ( )]
(40)
dAs oH H
T _[6_82 () +y 10,771 (t)m (t)],
dly oH
E = —E (t)
According to the optimality condition,
oH . .
a—ul =0 5 lf U =up,
oH .
a—uz =0 , lf U, =UuUy.
Thus, we can obtain

w=h (D)Si+ Ay (D)I1,u3=A5 (£)S>+A4 (H) 1.
With the control set,
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0

*

if (DS +4 (DI <0,

e {Al OS + L O, if LS +A (>0,
B X if A3 (8)S;+ Ay (D0,
TS+ A (O, if A (D)8 + A (D >0,
The optimal control system at
(SI,ILS;, I;, M;;”Z,/\l,lz,ls,h) is
ds . Si v R
d_tl = r151<1 - K—11> —ﬁlllsl - (d + u; (t))Sl,
al, 4 . . .
d_=e ‘ﬁlsl(t—TI)Il(t—TI)—(d+61+u1(t))11,
t
ds S @)
d—tz = rzs;<1 - é) — B,11S, — (d + 145(£))S5,
dIZ _ -dn S» Iy, d 6 * I»
E_e B,Sa(t — )1 (t - 13) — (d+ 6, +ux (1)) .
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With the corresponding adjoint system,

dA 1S .
7; = _{Al ) |:7‘1 - 2;1 =B = (uy (t) + d)] +yo.r-r,1 ()
[Az (t+ Tl)/gle—dnﬁ (t- Tl)] },
d, . .
=M OBSI+ L (0)(d+ 8+ () + A (OB,S —{ ()
[/12 (t+1)Be S (1 - Tl)] +yto1-r21 (£)
(A (8 + 12)B,e 285t - )]},
(42)
% = —{As (t)[fz - 2;2;92

- (d + uz(t) )‘ﬁzli)} 075, (1) [/\4 (t+ Tz)ﬁzf?’df2 Lit- Tz)]}>
dAy

di = A4 (t) (d + 82 + UZ).
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5 Numerical simulation
5.1 Analysis of equilibrium

We set the values of the parameters as follows: r; = 0.3,
Ki=1,B,=06d=01,08 =0351r,=02 K, =1, 8, = 0.4,
0, =045 1,=0.2, and 7,=1. The initial value is
(81(0),1,(0),8,(0), 1, (0)) = (1,1,1,1). By calculation, we can
obtain the panic-free equilibrium E° = (0.67,0,0.5,0), as shown
in Figure 1.

The values of the parameters are as follows: r; = 0.4, K; = 1,
B, =05d=0.1,6 =0157r,=03,K, = 1,53, =0.4,5, = 0.25,
71 = 0.2, and 7, = 1. As shown in Figure 2 we obtain the panic-
permanent equilibrium E° = (0.53,0.18,0.42,0.08).

5.2 Analysis of the numerical simulation

In this section, we simulate the influence of different time delays
on susceptible and infected individuals in the impatient group and
the level-headed group. The time delay 7, takes different values
(11 =0.2,0.8,1), and 7, = 1 is fixed.

The cases where Ry < 1 are shown in Figures 3, 4. With the
increase in time delay, the trend of susceptible individuals in both
groups decreases first and then increases, with the minimum
value decreasing. The peak of the infected individuals in the
impatient group increases gradually, while the infected
individuals in the level-headed group keep decreasing,
indicating that different time delays have no effect on the
infected individuals in the level-headed group. From Figure 4,
the infected individuals in both groups tend toward zero when
the panic in the group is extinct.

The cases where Ry > 1 are shown in Figures 5, 6. The trend of
susceptible individuals in both groups decreased sharply, while the
trend of infected individuals increased abruptly in a short period of
time. In the case with external environmental changes, the trend of
susceptible individuals in both groups decreased sharply, while the
trend of infected individuals increased abruptly in a short period of
time. As time changes and the groups adapt to the environment, the
infected individuals decrease, but they are always present. Eventually,
the group reaches a steady state. From Figures 3-6, as the time delay
increases, the peak of infected individuals increases. Therefore, the
smaller the time delay is, the better the panic spreads. At the same
time, the time delay has no effect on the stability of the panic-free
equilibrium and the panic-permanent equilibrium. Thus, to effectively
control panic spreading, the government must take measures that can
increase the time delay and slow the spread of panic.

We consider that the intensity of the government measures
can achieve the purpose of controlling the panic. The spread of
panic is mainly dependent on the infected individuals. Therefore,
Figure 7 indicates the comparison of trends of infected
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individuals in the two groups with and without control. On
the one hand, a dramatic decrease in the trend of infected
individuals with measures was derived. On the other hand,
the time needed for the system to reach a steady state was
reduced with measures. It can be seen that the control
measures play an important role in the spread of panic and

can effectively control the spread of panic.

6 Conclusion

In this study, the groups are divided into the impatient group
and the level-headed group based on the psychological theory.
Second, the susceptible individuals of the two groups are
described by a single-species growth model. Third, a time-
delayed panic-spreading model is established considering the
influence of time delays for panic on the emotion transmission
mechanism. The basic reproduction number of this model is
calculated, and the conditions for the local and global asymptotic
stability of the panic-free equilibrium and panic-permanent
equilibrium are analyzed. To restrain the spread of emotions
in emergencies, the government needs to take relevant measures,
and the intensity of the measures taken is used to structure the
optimal control model and minimize the control spread scale for
emergencies. Finally, the related conclusions are illustrated by
numerical simulations.

The aim of this study is to develop a model for simulating the
spread process of panic. The results of the study are consistent with
the trend of emotions in real situations. In the future, we will
compare the results with those in other literature. Meanwhile, we
simulate panic spreading in groups from a macroscopic perspective.
Emotion spreading is a complex system from a microscopic
perspective, considering the relationship between individuals and
the external environment, and the rules of emotion spreading and
interaction between individuals are also to be studied. Therefore, it is
worth exploring emotion spreading in groups.
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