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We theoretically investigate the non-sequential double ionization of Ar atoms in the combined fields of linearly polarized laser and circularly polarized laser through 3D semiclassical simulations. By partially overlapping the two time-delayed multicycle laser pulses, we construct an optical waveform whose polarization ellipticity increase slowly for consecutive optical cycles. This composite laser pulses with the time-dependent ellipticity can tunnel-ionize atoms and steer the first tunneling electron to recollision with the second bound electron through different trajectories, in which the recollision occurs with different return times of the first ionized electron. Through tuning delay time between the two laser pulses, the double ionization yields and recollision trajectories with different return times can be controlled. The time-dependent ellipticity with different delay time can enhance or suppress the probability of different return times. This work provides a scheme exploring electron dynamics in few optical cycle or even subcycle time scale in a multicycle laser field without having to be limited to near-single-cycle laser pulses.
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1 INTRODUCTION
The research on the interaction of atoms and molecules with intense laser pulses plays a key role in a comprehensive understanding of the nonlinear physics. Plenty of ultrafast processes are directly related to photoionization, which is the foundation of many strong field phenomena such as high harmonic generation (HHG), attosecond pulse synthetization [1–5], above threshold ionization (ATI) [6], and non-sequential double ionization (NSDI) [7]. NSDI has drawn much attention because of containing extensive information about collision dynamics and electron-electron correlation [8]. Researchers widely hold the idea that NSDI is described by a three-step model [9]. In this model, one electron tunnel ionizes when the laser field is strong enough and then is driven back to the parent ion as the oscillating electric field reverses its direction. It recollides with the parent ion and transfers a part of energy to it, which enables the second NSDI event. This model is a semiclassical perspective.
In order to achieve deep insight into the collision dynamics in strong field physics, various ionization channels in recollision process have been explored in details, such as electron multiple rescattering processes. The rescattering or recollision with multiple return times is considered to play an important role in the laser-atom interactions, especially driven by the midinfrared laser fields. For example, the finite tunnel distance inherent in strong-field ionization can be extracted from an experimental observable through studying laser-driven electron multiple scattering [10]. The low energy structure of strong field ionization by mid-IR laser pulses is considered to be related to the multiple rescattering [11,12]. Multiple rescattering processes also play an important role in HHG in an intense laser field [13–15]. In addition, multiple-return-collision (MRC) trajectories have been explored in NSDI with linearly [16,17] or elliptically [18–20], polarized laser field in recent years, in which sub-cycle dynamics was investigated and Coulomb-potential effects was considered to play an indispensable role.
In another aspect, it is expected that various recollision channels could be artificially controlled. With the development of the laser technology, more complex combined laser pulses have been employed to investigate the strong field physics, which makes many ultrafast dynamics controllable. For example, controlling the dynamics of double electron emission in non-sequential double ionization by tuning the subcycle shape of the orthogonal laser field [21]. Photoelectron intracycle interference can be controlled by polarization-gated laser pulses [22]. The ionization by two-color counter-rotating and co-rotating circularly polarized fields has been studied experimentally and theoretically [23,24]. Controlling of NSDI dynamics was also explored through this kind of bicircular fields [25–28]. Recently, a new phenomenon of electron vortices has attracted much attention. The vortex structures in the momentum distributions of photoelectron wave packets comes from the photoionization of atoms with sequences of two time-delayed counter-rotating circularly polarized laser pulses [29–35]. The local enhancement of the laser pulse is achieved by superimposing the terahertz field, thereby realizing the control of the electron dynamics [36].
Based on the above analysis, it is believed that the MRC channel should be controlled by shaping the laser pulses. In this paper, we propose and numerically demonstrate a scheme to control return times before recollision in NSDI by the complex field with combining linearly and circularly polarized pulses. This kind of combined laser field has the characteristics of time-dependent ellipticity, in which the polarization gradually transitions from linear polarization to circular polarization. By changing the time delay between the two laser beams, the transition property of the time-dependent ellipticity in the superposition region can be adjusted, and different degrees of lateral effect can be exerted on the first ionized electron for different return times. Therefore, the control mechanism of recollision trajectories with different return times can be realized. Atomic units are used throughout the paper unless stated otherwise.
2 THEORETICAL METHOD
In this work, the semiclassical model [37,38] is used to describe the NSDI process of Ar. One electron (recolliding) tunnel ionizes through the Coulomb barrier. The initial state of the tunnelling electron is defined according to Ammosov-Delone-Krainov theory [39]. The initial exit point is along the laser-field direction and near the barrier. The initial electron momentum is taken to be equal to zero along the laser field while the transverse one is given by a Gaussian distribution. The initially bound electron is described by a microcanonical distribution [40]. The weight of each classical trajectory that we propagate in time is given by
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Where t0 is tunnel-ionization time, v0 is initial transverse momentum and Ip is the first ionization potential. Then, the subsequent evolution of the two electrons is governed by classical equations of motion. Hamilton canonical equation is
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with the Hamiltonian function
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where qi and pi are the canonical coordinates and canonical momentum of the electron.The form of the composite laser field can be written as
[image: image]
[image: image]
[image: image]
where ω1 = ω2 = 0.0583 (λ1 = λ2 = 780 nm) is the frequency (wavelength) of the two laser pulses, and E0 is the electric field strength of linearly polarized laser field. The pulse envelope is f(t) = exp[ − 4 ln 2(t2/τ2)], and τ = 18 fs indicates full width at half-maximum (FWHM). The delay time of the circularly polarized laser relative to the linearly polarized laser is expressed as ΔT.
In our model calculation 108 initial points are generated, and the tunnel-ionization time t0 is selected randomly in the time interval [ − τ, τ + ΔT]. The Hamilton canonical equation is solved by using the Runge-Kutta algorithm.
Figure 1 shows the schematic diagram of the composite laser electric field with the time delay ΔT = 8 o.c. The superimposed part makes the polarization of the laser electric field transition from linear polarization to circular polarization. With different delay time, the time-dependent ellipticity has different variation tendency, which provides a controlling mechanism of electron dynamics.
[image: Figure 1]FIGURE 1 | The electric field form of the laser field pulse combined with linearly polarized and circularly polarized laser of the time delay ΔT = 8 o.c.
3 RESULTS AND DISCUSSION
After determining the laser form, we appropriately select three different delay times ΔT = 2 o.c., ΔT = 5 o.c., and ΔT = 8 o.c. (corresponds to 0.3τ, 0.7τ and 1.1τ) to calculate the curve of the double ionization yield with the linearly polarized laser intensity, as shown in Figure 2. It can be seen from the figure that for all the delay times, the area where the field strength is lower than 0.7 PW/cm2 presents a “knee” structure, indicating that the main mechanism of double ionization is NSDI. In the “knee” structure area, the longer the time delay of the two laser pulses, the higher the double ionization yield. This is because the longer time delay makes the two laser pulses farther away from each other, and the respective characteristics of linearly polarized and circularly polarized lasers are prominent. It is can also been seen by blue line in Figure 6. For ΔT = 8 o.c., very small time-dependent ellipticity covers large range of LP, while large time-dependent ellipticity covers most range of CP. The probability of collision of ionized electrons increases under the action of linearly polarized laser pulses. No collision process under circularly polarized laser pulses.
[image: Figure 2]FIGURE 2 | Variation curve of double ionization yield with linearly polarized laser intensity for three different delay times under compound laser field. The vertical pink lines indicate the non-sequential double ionization of Ar atoms in a compound laser field with a field strength of 0.16 PW/cm2.
When the time delay is small, the superposition degree of the linearly polarized laser pulse and the circularly polarized laser pulse is large, the ellipticity of the recombination field is large as well. As shown by the red line in Figure 6, the time-dependent ellipticity with ΔT = 2 o.c. offers a larger lateral effect for almost all of the peak region of laser pulse. Therefore the collision process of ionized electrons is reduced. The NSDI process is suppressed.
In addition, the position of “knee” structures tends to be shifted to the left as decrease of the delay time. Please note that the horizontal axis in Figure 2 is the intensity of linearly polarized laser pulse, which is smaller than the compound laser intensity. As a result, the position of “knee” structures should be shifted to the left relative to the original situation (composed laser intensities) in a way, and the greater the degree of overlap (smaller delay time), the greater the shift to the left.
However, in the high field strength region, that is, the sequential double ionization (SDI) mechanism region, a longer time delay corresponds to a lower double ionization yield. Considering the pulse envelope shape, a longer delay time means a lesser degree of superposition, which in turn leads to a smaller peak field strength of the composite field. The law of smaller time delays is the opposite. In the SDI mechanism, double ionization does not have to undergo a collision process, and the ionization efficiency of two electrons only depends on the magnitude of the field strength.
For different delay times ΔT, the curves of double ionization yield with laser intensity all show the feature of “knee” structure. We calculated the effect of time delay on double ionization yield at the electric field strength of 0.16 PW/cm2. As shown by the pink vertical line in Figure 2.
Overall, the double ionization yield increases with the increase of the time delay ΔT (as shown in Figure 3), which is consistent with the result of the curve of double ionization yield versus laser intensity. In addition, the double ionization yield will stabilize as ΔT tends to increase, because the two laser pulses have been separated, and only the linearly polarized laser pulse influences the NSDI. On the other hand, the double ionization yield is minimal with the time delay ΔT = 0, because the two laser pulses are completely coincident and the combined laser transform into elliptical polarization. NSDI is suppressed to the greatest extent.
[image: Figure 3]FIGURE 3 | Relationship between double ionization yield and time-delay of compound laser field. The electric field strength is 0.16 PW/cm2.
To account for the existence of fixed-form ionization channels in the recombined fields, we calculate the time distributions of ionized electron drift with time delays of 2 o.c. (pink line), 5 o.c. (blue line), and 8 o.c. (green line). As shown in Figure 4, the overall drift time distribution presents a multi-peak structure. The intensity of each peak is different under different delay times, but the peak position does not change much. This shows that there are various fixed forms of collision under the action of the laser field, and at the same time, they change with the change of the superposition degree of the two lasers.
[image: Figure 4]FIGURE 4 | The drift time distribution of ionized electrons with the time delay 2 o.c. (pink line, multiply by 10), 5 o.c. (blue line), and 8 o.c. (green line). The results are calculated with 2 × 108 initial points.
According to the Simpleman theory, driven by the linearly polarized laser field, the electron ionization returns to the origin for the first time at 0.75T (where T is an optical period). However, due to the periodic characteristics of laser oscillation, the time of returning to the origin for the following different times is 0.75T + nT(n = 0, 1, 2, …). According to the symmetry characteristics during the half optical cycle, the return time also satisfies 0.25T + nT(n = 0, 1, 2, …). Different peaks justly correspond to recollision trajectories with different return times.
In order to more intuitively show that different peaks in the drift time distribution correspond to different return times, we plot the collision trajectories of the ionized electrons for the first, second, third, and multiple returns. The first peak in the time distribution (Figure 4) corresponds to the situation where the electrons return to collide for the first time after ionization, and we draw its recollision trajectory, as shown in Figure 5A. The black line in Figure 5A represents the recollision trajectory of the first ionized electron. After the electron is ionized, it returns to the nuclear region for the first time and recollides with the bound state electron. The red line shows the trajectory of bound electrons. This kind of trajectory is the general ionization channel under the first peak if the delay time is large enough (green and blue lines in Figure 4), while it is relatively suppressed at a short time delay (pink line in Figure 4).
[image: Figure 5]FIGURE 5 | Ionized electrons return to collision trajectory for the first time (A), second times (B), third times (C) and many times (D), respectively.
As shown in Figure 5B, the recolliding electron is ionized first, and reaches the vicinity of 40 a.u. in the polarization direction, and then reverses for the first time under the action of the oscillating laser field, and pass by the nuclear region for the first time during the reverse motion. The second reversal occurs near −24 a.u., and finally collides with the second bound state electron with it returns to the nuclear region for the second time, resulting in non-sequential double ionization. The electron trajectory in this process is a typical second-return collision trajectory.
Figure 5C shows the trajectory of the third return collision. The ionized electrons are driven by the laser to pass by the nuclear region two times, and finally recollides with the bound electron at the third return, resulting in double ionization. The influence of these two MRC trajectories (Figures 5B,C) cannot be neglected when the delay time is large (the green line in Figure 4).
The complex trajectories of the ionized electrons with more return times are shown in Figure 5D. This NSDI channel is prominent when delay time is small due to the larger lateral influence of combined laser with near-elliptical polarization [41]. The collision trajectories of this multi-period motion are highly chaotic, and the electron wave packet dispersion effect is obvious. Therefore, diverse MRC trajectories all work but the ionization yields are lower (the pink line in Figure 4).
In the MRC trajectories, the ionized electrons pass through the nuclear region, at a distance from the ion nucleus in the y-direction. This lateral distance shrinks again with the electrons return to the nuclear region a certain number of times. This electron lateral drift process is closely related to the initial lateral velocity of electrons under the action of linearly polarized laser and is influenced by the Coulomb attraction of ion nuclei. This Coulomb attraction causes the electron wave packet to shrink laterally to a certain extent with passing near the nuclear region, which is the Coulomb focusing effect [42–46].
The ellipticity of the composite laser field changes with time. The effect of the laser electric field in the lateral direction and the Coulomb focusing effect will occur to different degrees from the lateral drift caused by the initial lateral velocity of the electrons. The electrons return to the parent nucleus ions after different drift times and undergo a collision process, and their flight trajectories show collision trajectories with multiple returns. In our simulations, the superposition of the two laser beams to different degrees makes the ellipticity change with time to different degrees, which in turn controls the electrons to recollide with trajectories with different return times in a higher degree of freedom to generate the NSDI process.
From Eqs. 5, 6, the time-dependent ellipticity can be expressed as
[image: image]
Taking the peak position of the linearly polarized laser as time zero, the variation of ϵ(t) represents the correction of the electric field properties of the linearly polarized laser. Therefore, we compare the time curve of the electric field of the linearly polarized laser along the x-direction with the curve ϵ(t). The lines are drawn in the same figure as the solid black line in Figure 6. The delay time is selected as ΔT = 2 o.c., 5 o.c., and 8 o.c. are shown by the red, green, and blue lines in Figure 6. The three curves reflect the change of the composite laser field from linear polarization to circular polarization with time. The longer the delay time, the faster ϵ(t) increases, and the more lag the area swept over.
[image: Figure 6]FIGURE 6 | Variation of ellipsometry in laser field with different time delays. The solid black line shows the time-dependent electric field of the linearly polarized laser in the x-direction. The red, green, and blue lines show the ellipticity versus time curves for delay times ΔT = 2 o.c., 5 o.c., and 8 o.c., respectively.
The rising transition region of the red line covers the region of several larger peaks of the linearly polarized laser in a relatively larger range with ΔT = 2 o.c. Most of the electrons ionized near the laser peak are driven by the recombination field with higher ellipticity, which causes the lateral drift of the ionized electrons due to the lateral laser drive to be stronger than that caused by the initial lateral velocity. The first ionized electron prefers to stay away from the nuclear region. Therefore, most of the electrons will return to the parent nucleus in multi-period chaotic trajectories with longer drift times to collide with ions to induce NSDI [as shown in Figure 5D]. This is the reason why the ionized electron drift time is distributed over a larger range (the pink line in Figure 4).
The rising region of the blue line representing the time-dependent ellipticity overlaps the electric field of the linearly polarized laser to a small extent with ΔT = 8 o.c., which means that the changing ellipticity has less influence on the linearly polarized laser. The collision is mainly determined by several electric field peaks in the linearly polarized laser platform region. The number of electron returns is greatly affected by the initial lateral velocity and Coulomb focusing effect. The subsequent circularly polarized laser is ineffective. Therefore, as shown by the green line in Figure 4, the peak intensity of the drift time corresponding to the collision trajectories of the first three returns is stronger, and the peaks corresponding to the trajectories of other drift times are relatively suppressed.
The time-dependent ellipticity curve is shown by the green dotted line with ΔT = 5 o.c. in Figure 6. The control effect of electrons is between the above two cases. Compared with the case of ΔT = 8 o.c., the rising region of ϵ(t) only affects part of the region of the linearly polarized laser platform. The effect of the laser electric field in the lateral direction excludes the MRC trajectories. Therefore, compared with green line in Figure 4, more peaks corresponding to long drift times are suppressed, making the first peak relatively prominent (blue line in Figure 4). On the other hand, the enhancement of the first isolated peak indicates that the first return to the collision trajectory reaches the maximum. This is because compared to the case of ΔT = 2 o.c., the lateral effect of the laser electric field compensates the initial lateral velocity of the ionized electrons with the electrons return for the first time so that this channel reaches the maximum enhancement.
4 CONCLUSION
In summary, the NSDI of Ar in a superimposed linearly and circularly polarized compound field is investigated. The waveform change of the composite laser field is controlled by adjusting the time delay. The double ionization yield increases with the electric field strength in the electric field with different time delays. The electric field strength is chosen as 0.16 PW/cm2 according to the relationship between time delay and double ionization yield. We plot the drift time distribution of ionized electrons for different delay times. By analyzing the drift time distribution of ionized electrons and electron ionization trajectories, the movement of ionized electrons in the electric field has different collision trajectories. The shape of the electric field determines the dominant trajectories of electron double ionization. the regulation of the NSDI ionization recollision trajectory form can be achieved by adjusting the delay time of the composite laser field. The MRC controlling mechanism is expected to shed more light on laser-induced electron diffraction (LIED) [47–49] or laser-induced inelastic diffraction (LIID) [50], in which electrons with different return times are considered to play different and key role in laser-induced ultrafast imaging. Our study shows that the electron dynamics in one or few optical cycle can be controlled in a multicycle laser fields, which do not have to be limited to few-cycle laser pulses.
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