[image: image1]PA_CasualLSTM: A new time series prediction network with the physical constraint and adjusted Fourier neural operator for the time-dependent partial differential equation

		ORIGINAL RESEARCH
published: 26 September 2022
doi: 10.3389/fphy.2022.1004417


[image: image2]
PA_CasualLSTM: A new time series prediction network with the physical constraint and adjusted Fourier neural operator for the time-dependent partial differential equation
Chaohao Xiao1, Xiaoqian Zhu1, Xiaoqun Cao1, Fukang Yin1*, Jun Nie2 and Fujia Hu3
1College of Meteorology and Oceanography, National University of Defense Technology, Changsha, China
293110 Troops, PLA, Beijing, China
395809 Troops, PLA, Cangzhou, China
Edited by:
Desmond Adair, Nazarbayev University, Kazakhstan
Reviewed by:
Yang Liu, Inner Mongolia University, China
Anouar Ben Mabrouk, University of Kairouan, Tunisia
* Correspondence: Fukang Yin, yinfukang@nudt.edu.cn
Specialty section: This article was submitted to Statistical and Computational Physics, a section of the journal Frontiers in Physics
Received: 27 July 2022
Accepted: 30 August 2022
Published: 26 September 2022
Citation: Xiao C, Zhu X, Cao X, Yin F, Nie J and Hu F (2022) PA_CasualLSTM: A new time series prediction network with the physical constraint and adjusted Fourier neural operator for the time-dependent partial differential equation. Front. Phys. 10:1004417. doi: 10.3389/fphy.2022.1004417

In this work, a new time series prediction network is proposed in the framework of CasualLSTM with physical constraints and an adjusted Fourier neural operator (FNO) for the solution of the time-dependent partial differential equation. The framework of CasualLSTM is employed to learn the time evolution of spatial features which strengthens the extrapolation capability. With the help of adjusted Fourier layers (AFLs), residual connection, and the adaptive time-marching strategy, the network can quickly converge and extrapolate without labeled data by encoding PDE constraints into loss functions. Two examples, namely, Burger’s equation and two-dimensional Navier–Stokes (N-S) equation are used to evaluate the proposed method. Numerical results show that the proposed method has a good performance in solution accuracy and extrapolability.
Keywords: CasualLSTM, partial differential equation, deep learning, adjusted Fourier layers, residual connection
1 INTRODUCTION
In most complex spatiotemporal systems, a partial differential equation is indispensable as a means of simulating systems and explaining corresponding phenomena. Many physical phenomena and engineering technologies (such as convection and diffusion, fluid motion, and communication technology) are modeled and analyzed using a partial differential equation, but the analytical solutions of these governing equations are mostly unavailable. The numerical solution of the partial differential equation is the core foundation of scientific computing. In recent decades, the explosive development of computing power has provided the basis for traditional numerical methods (such as finite difference method, finite element method, and finite volume method [1,2]) to solve the partial differential equation. Although the traditional numerical methods have achieved very high accuracy in forward analysis, it is still a challenge to balance computational cost and solution accuracy in most real application scenarios and the requirements of arbitrary resolution. Therefore, it is a direction to achieve an ideal balance between computational efficiency and prediction accuracy. Also, in many cases, there are modeling errors when using the partial differential equation to model the system, so there will be irreconcilable errors between the numerical solution of the partial differential equation and the real phenomenon.
Furthermore, researchers attempt to model nonlinear systems by other approaches, which are divided into forward and inverse problems. Hornik et al. [3] proposed the universal approximation theorem and theoretically proved that deep neural networks can simulate arbitrarily complex functions. At the same time, due to the rapid development of backpropagation algorithms and GPU-based computing systems, deep learning can avoid repeated modeling in forward analysis and provide a new research direction for data assimilation and inverse problem-solving. As a mathematical method for modeling nonlinear systems, the partial differential equation has always been a concern of researchers in deep learning. In fact, in the last century, Lagaris [4,5] used artificial neural networks to solve the initial and boundary condition problems of the partial differential equation. The pioneering work of using a neural network as an approximator to solve the equation is proposed. The network consists of two parts, one for satisfying the initial and boundary conditions and the other for meeting the equation with a feed-forward neural network with tunable parameters. In the past decade, with the breakthrough development of machine learning and deep learning, the application of deep learning models in many fields has achieved widespread success, such as image recognition [6], natural language processing [7], and fault detection [8]. Therefore, many researchers once again introduced deep learning into the solution of partial differential equations and achieved a series of developments [9–16]. Similar to the modeling of nonlinear systems, the latest research is divided into two directions: forward-solving partial differential equation and data-driven discovery of the partial differential equation. The most representative work is the physical information neural network (PINN), a fully connected neural network proposed by Raissi et al. [13], which takes into account the solution of the aforementioned problems. The innovative work of the network is to integrate the PDE residual into the loss function, which only requires the labeled data about the initial value and boundary conditions [17,18] or no labeled data [19–21] during the training process. PINN achieves good results in PDE and has a wide range of applications in other disciplines, including temperature modeling [22,23], traffic flow evaluation [24], and partial differential equation mining [25,26]. Despite the great success and wide application, there are still some problems in the application of the deep leaning method in the solution of PDE. 1) PDE residual as a physical soft constraint is limited by the application environment [27,28]. 2) Compared with traditional numerical solvers, it is difficult to extrapolate information to future times only from initial values or boundary conditions [29,30]. Therefore, in many cases, PINN is still not comparable to traditional numerical solvers.
For the time-dependent partial differential equation, some studies treat it as a problem of time series prediction [31–35]. As with the traditional solution method, discrete integration is performed in the time domain to solve the extrapolation problems. These methods can achieve a good extrapolation effect and high solution accuracy. However, there are still some challenges: as the resolution increases, the required computational time increases dramatically. Limited by mesh and different filters, the network is not as flexible as the pseudo-spectral method for solving PDE using the inverse Laplace transform.
Recently, neural operators are not negligible for solving PDE, that is, the neural network is used to find the mapping relationship between input and output in a finite dimension. The method improves the computational efficiency and suits the PDE models by replacing the traditional neural network [36–42]. The biggest advantage of this network is its high computational efficiency and great success in highly nonlinear problems [43]. The Fourier operator proposed by Li et al. [38] trains the network parameters in the Fourier space, which makes the solution of partial differential equations more efficient. The spatial resolution is not affected by the size of the grid spacing, and the calculation speed becomes fast. However, there are still challenges in two aspects: 1) label data are still needed during training, which are obtained through traditional solvers or empirical data; 2) information cannot be extrapolated accurately to future time periods.
In order to address the challenges of the aforementioned networks, we propose a new time series prediction network with physical constraints and an adjusted Fourier neural operator (PA_CasualLSTM) which quickly solves time-dependent PDE using only the initial and boundary conditions. In this work, the network combines the soft constraints of PDE residuals, the adjusted Fourier layers, and the adaptive time-marching strategy to optimize the extrapolation solution accuracy. We do not intend to replace the traditional numerical solver with PA_CasualLSTM, but it provides new ideas for the solution of PDE and possibly a new research method for subsequent data assimilation and inverse problems. Our contributions can be summarized as follows:
1) We propose a new time series prediction network with physical constraints and an adjusted Fourier neural operator (PA_CasualLSTM), which combines physical information as a soft constraint, the adjusted neural operator as a spatial derivative optimizer, and the global residual connection.
2) By using the CasualLSTM module to learn the time evolution of spatial features, PA_CasualLSTM alleviates the issue of low extrapolation accuracy in PINN and neural operators.
3) Compared with other neural operator networks, PA_CasualLSTM with the PDE constraints does not require any label data in the training process. Starting from the initial conditions, the proposed method trains the network with physical information as a loss function.
The remainder of the article is structured as follows: Section 2 states the PDE system and introduces the idea of a deep learning solution, while Section 3 provides the construction and implementation of the PA_CasualLSTM. In Section 4, the performance of PA_CasualLSTM, especially the extrapolation ability for solving PDE is verified by Burger’s equation and the two-dimensional incompressible Navier–Stokes equation. Section 5 discusses the network and the prospect of future works. Finally, a conclusion is presented.
2 PROBLEM SETTING
Here, we consider the general form of a multidimensional, nonlinear, time-dependent parametric PDE:
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where [image: image] denotes the solution in the space interval [image: image] and the time area [image: image]. [image: image] stands for a nonlinear spatial operator with parameter λ. [image: image] and [image: image] are the initial and boundary conditions, respectively, where [image: image] represents the boundary of the spatial region.
In this article, we set up a neural network for Eq. 1 to solve time-dependent PDE. More accurately, a neural network is used to fit the nonlinear spatial operator [image: image]. The entire training only needs the initial conditions, and Eq. 1 is used as a constraint to design the loss function without label data.
First, after discretizing the PDE in space and time, the network pre-trains the initial state to achieve the solution at the first K moments. Then, the pre-trained results are fed into the next PA_CasualLSTM cell to fit the spatial derivatives with the adjusted Fourier layer and learn the spatiotemporal evolution with residual connections and CasualLSTM. In this article, we focus on the regular physical space region and the periodic boundary. In the network implementation, these constraints are encoded into the loss function like PINN. Finally, [image: image] is obtained by minimizing the loss function for satisfying the PDE constraints. The specific network construction and training skills are described in Section 3.
3 METHODOLOGY
This section introduces an operator-based time series prediction network to solve time-dependent PDE. The network focuses on learning nonlinear spatial operators and propagating information. Regarding the application of neural networks for information propagation, Geneva and Zabaras [32] elaborated on recurrent neural networks and proved that they have powerful capabilities for time series prediction. We first introduce a time series prediction network CasualLSTM.
3.1 CasualLSTM
CasualLSTM proposed by Wang et al. [44] is a spatiotemporal recurrent neural network framework and one of the variants of the long short-term memory neural (LSTM [45]) network, which has certain advantages in modeling PDE systems evolving over time [31]. As a spatiotemporal memory unit, it is the greatest innovation that nonlinear operations have been added in CasualLSTM, which enlarges the spatial features. It is more conducive to capturing short-term dynamic changes and updating them in time during temporal evolution. At the same time, as a spatiotemporal sequence-to-sequence learning framework, CasualLSTM alleviates the vanishing gradient problem in RNN with the help of the characteristics of LSTM. In addition, inheriting the basic framework of LSTM, CasualLSTM adds the nonlinear layer to realize the cascade, which strengthens the network depth and improves the mutation prediction ability in the short term compared with LSTM. For more detailed work on CasualLSTM, refer to the work [44].
3.2 The adjusted Fourier layers
The neural operator is proposed by Li et al. [37] to find the mapping relationship between input and output after neural network training. In other words, the neural operator is used as an iterative format to calculate z0[image: image]z1[image: image]z2 … [image: image]zT, and its specific expression is defined as Eq 2.1, where zi (i = 0, 1, … , T) is a series of functions obtained through a fully connected network (FCN) and takes the following form Eq. 2.2:
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where [image: image] represents the nonlinear activation function, [image: image] is a linear transformation, [image: image] is the location point in the spatial region [image: image], and [image: image] represents the number of spatial dimensions. [image: image] is a linear operator represented by a neural network with the parameter [image: image]. [image: image] is a fully connected network, and [image: image] is the solution at time [image: image]. From Eq. 2.2, [image: image] is related to the position [image: image].
While applying [image: image] and the convolution theorem to the Fourier space, the Fourier neural operator (FNO) [38] is formed, which is used for the solution of PDE and other fields, such as weather forecast [46] and numerical simulation [47]. Li et al. defined it as the Fourier integral operator Eq. 3.1, and the Fourier layer is expressed as Eq. 3.2:
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where [image: image] is the discrete Fourier transform (DFT) and [image: image] is the inverse Fourier transform (IDFT). [image: image] represents the Fourier transform of a periodic function. After passing through a [image: image]-like fully connected network (FCN), [image: image] is converted to the desired [image: image]. The FNO model is shown in Figure 1A.
[image: Figure 1]FIGURE 1 | (A) Structure of FNO. (B) Neural network structure of the adjusted Fourier layer (AFL).
Comparing Eq. 1 and Eq. 2.1, [image: image] can be similarly constructed by a neural network of [image: image]. In this work, we construct [image: image] by applying [image: image] in Eq. 3.2 to connect with CasualLSTM and residual connection. Eq. 4 gives the expression of the adjusted Fourier layer, and the graphic illustration is shown in Figure 1B:
[image: image]
3.3 Network architecture: PA_CasualLSTM
This section introduces the construction of PA_CasualLSTM, which is an adaptive time-marching strategy, as shown in Figure 2A. The time series prediction is formed by combining the operator with AFL and CasualLSTM as shown in Figure 2B. The PA_CasualLSTM cell consists of an operator module, an autoregressive (AR) process, and a Fourier transform-based filter. The operator module first performs a full connection operation ([image: image]) on the input of the state value [image: image], where k represents the number of time steps. Then, the tensor processed by AFL enters into the next fully connected layer, and the results are fed into the autoregressive (AR) process for time propagation processing and finally pass through a fully connected layer.
[image: Figure 2]FIGURE 2 | (A) The network structure of PA_CasualLSTM. It is an adaptive time marching strategy composed of the PA_CasualLSTM cell. After the current group is trained, some training results are taken as the input of the next stage; (B) The network structure of PA_CasualLSTM cell. H, C, and M are the hidden state, temporal memory, and spatial memory of CasualLSTM. [image: image] needs to be acquired by training the network.
We apply ReLU as the activation function of the fully connected layer. Unlike the first two fully connected layers, there is no activation function behind the last layer. The CasualLSTM layer acts as a time propagator for propagating information, so that [image: image] are used as the unit of information propagator. Inspired by the traditional integral method, the forward Euler scheme in the connection module is adopted. To the last [image: image] of the input value and the output [image: image], we add a global connection, and the expression is [image: image], where [image: image] represents the combined network with AFL and CasualLSTM, [image: image] is the time interval, and input is rolling backward update. This way of connecting the input and output is regarded as an autoregressive (AR) process.
The discrete outputs are encoded into the loss function by means of Fourier transform-based filters and finite difference methods. The time derivative is calculated by convolving the outputs with a finite difference filter, which is the fourth-order central difference method like Eq. 5. For the spatial derivative, because of only considering the periodic boundary conditions, the solution can be solved by the discrete Fourier transform method. So, the PDE constraints are achieved and the loss function is constructed, which will be explained in detail in Section 3.4.
[image: image]
Finally, it is about the skills of network training. Since the network has only one initial condition, after getting the value of the subsequent [image: image] moments through pre-training, the value of [image: image] is regarded as the input of the next PA_CasualLSTM cell. After the training, the value of [image: image] is achieved. In this way, the iterative training is repeated until the value of the entire training period is derived.
3.4 Physical information loss function
With the initial conditions as the only input, we choose the time-dependent PDE with periodic boundary conditions as the solution. The boundary conditions are incorporated into the constraints of the PDE. We define [image: image] on the left side of Eq. 1, which is represented by the following formula:
[image: image]
The shared network parameter [image: image] is achieved by training the network to minimize the loss function [image: image]. In other words, [image: image] and [image: image] can be obtained by minimizing the loss function [image: image], which is defined as the mean-squared error obtained, namely,
[image: image]
[image: image]
where [image: image] and [image: image] represent the number of points in space and the total number of time steps, respectively.
Fourier transform, a section of the pseudo-spectral method, is often used to solve PDE. In deep learning, the application of the Fourier transform can accelerate convolutional neural networks [48]. In this article, the Fourier transform is used for the PDE constraint construction of loss function. The Fourier-transformed function has an obvious advantage in which it has a wider range of applications. When solving the spatial derivatives, the related operations (such as the inverse Laplace transforms) are a challenge for finite differences. The function is very easy to calculate in the frequency domain using the discrete Fourier transform (DFT) [49,50].
4 NUMERICAL EXPERIMENTS
In this section, we evaluate the proposed method by two nonlinear time-dependent PDE systems. By solving Burger’s equation and the two-dimensional incompressible Navier–Stokes (N-S) equation, we demonstrate the solution accuracy and extrapolation ability of PA_CasualLSTM compared with those of FNO. The following section introduces the parameters and prediction evaluation indicators of each part of the network construction and then conducts experiments on the two PDEs. All numerical experiments and constructed networks in this article are coded using PyTorch [51], and PyCharm is used as the development environment for the experiments, and an NVIDIA GeForce GTX 3090 (24G) is used to train the network.
4.1 Network settings
We consider the same network architecture setting for the two examples in this article. The PA_CasualLSTM cell consists of three FCNs with 20, 64, and 64 neurons, respectively, the two layers of AFL, and a CasualLSTM cell. All networks are trained by the stochastic gradient descent Adam optimizer [52].
4.1.1 Baseline
As an important part of evaluating the architecture and performance of the neural network, we choose the FNO as the baseline to demonstrate the capability of the proposed method. After hyperparameter optimization, we choose the following model as the solution baseline:
FNO: the four-layer Fourier neural operator with three FCNs with 20, 64, and 64 neurons, respectively, is chosen. The first FCN lifts the dynamics from Din to D20, and the third FCN projects the dynamics from D64 to D1. Also, each Fourier layer is parameterized with 13 truncated modes.
4.1.2 Evaluation metrics
To evaluate the pros and cons of the proposed network, our error evaluation is divided into two parts: training and extrapolation. The root-mean-square error (RMSE) is reported which is defined as follows:
[image: image]
where [image: image] represents the whole number of time steps in [0, τ] and τ represents the moment of this time step. [image: image] is the number of all spatial points in the area. [image: image] and [image: image] are the reference solution and the network solution, respectively.
4.2 Burger’s equation
Considering a hydrodynamic problem, the two-dimensional viscous Burger’s equation has the following form:
[image: image]
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where [image: image] represents the velocity of the fluid; ν is the viscosity coefficient; [image: image], [image: image], [image: image], and [image: image] are the partial derivatives; and [image: image] is the initial condition.
As a nonlinear partial differential equation describing the phenomenon of wave diffusion, Burger’s equation is widely applied in many physical problems such as sound waves and vibrations. Although its equation form is simple, it contains nonlinear derivatives, partial derivatives, and other terms, so it is widely used to verify the effectiveness of numerical methods. Here, we take [image: image], and the spatial region takes [image: image] with a grid resolution of [64[image: image]].
In addition, the reference solution is solved using a pseudo-spectral method with a fourth-order Runge–Kutta time integration scheme ([image: image]), while for the baseline and PA_CasualLSTM, we use a larger time interval ([image: image]). PA_CasualLSTM is trained from 5, 10, and 20 to 40 time steps, with each training epoch being 3,000, the learning rate being 0.001, and the learning rate being reduced by 2% every 100 epochs. In the training phase, the number of time steps is 40, and the time range is [0,2]. Based on the trained model, we predict its solution with a number of time steps of 40 and a time range of [2, 4] to verify its extrapolation ability.
Figure 3 depicts four snapshots of [image: image] taken from the training phase ([image: image] = 0.75, 1.5s) and the extrapolation phase ([image: image] = 2.5, 3.5s), respectively. Each snapshot from top to bottom is reference solutions, predictions by FNO and PA_CasualLSTM, and errors of FNO and PA_CasualLSTM, respectively. First, both the trained and extrapolated results of PA_CasualLSTM are excellently consistent with the overall change of the reference solution, while the baseline prediction fails to match the truth, especially it is obvious that the whole error of PA_CasualLSTM is close to zero, whereas the solution from FNO maintaining the same trend presents a much larger error. Second, the numerical results of PA_CasualLSTM are shown in Table 1, and two points ([image: image] = 16/64, [image: image] = 16/64; [image: image] = 16/64, [image: image] = 48/64) at four time are selected to verify the proposed method. It can be found that the error of FNO is larger than that of PA_CasualLSTM, especially in the extrapolation proceedings. Also, for the error propagation shown in Figure 4, it is validated that PA_CasualLSTM possesses superior solution accuracy to FNO. The RMSE of PA_CasualLSTM surpasses that of FNO during the entire time period. The reason for this phenomenon is that the loss function designing of FNO only relies on the MSE constructed with the truth, which is limited by the grid sizes. In addition, due to CasualLSTM and the residual connection on the input and output, PA_CasualLSTM remains an outstanding performance effect on extrapolation.
[image: Figure 3]FIGURE 3 | Result of PA_CasualLSTM solving Burger’s equation. Four representative moments are selected for comparison, namely, training ([image: image] = 0.75, 1.5s) and extrapolation ([image: image] = 2.5, 3.5s), and the entire interval error is compared. The subfigures from top to bottom are reference solutions, predictions by FNO and PA_CasualLSTM, and errors of FNO and PA_CasualLSTM, respectively.
TABLE 1 | Numerical result of the classical numerical method, FNO, and PA_CasualLSTM for Burger’s equation.
[image: Table 1][image: Figure 4]FIGURE 4 | RMSE of PA_CasualLSTM and FNO for Burger’s equation.
4.3 Two-dimensional Navier–Stokes equation
We consider the two-dimensional Navier–Stokes equation for viscous incompressible fluids [38]:
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where [image: image] is the velocity field containing ([image: image]), [image: image] is the vorticity, and [image: image] is the initial condition with periodic boundary properties. The viscosity coefficient [image: image] and the forcing [image: image]. The reference solution is generated using the pseudo-spectral method. First, the velocity field is calculated in Fourier space by the flow function. Second, the nonlinear term of the geometric space and the Laplace operator of the vorticity are computed, respectively. Finally, in the time domain, the Crank–Nicolson formula is used for forward integration and the time step is [image: image]. We train the model for 20-time steps with a time duration of [0,2] and extrapolate the inference for [2,4] with a time interval of 0.1, where the resolution is 64 × 64. The learning rate is set at 5 × 10–4 and decays by 2% every 100 epochs.
The solution snapshots of vorticity and velocity predicted by PA_CasualLSTM and FNO are shown in Figures 5, 6, along with the ground truth reference and error maps. In general, the vorticity and velocity solution of both PA_CasualLSTM and FNO are in good agreement with the reference truth. However, the error distribution of PA_CasualLSTM is much smaller, especially in the extrapolation phase. Tables 2–Tables 4 show the numerical results of vorticity and velocity [image: image] and [image: image] by PA_CasualLSTM, respectively, and two points ([image: image] = 16/64, [image: image] = 16/64; [image: image] = 16/64, [image: image] = 48/64) are selected for comparison. According to Figures 5, 6, the overall trends of all physical quantities are nearly the same, and the numerical solutions of PA_CasualLSTM are closer to the reference solutions during extrapolation. The changes in error magnitude in Figures 5, 6 are further verified by the results in Table 2–Table 3, especially the extrapolation error. Moreover, the error propagation in Figure 7 further validates the superior solution accuracy. The vorticity or velocity RMSE of PA_CasualLSTM increases along with time, keeping at a low level (10−3 and 10−4, respectively), but the proposed method prevails FNO in extrapolation by one order of magnitude. The extrapolated error levels show the great potential of PA_CasualLSTM for generalization.
[image: Figure 5]FIGURE 5 | Vorticity results of PA_CasualLSTM-solved 2D Navier–Stokes equation, and four representative moments are selected for comparison, namely, training ([image: image] = 1, 1.7s) and extrapolation ([image: image] = 2.5, 3.5s), and the errors across the entire interval are compared. The subfigures from top to bottom are reference solutions, predictions by FNO and PA_CasualLSTM, and errors of FNO and PA_CasualLSTM, respectively.
[image: Figure 6]FIGURE 6 | Velocity results of PA_CasualLSTM-solved 2D Navier–Stokes equation, four representative moments are selected as comparisons, namely, training ([image: image] = 1, 1.7s) and extrapolation ([image: image] = 2.5, 3.5s), and one-by-one errors over the entire interval are compared. The subfigures from top to bottom are reference solutions, predictions by FNO and PA_CasualLSTM, and errors of FNO and PA_CasualLSTM, respectively.
TABLE 2 | Numerical results of vorticity for 2D Navier–Stokes equations solved by the classical numerical method, FNO, and PA_CasualLSTM.
[image: Table 2]TABLE 3 | Numerical results of velocity ([image: image]) for 2D Navier–Stokes equations solved by the classical numerical method, FNO, and PA_CasualLSTM.
[image: Table 3]TABLE 4 | Numerical results of velocity ([image: image]) for 2D Navier–Stokes equations solved by the classical numerical method, FNO, and PA_CasualLSTM.
[image: Table 4][image: Figure 7]FIGURE 7 | RMSE of PA_CasualLSTM- and FNO-solved 2D Navier–Stokes equations.
In this section, the loss history of PA_CasualLSTM for the 2D Navier–Stokes equation is shown in Figure 8. It is obvious that the loss value decreases very quickly after a few iterations. As the number of iteration steps increases, the change of the loss value becomes flat. From the change of loss history, it can be found that the network reaches convergence after training. Another example has a similar conclusion.
[image: Figure 8]FIGURE 8 | Convergence history of PA_CasualLSTM.
4.4 Ablation experiment
To verify the effectiveness of the proposed network, we implement an ablation study on PA_CasualLSTM by solving the 2D Navier–Stokes equation. The AFL is added to the time series prediction, and the residual connection method is adopted between the input and output. Here, we study the contributions of these two parts. The experimental setting composes three architectures: full PA_CasualLSTM, PA_CasualLSTM without AFL, and PA_CasualLSTM without residual connections. Other works are consistent with 4.3, and the results are used for performance evaluation. The comparison result is described in Figure 9. The structure of PA_CasualLSTM without residual connections scheme works the worst. PA_CasualLSTM has the best performance in both training and extrapolation. Therefore, both ablation experiments fully verify that AFL and residual connections play a vital role in the network architecture.
[image: Figure 9]FIGURE 9 | Ablation experiment.
5 DISCUSSION
The work [38] has demonstrated the great potential of FNO for the solution of PDE. However, there is still a lack of research on networks with unlabeled data and extrapolating information into the future. Through two numerical experiments (Burger’s equation and 2D N-S equation), we have verified the capability of PA_CasualLSTM in the solution of time-dependent PDE. In this section, we provide a comprehensive discussion about the proposed network.
1) The training process without labeled data. As an operator learning method, FNO needs label data from traditional numerical solvers to construct the network, while our PA_CasualLSTM frameworks only rely on the initial conditions and PDE law incorporated into the loss function as soft constraints. PA_CasualLSTM, which belongs to a self-supervised method, enhances interpretability by encoding physical law and does not require label data obtained by traditional numerical methods in the training process.
2) The more accurate results of extrapolation. The proposed network architecture involves two related temporal processes. Unlike the Fourier layer in FNO, because of the adjusted Fourier layer learning the spatial derivative, the global residual connection establishes a temporal relationship between input and output in PA_CasualLSTM. The addition of the CasualLSTM module strengthens the temporal evolution. So, the network holds a more accurate extrapolation solution due to the embedding of the aforementioned modules.
3) The construction of loss function. The loss function of traditional supervised deep learning is always based on MSE between output and labeled data. Different from the implementation of physical constraint in PINN, encoding PDE laws is realized by the Fourier filter to calculate the spatial derivative, which speeds up convergence and improves solution accuracy. The network is currently limited by a uniform grid, and we can extend the network into the irregular grid to strengthen the generalization of the network by using graph neural network learning [53,54].
4) The adaptive time-marching strategy. It adopts a timely update approach to adapt time-marching strategies, thus improving the solution accuracy. This adaptive process continuously updates the input to optimize the network parameters, but it also leads to a sharp increase in the amount of computation over time. Therefore, it is of great practical significance to strike a balance between accuracy and efficiency.
6 CONCLUSION
In this article, we propose a new time series prediction network with physical constraints and an adjusted Fourier neural operator (PA_CasualLSTM) to solve time-dependent PDE. Compared with previous deep learning methods, PA_CasualLSTM can avoid the high-quality requirements of training data and the rapid propagation of errors. By taking the advantage of the physical constrained network, AFL and CasualLSTM, PA_CasualLSTM, a self-supervised learning method, can quickly converge without labeled data and extrapolate the information to the future by the adaptive time-marching strategy. The excellent performance of solution accuracy and extrapolability is verified by solving Burger’s and N-S equations. In the future, we will extend the network to irregular networks with other boundary conditions and adopt a more accurate forward scheme to improve the solution accuracy and prolong the time interval.
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