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This study analyzed thermal and mass transport in magnetohydrodynamic
Maxwell nanofluids over a cylinder stretched along the z-direction. The
Cattaneo-Christov diffusion theory and Buongiorno’'s model were employed
to model the problem. The influences of Joule heating, chemical reaction rate,
and heat generation were also considered. Appropriate similar variables were
utilized to transform the constitutive equations. A semi-analytical method,
namely the homotopy analysis method (HAM) in Wolfram Mathematica, was
used to compute the problem solution. The results demonstrated the inverse
variation in flow behavior with increased Maxwell parameter values; however,
thermal and solutal transport displays the opposite trend. Additionally, the flow
field showed resistance due to the presence of the magnetic field, while Joule
heating enhanced the energy and mass transport phenomena. The results
regarding the coefficient of skin friction along the radial direction are
consistent with values reported in the literature.

KEYWORDS

Buongiorno model, Cattaneo-Christov theory, chemical reaction, heat source/sink,
joule heating, stretching cylinder

1 Introduction

Maxwell [1] proposed a rate-type model, which is well-known because of its viscoelastic
conduct and the prediction of stress-relaxation. The study of stretching surfaces is also an
intriguing topic for mathematicians, physicists, and engineers. The non-Newtonian
Maxwell model also has significant application to problems in industrial fields,
including aerodynamics, petroleum, and pharmaceutical processes. Mukhopadhyay [2]
adopted the boundary layer theory to model the Maxwell MHD flow and shooting scheme.
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FIGURE 1
Flow configuration.

Yang et al. [3] distinguished the thermal conductivity of a two-
phase medium for the Maxwell fluid. They reported decreased
conduction due to insulating pores caused by stretchiness. In their
heat transport study of the Maxwell model with variable
conditions, Ahmad et al. [4] reported a decreased heat-flux
because of additions to the stretching parameter. Ramzan et al.
[5] examined convective Maxwell flow with Dufour impression,
while Hsiao [6] analyzed a thermal extrusion problem with
radiation and dissipation for the Maxwell model, in which they
inferred that free convection is more reliable than forced

TABLE 1 Comparison values of —fh (0) for f1 2 0 whena =M = 0.

-f (0)

B Reference [34] Reference [35]
0.0 1.000000 0.999978

0.2 1.051948 1.051945

0.4 1.101850 1.101848

0.6 1.150163 1.150160

0.8 1.196692 1.196690

1.0

1.2 1.285257 1.285253

TABLE 2 Comparison values of —f” (0) for M > 0 when a = ; = 0.

-f (0)
M Reference [38] Reference [39]
0.5 1.1180
1.0 1.41421
1.5
2.0
5.0 2.44948
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convection energy transformation. Madhu et al. [7] investigated
the viscoelastic behavior of the flow with thermal radiation and
MHD. Irfan et al. [8] applied the HAM for Maxwell fluid with the
consideration of source/sink. Aziz and Shams [9]evaluatedthe
importance of thermal radiation and heat source in entropy
generation for a permeable surface. Their quantitative results
showed significantly decreased entropy generation with
increased magnetic field strength and medium permeability.
The term nanofluid refers to nanometer-sized structured
particles suspended in a base-fluid, generally water or intricate
hydrocarbon compounds. Recently, due to their extensive use in
applied science, biomedicine, industries, etc., nanofluids have
attracted increased attention. Choi [10] pioneered the term
nanofluid; since then, many studies have been conducted. The
mathematical modeling of nanofluid transport has adopted the
two-phased model described by Buongiorno [11]. To understand
the flow pattern and heat transport capacities of nanofluids,
numerous studies have been conducted in aerospace, biosciences,
and industrial fields. Cattaneo [12] modified the traditional Fourier
model by incorporating the thermal relaxation time property,
resulting in the Maxwell-Cattaneo principle. Christov [13]
modifiedCattaneo’s findings with the Oldroyd derivative to
produce an invariant form. The Cattaneo-Christov model and
Fourier law were compared by Han et al. [14]. Mustafa [15]
deduced the viscoelastic behavior of flow through the Cattaneo-
Christov theory on a stretching surface and inferred that heat
transport was inversely associated with the relaxation time. Li
et al. [16] analyzed the heat transfer and viscoelastic conduct of
models used with a steady boundary layer and the Cattaneo-

Reference [36] Reference [37] Present
1.000000 1.0000000 1.000000
1.051889 1.0518890 1.051556
1.101903 1.1019035 1.101603
1.150137 1.1501374 1.150356
1.196711 1.1967114 1.196711
1.241722
1.285363 1.2853630 1.285355
Reference [40] Reference [41] Present
1.118034 1.224745 1.224742
1.414214 1.414213 1.414213
1.581136
1.732045
2.449483 2.449474 2.446251
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TABLE 3 Convergence of homotopic solutions for fixed 81 = N, = N, =
Le=M=S5=0.1, B =p.=0.5 and Pr = 2.0.

”

Order of approximation -f (0) -0'(0) —-¢'(0)
1 1.0051 0.9959 0.9908
2 1.0102 09919 0.9863
4 1.0201 0.9804 09819
6 1.0250 0.9802 09774
8 1.0250 0.9801 09774
10 1.0250 0.9801 09774

Christov theory. Khan [17] reported the numerical significance of
the heat-mass transference rate on the Carreau fluid flow. Acharya
et al. [18] presented a generalized model for Fourier-Fick’s law, in
which they concluded the concentration distribution increased due
to Fick’s law. Additional studies on heat transfer in nanofluids and
the Cattaneo-Christov theory are discussed in Refs. [19-33].

Motivated by these previous studies, the present study discussed
Maxwell nanofluid flow and its heat transport rate over a stretching
cylinder at a steady state. This study also utilized Cattaneo-
Christov’s theory to develop energy and concentration equations.
The theory of double diffusion was applied to examine the
characteristics of heat transfer in viscoelastic flow. The effects of
magnetic field (Lorentz force and Joule heating), heat source/sink,
and the chemical reaction rate on the temperature and
concentration profiles were also evaluated. The practical
applications of this study include deforming and stretching
surfaces, particularly in application and development in industrial
processes such as fiber-glass production, enhancement of electronic
devices by employing microchips, plastic manufacturing, etc. We
also examined the response of fluid motion, concentration, and
energy distribution by altering attrition and other relevant
parameters. All the graphs show exponential decay, which
highlights the dependence of these profiles on the independent
variable #. The homotopy analysis method (HAM) was used to
develop the series of convergent solutions for the ordinary
differential equations (ODEs). We applied this analytical scheme
to quantitatively compare our results to those previously reported.

Section 2 of this report describes the mathematical modeling
of the problem. Section 3 discusses the solution approach to solve
the problem. Section 4 discusses the graphs and tables showing
the results of comparisons with Refs. [22-29]. Finally, Section 5
presents the concluding remarks.

2 Mathematical formulation

Consider a steady laminar two-dimensional incompressible flow
over a cylinder of radius Ry stretched along the z-direction with
Az, (where A =
velocity to a specific length), drenched into the Maxwell nanofluid.

velocity i, (z) = % > 0 is the ratio of the reference
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The geometry of the flow is shown in Figure 1. The magnetic field
B = [By, 0, 0] is applied normal to the axis of the cylinder; i.e., the z-
axis. Moreover, the Cattaneo-Christov diffusion causes thermal and
solutal transportation in the flow. At the cylinder surface, the
temperature and concentration of the Maxwell nanofluid are
constant; i.e., T = Tw and C= C‘w, respectively. At the free-
stream, their values are T = TOO and C = COO, respectively. The
extra stress tensor S for the Maxwell fluid is:

(1 = )s UA;, (1)

where A; = (gradV) + (gradV)T is the first Rivlin-Ericksen
tensor, y is the dynamic v1sc031ty, is the upper convective

and A, is the

Dt
time derivative (Oldroyd derivative),
relaxation time.

The Cattaneo-Christov model is utilized in preference to the
classical Fourier’s law of heat conduction and Fick’s law of
diffusion, with the heat flux q and the mass flux J given as:

q+/\,<‘3 +V.Vq+ (V-V)q-q- vv):-kvi )
dJ .
]+AC<§+V-V]+ (V~V)]—]~VV> =-D,VC, (3)

where A, A, k, and Dy, are the thermal time relaxation, the mass
time relaxation, the thermal conductivity of the fluid, and the
Brownian diffusion coefficient, respectively. Eqs 2 and 3 are
reduced to the classical Fourier’s law of heat conduction and
Fick’s law of diffusion when A, = A, = 0. For incompressible flow
(V-V =0), Egs 2, 3 reduce to:

q+At<aa +V.Vq-q- VV> = —kVT, (4)
a] A
]+AC<E+VV]—]VV> =—D1,VC (5)

Given the above assumptions, and eliminating S, q, and J, the
governing equations for the Maxwell nanofluid flow are:
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FIG!JRE 2
(A) f'(n) as a function of ;. (B) 6(#) as a function of B1. (C) ¢(n) as a function of f;.

,;§ . w@ L [~2a C . ,0°C i _oC 0 BC L0 oC The corresponding boundary conditions are:
or 0z or’ 7 Mozt ar or " "or oz
HD§a£ oW ac] [az 1ac] KEF 162) i(z,r) =0, w(z,r) = Az, T=T,, C=C,atr=R,, (10)
oz or Yoz oz o ror or* ror ~ -~ - - N
T aof adT 12) u—0,T—->Ty, C—Cyxastr— 00. (11)
e < o T Poar o Brzaz = araz>]
K [( ¢-Cu)+ A <ﬁg_f . wg_f)] The conversion ansatz for the flow, thermal, and mass
transport are:
&)
In the above equations, ps 0, Bo, T, ¢, &1, Dy, Qo, and K are - Ry ~ . -~ T-Tgy
the density of the fluid, the elfectric condl;ctivity of the fluid, the - Vs (n), w = Azf’ (n). 6(n) = Ty—Teo (12)
intensity of the magnetic field, the effective heat capacity of the o(n) = ~é - éf)o , with 7y = é( ” Ry )
nanoparticles in the base fluid, the heat capacity, the thermal Cy-Cx v\2R, 2
diffusivity of the nanofluid, the thermophoresis coefficient, the
volumetric rate of heat absorption/generation source, and the Note that Eq. 6 is satisfied and Eqs 7-9 yield the following

chemical reaction rate, respectively. dimensionless ODEs.
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(A) f’(n) as a function of a. (B) 0(#) as a function of a. (C) ¢(n) as a function of a

m

7 -BFF
0,

(1+2;1a)f f +ff +2(xf +zﬁf
ap, ' _
T (1+29 a)ff M(f ﬁff)_
(13)
(1 +2110c)9” +2a0' + Pr[f@’ —ﬁt(ff’e’ +f'29”)] +PrN, (1 +27a)0'¢’
B f2afo'¢' + (1+20)(f0'¢' + f6'¢")}] + PeN, [(1 + 2qa)02
—2ﬁt{(1+2qa)f9'0”+af0’2}]+2PrMEc[ 7 +;3,( o )]

+PrQ* [0+ B,(f6')] =
(14)

(1+200)¢" + 209"+ 5[ Fo' =719+ 9]
%; [(1+200)0" - (76" - 4af0")] - ScK*[ ¢ + B.(F9')] =
(15)

Frontiers in Physics 05

with boundary conditions:

f=0f(n)=1,0n)=1 ¢(n)=1 asn=0,
f'(1)=0,6(n)=0, ¢(n)=0asyn—oo.

(16)
(17)

The dimensionless parameters involve the fluid relaxation
time parameter f31, the curvature parameter «, the magnetic field
parameter M, the Prandtl number Pr, the Schmidt number Sc, the
Brownian diffusion parameter N, the thermophoresis parameter
N, the thermal relaxation time parameter f, the solutal
relaxation time parameter f., the Eckert number Ec due to
the stretching of the cylinder in the z-direction, the heat
generation parameter Q¥, and the chemical reaction parameter
K*, respectively.
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(A) f’(r]) as a function of M. (B) 0(#) as a function of M. (C) ¢(n) as a function of M.
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(18)

3 Solution approach

The resulting ODEs were highly non-linear; therefore, to obtain a
numerical solution, we used a semi-analytical scheme, namely the
HAM in Wolfram Mathematica. The advantages of this technique

Frontiers in Physics

include its utility if the equations under consideration include any
large or small parameters. Furthermore, it can be applied to achieve a
non-linear approximate problem by selecting distinct sets of base
functions. The detail of this technique can be seen in [30]. Eqs 13-15
for the flow, temperature, and concentration fields are solved
analytically by implementing the principles of homotopy. In this
technique, the corresp~onding auxiliary linear operators (£ 7, Lo, L)
and initial guesses ( f,, 0y, ¢,) are selected to obtain a convergent
series solution. Thus, the non-linear problem is converted into an
infinite series of linear ones. The selected linear operators with initial
guesses for this problem are:

fom)=1-€", O(n) =€, ¢y () =€, (19)

CiF]=F -F. Lol0(m) =6 -0, Ly[s(n)] =¢ - 9.
(20)
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(A) 6(n) as a function of . (B) ¢(n) as a function of S.. (C) 6(x) as a function of Q*. (D) ¢(n) as a function of K*.

4 Solution convergence

The parameters hﬁ hg, and hy for the velocity field, temperature,
and concentration distribution, respectively, ensure the convergence
of the homotopic series solutions. The values of these parameters are
found by applying the following least-square error formula:

1 N
N+1.Z

j=0

m 2
Fpp = [Nf D Fj (iAn)] : @1
i=0

The velocity, temperature, and concentration field solutions

converge at the sixth order of estimate.
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5 Discussion of results

This section discusses the impact of the factors affecting the
flow, thermal, and mass transportation. The behavior of the
Maxwell parameter f3;, the curvature parameter «, the magnetic
field parameter M, the thermophoresis parameter N the
Brownian parameter N, the heat source/sink parameter Q,
the thermal the
relaxation time parameter f., the Prandtl number Pr, the
Eckert number Ec, and the Schmidt number Sc are scrutinized
for the velocity f’ (1), temperature 6 (#) and concentration ¢ ()
fields.

relaxation time parameter S, solutal
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Since the behaviors of fluid motion, thermal, and mass
distributions are dependent on # (on the x-axis), fluid is
closer to the boundary, i.e., at # = 0; thus, we noted the
maximum values of velocity, temperature, and concentration
profiles, as shown in the graphs. Physically, the stretching
effect is most prominent for fluid near the boundary;
however, as the value of # increases, the stretching effect
starts to decrease. This behavior is strictly/continuously
decreasing and can be defined as a monotonic decreasing
behavior. Furthermore, the motion near the surface is
signified when a graph converges more easily. To achieve a
better solution convergence, we fixed the values of the
relevant parameters, as follows: ; = a« = 0.8, M = 1.0, N, =
0.4, N, = 0.1, Q* = K* = 0.6, and f3, = . = 0.5.
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Tables 1 and 2 compare our findings to those reported previously.
The numerical outcomes attained here are in best agreement with
these studies. Table 3 shows that the values of the skin friction
coefficient along the radial direction ff (0) increased for f3; > 0.
Table 1 shows that by incrementing the values of the magnetic
parameter M > 0, the coefficient of skin friction — f (0) also increased.

Figures 2A-C illustrate the influence of the Maxwell parameter
By on f' (), 8(n), and ¢ (). Figure 2A shows that by increasing the
value of §; from 0.1, 0.6, 1.1, to 1.6, the velocity field decreases because
P1 causes friction against the flow field. However, the opposite
behavior is shown for thermal and mass transport in Figures
2B,C. The energy of the system increases with increasing Maxwell
parameter values. Physically, 3; corresponds to the deformation of
viscoelastic fluids. The stress relaxation phenomenon increases with

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1005056

Ahmed et al.

Pr=5,7,11,15

6 (n) as a function of Pr.

Cc

10.3389/fphy.2022.1005056

Ec=0.1,0.5,0.8,1.2

o
T

0 (n) as a function of Ec.

1
0.9

Sc=3,7,11,15

¢ (n) as a function of Sc.

FIGURE 7

(A) 6(n) as a function of Pr. (B) 8(#) as a function of Ec. (C) ¢(») as a function of Sc.

increased f3;values, which hardens the material under observation;
ie., it behaves as solid, with the distance between fluid particles
decreasing. This requires more time to sustain deformation and
lowers the velocity profile. Furthermore, the thermal conductivity of
the fluid improves simultaneously, which eventually boosts the heat
and mass transport phenomenon. Figures 3A-C show the influence
of the curvature parameter & on f' (1), 8()), and ¢ (7). The graphs
demonstrate the increased flow field and energy of the system due to
increased « values; i.e., their behavior varies linearly for a. The radius
of curvature reduces, which decreases the surface-liquid interface
constituency and boosts the velocity profile. The root cause of this
behavior is an increment in the collision rate among the particles,
which decays the heat transfer rate and raises the temperature and
concentration distribution as illustrated in Figures 3A-C. In Figures
4A-C influence of magnetic parameter M is seen on f’ (), 8(n),
and ¢ (7). The higher values of M strengthen the Lorentz/
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electromagnetic force due to the external magnetic field, which
produces resistance against the fluid flow. Thus, the velocity field
decreases with increasing M value from 1.0 to 3.0, 5.0, and 7.0.
However, this force induces more collisions among the fluid particles,
which significantly increases the temperature and mass distribution.
This effect is shiwn in Figures 4B,C.

Figures 5A,B illustrate the effect of the thermal relaxation time
parameter f3; and the solutal relaxation time parameter . on 6(#)
and ¢ (#), respectively. The thermal and concentration fields are
compressed by magnifying the thermal and the solutal relaxation
time parameters. In a physical sense, the particles require additional
time to conduct heat towards the adjacent particles, which results in a
deterioration of the fluid temperature. However, due to an accretion
of f, particles require extra time to diffuse mass, resulting in a
reduced concentration distribution. Figures 5C,D show the
consequences of the heat source/sink parameter Q* and the
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chemical reaction parameter K* on 8 (#) and ¢ (#), respectively. The
mass distribution decreases with increasing chemical reaction rate K¥,
as illustrated in Figure 5D. The species transfer in chemical reactions
results in a decreased mass distribution. However, Figure 5C shows
the increased energy of the system due to the random motion of the
particles, which ultimately increases the fluid temperature for Q* > 0.
Figures 6A-D highlight the significance of the thermophoresis
parameter N, and the Brownian diffusion parameter N, on 6(#)
and ¢ (1). The effects of N}, on the thermal and mass transport are
shown in Figures 6C,D, respectively. Due to Brownian motion, the
particles exhibit erratic movements, which magnifies their rapidity
and, hence, increases the average kinetic energy of the system. This
immediate boost in kinetic energy provokes more tumultuous
collisions among particles by directly increasing the temperature
field; however, the concentration distribution decreases, as shown in
Figure 6D. However, as demonstrated in Figure 6B, the rate of mass
transport is amplified and drives the particles to relocate into areas of
low concentration by inducing the thermophoresis phenomenon.
The massive particles quickly experience the positive Soret effect, in
which they proceed from warmer to lower temperature zones. These
effects lead to increased fluid temperature and concentration fields, as
shown in Figures 6A,C. In Figures 7A,B the effect of Prandtl number
Pr and Eckert number Ec is determined on 6(#). The thermal
diffusivity of the fluid decreases due to increased Pr as Pr enhances
the specific heat capacity of the liquid, whereas heat transmission
delays fluid flow. Thus, the heat transfer rate and temperature field
decrease. Figure 7B shows the dissipation of energy due to increased
Ec values owing to the stretching of the sheet, which causes changes
in thermal transportation, for Ec = 0.1, 0.5, 0.8, 1.2. Physically, fluid
friction is generated due to increased Ec values, which causes the
transformation of mechanical energy into heat energy. Therefore,
0(#) rises. Figure 7C illustrates the impact of Schmidt number Sc on
¢ (n). Since Sc corresponds to the momentum and mass diftusivity,
with increases in the diffusion ratio to 3, 7, 11, and 15, the
momentum diffusion predominates over the mass diffusion. Thus,
the mass transport decreases.

6 Conclusion

This study assessed 2D Maxwell nanofluid flow over a
stretched cylinder along the z-direction with the thermal and
solutal transportation in flow induced by Cattaneo-Christov
diffusion. The effects of the chemical reaction, heat generation
source/sink, and Joule heating were also considered in the heat
and mass transport analysis. A semi-analytical method, the
homotopy analysis method (HAM) in Wolfram Mathematica,
was used to compute the convergent series solution. The main

outcomes were:
» The coefficient of skin friction along the radial direction

—f (0) was enhanced for non-negative values of Maxwell
and magnetic parameters.
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o The Maxwell parameter decreased the behavior of the flow
field. However, improving the thermal conductivity
strengthened the temperature and concentration profiles.

o The Lorentz force induced by the magnetic field produced
resistance and reduced the flow field; however, the thermal and
mass transport increased due to the Joule heating effect.

o Due to Brownian motion and thermophoresis, the thermal
transport escalated. However, the concentration field was
decayed by the former and augmented by the latter.

o The temperature distribution increased due to the effects of
the heat source/sink. However, the chemical reaction rate
reduced the concentration profile.

o The thermal and mass relaxation parameters reduced the
heat and mass transfer rates, respectively.

o The fluid friction generated as a result of Ec converted the
mechanical energy into thermal energy, which increased the
temperature field.
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