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The probability density analysis formula of the single orbital angular momentum
(OAM) mode of an annular vortex beam with a focusing mirror in a turbulent
atmosphere is derived theoretically, and the effects of different parameters on
the OAM spectrum are investigated numerically, and the results show that the
OAM diffusion of the annular vortex beam is weaker than the Gaussian vortex
beam in a turbulent atmosphere under the same conditions, and the annular
vortex beam with a focusing mirror can more effectively reduce the crosstalk of
OAM modes. Our findings will be useful for improving FSO system performance.
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1 Introduction

Vortex beams, carrying the OAM, have attracted many attentions because of its wide
application, such as optical manipulation and trapping [1], imaging [2], quantum
entanglement [3], free-space optical (FSO) communication [4] and so on. In
particular, those beams with mutually orthogonal property have been used to
multiplexing/demultiplexing in FSO communication for increase capacity and spectral
efficiency [5, 6]. However, the major challenge for FSO communication based on the
OAM multiplexing/demultiplexing is the disturbance of atmospheric turbulence. When
the laser beam propagates in atmosphere, the energy of one OAM state will disperse to
adjacent states because of the random fluctuation of the refraction index caused by the
turbulence [7-10]. This phenomenon is called as the cross-talk of OAM modes.
Obviously, the cross-talk of OAM modes affects the communication quality and the
strong cross talk even leads to the failure of communication. In previous studies, the
adaptive optics was adopted to compensate the beam’s OAM in turbulent atmosphere [11,
12], but the adaptive optics system is very complicated. In addition, the reconstruction
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Illustrating the notation.

accuracy and correcting efficiency are limited by the phase
singularity resulting from the strong fluctuation of wavefront.

On the other hand, the laser beam with different beam
profiles has different diffraction characteristics, which are
important qualities in the area of FSO communication. The
probability density of an OAM mode of Hankel-Bessel beams
in atmospheric turbulence was reported [13]. It is found that
Hankel-Bessel beams were a good light source for weakening
turbulence spreading of the beams and mitigating the effects of
turbulence on the probability density of the OAM mode. The
Bessel beam based on the OAM multiplexing/demultiplexing in
FSO communication with atmospheric turbulence was studied
[7]. Under the same turbulence condition, they found that the bit
error rates of transmitted signals carried by high order Bessel
beams showed small values and fluctuations. The performance of
a tailored Airy vortex beam array through atmospheric
turbulence was numerically studied [14]. Airy vortex beam
array can be a superior light source for effectively reducing
the intermodal crosstalk and vortex splitting, thus leading to
improvement in the FSO system performance. All of them are the
no-diffracting beams. It is well known that no-diffracting beams
own the self-healing property and can resist the disturbance of an
opaque obstruction [15-17]. Therefore, the no-diffracting beams
are naturally considered being applied to FSO communication
based on the OAM multiplexing/demultiplexing. In fact, one
common beam, i.e. the annular beam, seems to be advantageous
on reducing the scintillation index in turbulent atmosphere [18,
19]. Meanwhile it can be used to effectively assist delivering laser
power from orbit to the ground for its self-focusing effect
propagating in atmosphere [20]. An annular beam can be
easily generated [21] and have wide applications [22-26].
However, to the best of our knowledge, there is no report on
the OAM properties of an annular vortex beam in turbulent
atmosphere. In the present paper, we will study the OAM
spectrum of an annular vortex beam in weak turbulent
atmosphere. It is found that it, combined with the method
that we proposed in recent paper [27], can be used to reduce
the cross-talk of OAM modes.
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2 Basic theory

A vortex beam propagates in turbulent atmosphere with a
focusing mirror is illustrated in Figure 1. Using the quantum
description of a light beam, the complex amplitude of a beam, at
any space point (1, ¢, z), could be written as the superpositions of
different OAM states [28], i.e.,

E(r,¢,2) = \/% 1;” ai (r, z)exp (il9), )
with the expansion coefficient
1 2m
o)== [EGeen-igdy @

0

where [ is the quantum number of the OAM mode. The average
probability density of an OAM mode can be expressed as

(2 = - [[ < (1.0, 2B 6,20 expl1 (4, )]0 s,
©)

where the angular brackets denote an ensemble average, the *
means the complex conjugate. From this equation, the energy
weight of each OAM mode can be calculated as

R
Ci(2) = j (ay (r,2)Pyrdr, @)
0

where R is the radius of the receiving aperture. Therefore, one can
obtain the OAM spectrum of a beam, i.e., the normalized version
of Eq. 4

P2 = an

. S 5
2iZCr ®

In free space, the beam field in the receiver plane could be
calculated with the help of the Huygens-Fresnel integral [29], as

i
Efree (1, ¢,2) = 2P (ikz)

ik
x ” E(p. ¢, O)exp{;—z [P + 7 = 2prcos(¢ - 9)] }Pde(P» ©

where (p, ¢) is the polar coordinates in the source plane, k = 277/A
denotes the wavenumber with wavelength A, E (p, ¢, 0) represents
the complex amplitude of a light beam in the source plane. The
beam propagating in turbulent atmosphere is a complicated
process. For convenience, we only consider the weak
turbulence regime and hence the cumulative effect of the
turbulence could be thought as a pure phase perturbation to

the beam field in the receiver plane [30], i.e.,

E(r,¢:2) = Ejree (r $ 2)exp[y (. 6,2)], )

exp [y(r, ¢, z)] is the complex phase perturbation due to the
atmospheric turbulence along the propagation channel and the
Rytov approximation is adopted. By substituting Eq. 7 into Eq. 3,
then we can get the expression as
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ar(r 2> = 5 [ B (r9102) g (g 2dexp[-i1 (4, - )]

2
(exp[y" (r,9,,2) + v (1, ¢,,2)] Y dg, Ay,

®)

where (exp [y*(r, ¢1, 2) + y(r, ¢s, 2)]) is a phase correlation

function and could be given by [31].
Cexp[y" (r ¢1,2) + ¥ (r ¢, 2)])

2r2 = 2r? cos (¢, —
— CXP[ . (¢2 ¢1)]) (9)
Po
with
Py = (0.5466kzsz,l,~_%) B (10)
po is the spatial coherence radius of a spherical wave, C2 is the

structural constant of the turbulence refractive index fluctuation, and
I;is the inner scale of the turbulence. The Tatarskii spectrum is used as
the spatial power spectrum of the refractive-index fluctuation in Eq. 9
[32]. With the help of the above formulas, we can calculate the OAM
spectrum for different beams in turbulent atmosphere.

The expression for an annular beam was proposed by Mei
[33] and a vortex beam with annular beam profile in the source
plane can be expressed as

. N u-1
E(p,9,0) = exp<_la%op2 + ilo(p> z % (g)

u=1

o) ()]

where wj is beam waist size of the Gaussian term, Cy = kw3/2F is

1m

the initial beam prefocusing parameter with a focal distance F
(the distance from the initial plane to the receiver plane in this
paper), I is the initial quantum number, (%)) is the binomial
coefficient, N is the beam order, u is a positive integer, ¢
represents the obscure ratio of the annular beam and satisfy
the constraint 0 < € < 1. From Eq. 11, it is found that the annular
beam is composed by two different Gaussian beams. When the
second Gaussian term disappears and N = 1, Eq. 11 evolves to the

expression of a Gaussian vortex beam, i.e.,

iCy . P2
E(p,9,0) = exp(—w—ép2 + 1loq>>exp<—ﬁ>.

0

(12)

This case was discussed in Ref. [27], which was proposed as a new
method, using a focusing mirror, to reduce the cross-talk among
different OAM modes in turbulent atmosphere. There, for
simplicity, the basic Gaussian beam was adopted, but the
special beam is used in the present paper. By substituting Eq.
11 into Eq. 6, with the help of the following integral
formulas [34],

J~27T
0

exp[inf, — ix cos (0, — 0,)]d6, = 27 (

—1)"J,, (x)exp (inb,),
(13)
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and

ro xexp(-ax*)], (bx)dx =
0

b\/m _b_z
8al> P 8a

b? b?
) )

after tedious calculation, we obtain the propagating beam field in

7)o
B0 ke ("”)[»T(
SO () e ’

T

free space as

lp+1
Efree (1, ,2) = &exp[lkz(

SRECAE
(5]}

(15)

with
u iCy ik
C=nt e
w; wi 2z
u iCy ik
B= it 22
ewy  wy 2z

where J, () and I,() represent the first kind Bessel function and
On
15 and Eq. 9 into Eq. 8, integrating the

modified Bessel function with order-n, respectively.
substituting Eq.
equation with variable ¢; and ¢,, the average probability

SRR
Iy~ — ILiy+ -
az? “\ 8az? “\ 8az’

K2 ; K2 ; 2\ 117
o) o) 55 |-

(16)

density is obtained,

K exp( )11., l(
> G ok os( 4

z R )’;’Tﬁf,’_’sex},(,

u=1

ar(r,2)1"y =

On substituting Eq. 16 into Eqs 4, 5, we can get the energy
weight of each OAM mode for an annular vortex beam in
turbulent atmosphere, namely, its OAM spectrum.

3 Numerical results and discussion

In this part, we will show our numerical calculation results.
We set A = 1,0600nm, F = z = 1,000m, R = 0.1 m,
C2=10"" m™? [, = 0.001 m, I, = 3, and w, = 0.02 m, unless
specified otherwise.

Figure 2 shows the OAM spectrum of an annular vortex
beam in the receiver plane. C, # 0 denotes that there is a focusing
mirror and Cy = 0 means that there is not a focusing mirror. For
the convenience of comparing, a Gaussian vortex beam is also
shown in the same figure. It is found that the energy of the central
mode of the annular vortex beam increases 24.9% by comparing
Figures 2A,C. It implies that using a focusing mirror can
effectively reduce the influence of turbulence on OAM modes.
Moreover, one can find that the energy of the central mode of the
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FIGURE 2
The OAM spectrum in the receiver plane for the annular
vortex beam with ¢ = 0.5 (A,C) and the Gaussian vortex beam (B,D).
Co # 0 and Cp = 0 denote the beam with a focusing mirror and
without this mirror, respectively.
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FIGURE 3

The beam spot in the receiver plane and the intensity

evolution along the z — axis for a Gaussian vortex beam (A1,B1) and
an annular vortex beam (A2,B2), respectively.

annular vortex beam is 0.807. It is larger than that of the Gaussian
vortex beam under the same condition. This means that the
annular vortex beams show a good result for reducing the
influence of turbulence on the OAM mode.

This can be explained by the theory used in Ref. [27],
i.e., the annular vortex beam has a smaller transverse area in
the receiver plane than Gaussian vortex beams which is
illustrated by Figure 3. This figure shows the intensity
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1 '0 - = = Gaussian vortex beam(without focusing mirror)
—o— Gaussian vortex beam(with focusing mirror)

0.9 - = - Annular vortex beam(without focusing mirror)
—ae— Annular vortex beam(with focusing mirror)

0.8 '//.MH_V *—@ L g
T
0.7

0.61
N
2 4 6 8 10 12 14
N
FIGURE 4

The variation of the energy of central mode P,_3 as a function

of beam order N for annular vortex beam in the receiver plane. The
corresponding Gaussian vortex beam, dashed line, is plotted for
comparing.

evolution along the optical axis z and the normalized
intensity distribution in the receiver plane for an annular
vortex beam and a Gaussian vortex beam. If we use this
definition of power in the bucket [35].

J.re I(r)rdr = 86.5% J’oo I(r)rdr (17)
0 0

to define the effective radius of light beams and then we can
calculate the effective interaction area 7r? for the annular vortex
beam and the Gaussian vortex beam in the receiver plane being
27.8 cm?, and 154.2 cm?, respectively. One can see the annular
vortex beam has a smaller effective interaction area than the
Gaussian vortex beam and hence it is less disturbed by the
atmospheric turbulence.

The influence of the beam order N of an annular vortex
beam on the OAM spectrum in the receiver plane is plotted in
Figure 4. On the one hand, it is found that the energy of the
central mode P;_; for the annular beam with a focusing mirror
increases as the beam order N increases. On the other hand, one
can find that the energy of the central mode of the annular
vortex beam with a focusing mirror is always larger than that of
the annular vortex beam without a focusing mirror at arbitrary
beam order N. This is shown again that the cross talk of the
OAM mode can be largely reduced by using a focusing mirror.
Therefore, in this paper, we only focus on the OAM spectrum
for the annular vortex beam with a focusing mirror in turbulent
atmosphere and we will not discuss the case without a focusing
mirror in the next content. For comparing, the energy of the
central mode P;_; for a Gaussian vortex beam is also plotted in
Figure 4. It is found that the annular vortex beam is better on
reducing the cross talk of OAM mode in turbulent atmosphere
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FIGURE 5

The variation of the energy of central mode P,_z as a function
of obscure ratio ¢ for annular vortex beam in the receiver plane

than the Gaussian vortex beam. The variation of energy of
central mode P._3 as a function of the obscure ration ¢ of the
annular vortex beam is plotted in Figure 5. One can find that
P,_3 increases when the value of ¢ increases. In other words, the
cross talk of OAM mode is weak for annular vortex beams with
a great value of e.

4 Numerical simulation

To illustrate the analytical results, we simulate the two
beams propagating in turbulent atmosphere by using the
random phase screen [36]. In this examples, we take A =

(A)Gaussian vortex beam

FIGURE 6

10.3389/fphy.2022.1013729

1,060 nm, @y = 0.02 m, Iy = 3, I, = 0.001 m, F = 1,000 m, N = 10
and € = 0.5. The size of each phase screen is set as 0.28 m x
0.28 m with 512 w512 pixels. There are 13 screens among 1 km
propagating distance. Every phase screen is characterized by
an effective coherence diameter (0.423k2CflAz)73/5, where Az
is the distance between two neighboring phase screens.
Figure 6 shows the simulation result of intensity in the
receiver plane for a Gaussian vortex beam and an annular
vortex beam in turbulent atmosphere, respectively. It is found
that their beam spot is not smooth. This is because of the
disturbance of turbulence. One can also find that the beam
spot size of the annular vortex beam is smaller than that of the
Gaussian vortex beam. This is the reason that why the annular
vortex beam has a weaker cross talk of the OAM mode than
the
atmosphere condition. Figure 7 shows the OAM spectrum

Gaussian vortex beam under the same turbulent

of these two beams in the receiver plane for different turbulent
strength. One can find that the energy of the central mode P, =
3 of the annular vortex beam is higher than that of the
Gaussian vortex beam. Moreover, the distribution of the
OAM spectrum for the annular vortex beam is narrower
than that for the Gaussian vortex beam. The same results
are illustrated by the (B) of Figure 7 which is the OAM
spectrum for these two beams with a strong turbulence.
the better
performance on reducing the cross talk of the OAM mode

Therefore, annular vortex beam has a
in turbulent atmosphere than the Gaussian vortex beam. The
behavior is more obvious if the turbulence is strong. We
should stress that this case can be obtained by using the
numerical simulation rather than the analytical analysis
is that the

analytical analysis method is only available for the weak

which we used in Section 2. The reason

turbulence.

(B)Annular vortex beam

The beam spot (one realization) for a Gaussian vortex beam (A) and an annular vortex beam (B) in the receiver plane with [, = 3, C2 = 107> m=2/3
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The OAM spectrum (averaged over 100 realizations) of an annular vortex beam and a Gaussian vortex beam in the receiver plane for different

structural constant (A) 10** and (B) 0.9x107“.

5 Conclusion

The OAM spectrum of an annular vortex beam in turbulent
atmosphere was studied. The influence of different parameters
was explored numerically. For comparing sake, the Gaussian
vortex beam was also showed in this paper. We found that the
cross talk of OAM modes was reduced largely by using the
annular vortex beam with a focusing mirror. At the same time,
the annular vortex beam had a better performance on reducing
the cross talk of OAM modes than the Gaussian vortex beam.
Moreover, at the initial quantum number [, = 3, the annular
vortex beam with a great beam number N or a large obscure ratio
can more reduce the cross talk of OAM modes. The results
obtained in this paper are useful for FSO communication.
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