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Einstenium-254 (Z = 99, N = 155), can be prepared as a target for research into

nuclear reaction studies. This work presents structure and reaction calculations

of Es-254 and Ca-48 (Z = 20, N = 28), using the Skyrme-(Time-Dependent)-

Energy-Density-Functional formalism. The reaction calculations show the

initial parts of the heavy-ion reaction between the nuclei which, depending

on the interaction parameters, can lead to capture to a compound nucleus of

element 119. For collisions with the spherical 48Ca impinging on the tip of the

prolate 254Es no fusion events are found. For collisions where the calcium

approaches the belly of the einsteinium, capture occurs with the compound

nucleus outlasting the lifetime of the calculation, indicating a possible fusion

candidate. For a sample center-of-mass collision energy of 220 MeV, slightly

non-central collisions, up to an impact parameter of 1 fm, also form long-lived

compound nuclei.
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1 Introduction

Einsteinium-254 (Z = 99, N = 155, J = 7 ground state [1]), with a half-life of 276 days

[2], is a transuranic actinide which can be produced in sufficient quantities to prepare as a

target in nuclear reaction experiments. Previous experimental studies of heavy-ion

induced reactions on Es-254 include with 16,18O and 22Ne beams [3, 4], as well as in

searches for superheavy elements with Ca-48 [5].

The theoretical study of the best reaction mechanisms and beam-target combinations

is an important part of superheavy element (SHE) research, going hand-in-hand with the

experimental efforts to understand SHE formation [6–8]. While many theoretical

methods are used, as shown and referenced in the just-cited arcticles, the present

work concentrates on calcualtions using the microscopic time-dependent Hartree-

Fock (TDHF) method. This has the benefit of being relaticely parameter-free, at least

in the reaction theory, using parameterised effective interactions fitted at the level of

(mainly) ground state structure and nuclear matter properties. TDHF is the basic mean-

field picture of nuclear dynamics and includes some significant effects not found in all

theories, like the ability of the reacting nuclear systems to exhibit significant

rearrangement of matter while accounting for shell structure and some correlation

effects (e.g. through the Pauli principle). On the other hand, the mean-field

approximation misses explicit two-body or higher collision terms, and is
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computationally costly enough to make extensive systematic

calcualtions difficult. The method has previously been applied

to study the formation of superheavy elements through fusion

[9], and in particular the reaction of Bk-249 with Ca-48 and Ti-50

[10, 11]. More recently, the addition of projection methods after

TDHF has allowed detailed studies of multinucleon transfer as a

method for creating SHE [12].

In this contribution, we study the reaction 48Ca + 254Es using

TDHF at energies above the Coulomb barrier to map out the

reaction dynamics, and point researchers to futher possibilities

for improved calculations and experiments in this area.

2 Formalism

2.1 Hartree-fock and time-depdendent
hartree-fock

The calculations presented in this work use the Skyrme

energy density functional, with static Hartree-Fock (HF)

calculations to produce the ground state and time-

dependent Hartree-Fock calculations for the calculation of

collisions. Full details of the energy density functional and the

methods of the static and time-dependnet Hartree-Fock

calculcations can be found in the papers desribing the

Sky3D code used here [13, 14]. For further details of the

Skyrme density functional method in general, the reader is

refered to review article of Bender [15]. Several useful reviews

for the use of TDHF (and extensions) give further details of

TDHF calculations for collisions [16–18].

2.2 Frozen hartree fock

As well as the standard HF + TDHF methods, we use the

Frozen Hartree-Fock (FHF) approximation to give an

intuitive picture of the heavy-ion fusion barrier. FHF, using

the Skyrme interaction, involves forming a combined system

of two nuclei, each obtained via its own static HF calculations.

The two nuclei are placed a defined distance apart, and the

total energy of the system calculated using the combined

densities. Subtracting the energies of the individual nuclei

gives the FHF potential [17]

VFHF
�R( ) � ∫ d �rH ρ1

�r( ) + ρ2
�r − �R( )[ ] − E ρ1[ ] − E ρ2[ ]. (1)

By placing the nuclei at a range of separations �R one can build up

an ion-ion potential which can help guide the TDHF

calcualtions. More sophisticated ion-ion potentials can be

obtained from e.g. density-constrained-TDHF [19] in which

the dynamic deformation of the nuclei as they are brought

close together is included. We use the FHF implementation as

described in [20].

3 Static properties

In order to understand the starting point of the dynamics

between 254Es and other nuclei, the static ground state properties

of 254Es were studied.

In order to understand the choice of effective interaction on

the ground state properties, the following Skyrme

parameterisations were used in the ground state study: SV-

min [21], a force whose parameters were fitted by a least-

squares minimization of an error function based on

observables with small correlation effects; SLy5 [22], a widely-

used parameter set which includes a fit to the equation of state for

pure neutronmatter, intended to work well far from stability, and

at densities away from saturation; and SLy5t [23] which adds

perturbatively the Skyrme tensor force on top of the

SLy5 parameters. The tensor terms can rearrange the single

particle levels and so influence the shell gaps [24], and hence

the ground state shapes of nuclei, including (in the context of the

present study) potential fission daughter products.

Figure 1 shows the convergence of the total (binding) energy,

and the shape parameters β2 and γ during the Hartree-Fock

minimization procedure to determine the ground state. It is seen

that in particular, the shape of the nucleus is very consistent

between the forces, with a quadrupole deformation paramter of

β2 ≃ 0.18 with small triaxial deformation parameter γ ≃ 5o. We

note that odd protons and odd neutrons usually induce a small

triaxiality on top of the typically axial even-even core they orbit.

The HF + TDHF calculations omit pairing. This is a common

approximation for TDHF calculations, partly for expedition, and

partly since the pairing dynamics are not considered to be

prominent in fusion reactions where the massive

rearangement of nucleons in large amplitude collective motion

is the primary concern. However, pairing can have a significant

effect on ground state deformations, which can have significant

effects on fusion, and so we asses the effect of omitting pairing in

the odd-odd 254Es nucleus by turning on pairing for the

neighbouring even-even sytems with A = 254. Using the code

ev8 [25] to allow shape-constrained calculations, the ground

states of 254Cf (Z = 98) and 254Fm (Z = 100) were obtained with

Skyrme parameterisation SLy4, and BCS pairing. In both cases

the energy minima gave a similar shape to each other, and to that

of the Sky3D calculation of 254Es using SLy5t without pairing.

The minimum energy occurs at 〈Q20〉 = 978fm2 for the

SLy5 force using ev8 with pairing, compared to 〈Q20〉 =

1036 fm2 for SLy5t using Sky3d without pairing, and we

conclude that the lack of pairing makes little effect on the

ground state shape.

4 Inter-ion potentials

Using the frozen Hartree-Fock approximation as described

in Section 2 inter-ion potentials have been calculated to show the
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dependence of direction of approach on the reaction dynamics.

Ground states for 254Es and 48Ca were calcualted with the SLy5t

interaction and placed on a coordinate space grid with grid

spacing in each cartesian direction of 1 fm. Each nucleus was

moved in units of 1 fm, with centres along each coordinate axis to

produce potential energies for approach along each of these three

directions. For each of the three sets of data, spline interpolation

is used to produce a smooth potential.

Figure 2 shows the curves for separation along each Cartesian

axis. The x-direction is labelled “tip” since the tip of the deformed

einsteinium nucleus is oriented in this direction. The y- and z-

directions are labelled “belly-y” and “belly-z” respectively. One

can see from the plot that the two belly curves are nearly equal

since the einsteinium nucleus is nearly axially symmetric (while

the calcium is spherical).

From the spline interpolation, the barrier heights are Vtip =

198.6 MeV in the tip direction andVbelly = 213.0 MeV in the belly

direction. As a general rule, these should be upper limits of the

fusion barrier in TDHF calcualtions which allows for dynamic

lowering of the barrier through shape changes as the nuclei

FIGURE 1
Convergence of total energy (left frame), β2 quadrupole deformation (middle frame) and γ deformation (right frame) as a function of Hartree-
Fock iteration for three different Skyrme parameterisations, as discussed in the text.

FIGURE 2
Frozen Hartree-Fock potentials of 254Es+48Ca showing orientation-dependence of potential barriers. Snapshots of the density slices in the z= 0
plane are shown in insets whose axis units are fm. The interaction used is SLy5t.
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approach. On the other hand, sub-barrier nucleon tranfer can

actually increase the barrier if the neutron-proton asymmetry in

one of the projectiles is very large [26]. In the present case, a

lowering should be expected.

5 Time-dependent hartree-fock
calculations

5.1 Approaching the tip

A systematic series of calculations from below the barrier up

to high energies were peformed for reactions in which the

spherical Ca-48 nucleus approaches the tip of Es-254 with an

impact parameter b = 0. All calculations in this orientation were

performed on a coordinate space grid of nx × ny × nz = 64 × 30 ×

32 fm with 1 fm grid spacing. The centres of the nuclei were

initialised at a separation of 24 fm.

Figure 3 shows a summary of all calculations in which the
48Ca nucleus approaches the tip of the 254Es. The following

regions of reaction behaviour are observed:

• ECM < 193Mev: 48Ca approaches 254Es but does not touch.

Some Coulomb excitation seen through distortion of nuclei

• 193 MeV≤ECM ≤ 220 MeV: 48Ca reacts with 254Es and

forms compound nucleus (CN); CN remains shaped

approximately as 48Ca stuck on side of 254Es; nucleus

undergoes quasifission with projectile-like-fragment

(PLF) to the right after approximately 3000 fm/c = 10 zs.

• 250 MeV≤ECM ≤ 400 MeV: 48Ca reacts with 254Es to form

CN; some matter from 48Ca quickly distributes through

CN; quasifission occurs with considerable mass transfer

between projectile and target

• 500 MeV ≤ECM: 48Ca reacts with 254Es and immediately

moves to opposite tip of CN; CN remains in approximately

this octupole shape configuration until PLF is emitted

through quasifission to the left. Lifetime of CN strongly

energy dependent. For highest energy, reaction is more

deep inelastic in nature with projectile passing through.

For no configurationwas a fusion event found on the timescale of

the simulation, with a many-nucleus final state in all cases. Curiously

the longest lifetime foundwas quite far above the barrier at 500MeV.

We term the separation events quasifission rather than true fission

because of the timescale and the apparent retention of a target-

projectile cluster structure in the compound nucleus.

5.2 Approaching the belly

As with the tip-approaching calculations, a series of TDHF

simulations of collisions where the impinging 48Ca approached

the side or belly of the 254Es nucleus was performed. These

calculations were performed in a nx × ny × nz = 30 × 30 ×

64 fm box with grid spacing 1 fm. A summary figure of snapshots

of the time-evolution of the collisions is shown in Figure 4.

For these side collisions, it is seen that.

• for ECM ≤ 210 MeV (compare with 213 MeV for the FHF

barrier) the 48Ca does not fuse with the 254Es, though as one

gets closer to the higher energy range, there is an increased

contact time.

FIGURE 3
Snapshots of time-dependent evolution of collisions of 48Ca coming in from the right to the tip of 254Es (left). Time runs to the right. Time
separation between frames is 100 fm/c. Calculations are shown as far as a final framewhere two clear separated nuclei are seen. The center-of-mass
energies for each row are, starting from to top 180 MeV, 190 MeV, 192 MeV, 193 MeV, 194 MeV, 195 MeV, 196 MeV, 198 MeV, 200 MeV, 202 MeV,
220 Mev, 250 MeV, 300 MeV, 400 MeV, 500 MeV, 600 MeV, 800 MeV.
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• for 213 MeV ≤ECM ≤ 600 MeV a stable CN forms which

does not fission in the lifetime of a TDHF calculation. The

longest calculation is run for ECM = 220 MeVwhich is up to

9000 fm/c = 30 zs.

• for ECM ≥700 MeV a fragment is immediately emitted from

the CN, leaving a hot residue of a lighter system.

Similarly to the tip calculations, for energies slightly above

the barrier, the impinging 48Ca nucleus attaches to the side of the
254Es and the CN retains this octupole shape for some time, after

which the CN relaxes to a more spherical shape.

Themore compact shape afforded by the collision to the belly

compared to a collision to the tip is presumably the key factor in

the longer lifetime of the compound nucleus, and has been seen

in similar TDHF calculations: see e.g. Figure 3 of [9] for collisions

of 48Ca + 238U at ECM = 203 MeV, where the tip configuration CN

survives for around 3 zs and the belly configuration for around

15 zs. The longer lifetimes seen in 48Ca + 254Es may indicate

enhanced stability of the Z = 119 CN compared to Cn, perhaps

due to enhanced octupole shell gaps.

5.3 Cross-sections

These TDHF calculations alone do not allow a reliable fusion

cross section calculation, as the decay of a superheavy CN can

proceed through fission or light particle emission at a later time

than a TDHF calculation but before any chance of detection of

the element. The belly collisions show some amount of capture

with an unknown final state, as we do not know without invoking

a further theory how the CN will decay. However, we performed

belly-orientation calculations with b = 1 fm, b = 2 fm, b = 3 fm

and b = 4 fm for ECM = 220 MeV and found capture occuring at

b = 1 fm but not b ≥ 2 fm. Thus, we can give an upper estimate of

a geometrical capture cross section of σc ≃ πb2 = 4.7 ± 1.6 fm2

where the error indicates the low resolution to which we have

determined the upper value of b. Note that this is for belly

impingement only, and one would prefer an inclusive cross

section integrated across angle, which would require

computationally-demanding extensive further calculations.

Given that the impingements to the tip do not fuse, the

complete TDHF prediction would be lowered averaging over

all orientations, assuming that intermediate angle configurations

do not exhibit a structural effect in which capture is enhanced

with respect to the belly configuration.

This figure of 4.7 fm2 = 4.7 × 10–26 cm2 can be compared to

the upper limit of 3 × 10–31 cm2 for superheavy element

fragments with spontaneous fission half-lives from fractions

of a day to a few months, from the 1985 paper of Lougheed

et al. [5].

For a more developed prediction, TDHF can be combined

with other methods such a statistical models to predict long-time

behaviour of the compound nucleus [27], but such methods are

beyong the scope of the work presented here.

6 Conclusion

This study explored the reaction dynamics of 48Ca + 254Es

heavy-ion reactions using time-dependent Hartree-Fock. For

orientations where the interaction of the spherical calcium

nucleus is to the belly of the prolate einsteinium, then the

mean-field dynamics show capture to a compound nucleus

which lives long enough to give a fused Z = 119 compound

FIGURE 4
Snapshots of time-dependent evolution of collisions of 48Ca coming in from above to the belly of 254Es (left). Time runs to the right. Time
separation between frames is 100 fm/c. The center-of-mass collision energy in each row is, starting from the top row, 180 MeV, 190 MeV, 200 MeV,
204 MeV, 206 MeV, 208 MeV, 210 MeV, 213 MeV, 216 MeV, 220 MeV, 240 MeV 350 MeV, 400 MeV, 500 MeV, 600 MeV, 700 MeV, 800 MeV.
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nucleus whose ultimate longevity should be understood throguh

a suitale theory, such as the statistical model.
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