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Self-assembly of membrane inclusions plays a key role in biological processes such as cellular signalling and trafficking and has potential applications for designing interfacial devices such as sensors and actuators. Despite intensive studies of curvature-mediated interactions, how membrane curvature modulates interactions between flat disk-like inclusions, adsorbed on vesicles, remains unknown. We use Monte Carlo simulations of a triangulated vesicle with simulated annealing to explore curvature-mediated interactions between disk-like rigid inclusions, induced by membrane elastic energy. We distinguish two distinct short and long-range curvature-mediated interactions for disk distances below and above the vesicle diameter. We observe short-range neutral interactions in the limit of small disks, where the vesicle appears as a flat bilayer to the disks. Beyond a certain size of disk-like inclusions, we find a transition from neutral to attractive short-range forces. Consistent with experiments, we also show that upon deflating vesicles, previously-attracted disks experience repulsive interactions. Our findings show how the vesicle curvature and the relative size between the disks and the vesicle determine the character of membrane-mediated interactions between adsorbed disk-like inclusions.
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INTRODUCTION
Ubiquitous in cellular environments and central to the cell and cellular organelles, biological membranes constitute the most important interfacial surfaces in living organisms. Self-assembly of colloidal particles and proteins, at the membrane interface, is crucial to several cellular functions and processes such as signalling and endocytosis [1, 2]. Clustering of membrane macromolecules, that are either embedded in or adsorbed on the membrane, is essential for membrane domain formation which is linked to the cell adhesion and membrane budding [3, 4]. Membrane-mediated interactions result either from equilibrium membrane deformations or from membrane thermal fluctuations, referred to as static and dynamic interactions, respectively [5]. Whereas, static forces due to membrane deformations represent the ground-state forces originating in membrane elasticity, entropic forces resulting from thermal fluctuations are a special case of more general Casimir-like forces [6]. Inclusions, bound to or incorporated in the membrane, suppress local membrane shape fluctuations thereby giving rise to entropic forces between them. Fluctuation-induced interactions, intensively studied for membranes, are attractive for finite temperatures [7–11].
Interactions between inclusions at membranes are classified into two main categories of direct and indirect forces. Direct interactions including van der Waals and electrostatic forces, and hydrogen binding are induced by chemical and physical forces between particles and biomolecules [1]. Indirect or membrane-mediated interactions are, however, generated by a sort of physical perturbation applied to the membrane bilayer structure or its shape by the attached/embedded inclusions. Indirect membrane-mediated interactions include those induced by the membrane tension [12], by membrane thickness perturbation [13, 14], or by perturbing membrane curvature [9, 15–20].
Membrane curvature has been found to play a significant role in cellular signalling and trafficking [21–23], in conferring cells and cellular organelles their morphology [21, 24], and in many cellular functions and cellular processes such as division, migration, and vesicle trafficking [21, 24]. Curved inclusions impose their curvature on the host membrane by strongly adhering to the membrane. Biomembranes respond by reorganizing their shape together with the associated inclusions to minimize membrane curvature-energy resulting in membrane-mediated interactions between inclusions. These interactions have been found to be repulsive between two isotropically and weakly curved inclusions on planar membranes in absence of thermal fluctuations [9, 15, 25]. Elongated inclusions with anisotropic curvature such as scaffolding BAR proteins and proteins of reticulon family, however, attract each other enabling them create and maintain highly-curved membrane structures such as membrane tubules [26, 27]. Membrane curvature has been also shown to induce attractive interactions between partially adsorbed spherical particles on vesicles [28, 29], regulated by the particle interaction range [30], and particle wrapping fraction [31]. Membrane-mediated interactions between curved inclusions on flat membranes are intensely studied. However, little is known about curvature-mediated interactions between flat inclusions on vesicles.
Flat rigid inclusions exemplify both rigid particles such as Shiga toxin molecules [2], and solid membrane domains with different shapes [32–34]. Like curved inclusions, flat inclusions also experience both fluctuation and elasticity-induced interactions on membranes. Entropic forces, resulting from modified membrane shape fluctuations around flat rigid inclusions with sufficiently strong binding to the membrane, have been found capable of clustering these inclusions [2, 6]. Two-dimensional theoretical analysis has revealed the importance of membrane elasticity on short and long-range interactions between flat inclusions [18, 34]. Yet a general three dimensional analysis is missing.
Here, we use Monte Carlo simulations of a three-dimensional membrane model with simulated annealing to understand pairwise interactions, induced by membrane elastic energy, between rigid flat disks adsorbed on a vesicle [28]. In absence of thermal fluctuations, the shape of the vesicle with adsorbed disks is found by minimizing the total energy E of the system
[image: image]
composed of membrane curvature or bending energy Ebe, the adhesion energy Ead between the vesicle and the disks, and the two harmonic terms EA and EV to maintain the vesicle area A and its volume V close to their target values A0 and V0, respectively. Area and volume coefficients KA and KV are chosen sufficiently large to ensure that the relative errors of the vesicle area and its volume from their target values are less than 1% [28]. Here, κ is the bending rigidity, κG is the modulus of the Gaussian curvature, and M, K, and C0 are mean, Gaussian, and spontaneous curvatures of the membrane, respectively [35]. The integral in Eq. (1) is computed over the vesicle area A and the adhesion strength U is taken to be large enough to ensure the strong adhesion limit between the vesicle and the disks. In this regime, the entire disk surface is adhered to the vesicle with the disk adhesion area Aad equal to the disk area [image: image]. We define the dimensionless adhesion strength [image: image] rescaled with the smallest disk radius Rd = 0.1. For all vesicles, we assume a negligible spontaneous curvature C0 = 0. We also assume that apart from membrane shaping, the disk adhesion does not induce any local changes on the membrane such as in lipid composition or membrane order. Therefore, the surface integral of the Gaussian curvature is assumed to be invariant without any contribution to the derivative of the total energy [30].
We perform two different sets of simulations with spherical vesicles without volume constraint, KV = 0, and deflated vesicles with constrained volumes, KV > 0. For all vesicles, the vesicle area is preserved at the target vesicle area A0 equal to the area of the initial spherical vesicle as shown in the left panel of Figure 1A. The vesicles are characterized by the fixed vesicle radius [image: image], equal to the radius of a sphere with the same area as the vesicle, which defines the length scale of the vesicles. The shape of a deflated vesicle with constant area A = A0 is controlled by changing its volume V reflected in the rescaled reduced volume [image: image] of the vesicle. The radius Rd of the circular disks defines the length scale of the inclusions. In the strong adhesion limit, the total energy E of the vesicle and the adsorbed disks, thereby membrane-mediated interactions between the disks, depends on four physical variables: the size of the disks and the vesicle; the distance d between the disk centers; the relative orientation of the disks; and the vesicle shape controlled by the vesicle volume. The latter does not play any role in shaping spherical vesicles without volume constraint. The relative orientation of the disks as two rigid bodies in three dimensional space is defined by three Euler angles. For flat disks on a vesicle, however, two degrees of angular freedom are redundant due to geometrical symmetry of the system with respect to two coordinate axes. We are thus left with just one degree of relative angular freedom between the two disks. Letting the disks freely rotate around this axis of angular freedom in our simulations, we eliminate the relative angular position of the disks from system parameters. The interactions between the disks and a deflated vesicle are then parametrized with three rescaled parameters: the relative size Rd/Rv between the disks and the vesicle; the rescaled distance d/(2Rv) between the disks; and the reduced volume v of the vesicle. For a spherical vesicle without volume constraint the reduced volume is irrelevant and the interactions just depend on the first two parameters.
[image: Figure 1]FIGURE 1 | The initial spherical vesicle of fixed area [image: image] with two flat disks of size Rd/Rv =0.32 located initially tangent to the vesicle surface at a distance d/(2Rv)=0.62 in the left panel of (A), evolves to a final low-temperature vesicle with fully adsorbed disks in the strong adhesion limit in the mid panel of (A). The relative angular position of the disks is defined by θ as seen for the minimum-energy vesicle at low temperature, front and top views in the middle and right panels of (A). (B) The two disks of size Rd/Rv =0.32 are fully adhered to the vesicle in the strong adhesion limit with sufficiently-large adhesion strength u =10. Each point reflects the mean and the standard deviation of the adhesion area from ten simulations.
We perform Monte Carlo simulations of a triangulated vesicle model which has been successfully applied to understand membrane remodelling in contact with different inclusions [30]. Combining Monte Carlo simulations with simulated annealing, we find the elastic energy of the vesicle in the limit of low temperature, where thermal fluctuations of the membrane are suppressed. The resulting membrane-mediated interactions are thus purely induced by membrane elastic energy without entropic contributions. The triangulated vesicles with high resolution are composed of nn = 10,242 mesh nodes, ne = 30,720 edges, and nt = 20,480 triangles. Mesh nodes are displaced to reorganize membrane shape while mesh edges are flipped to fulfill fluidity of the membrane [28]. Circular disks are modelled as three dimensional cylindrical objects with radius Rd and a small height hd = 0.016Rv, taken to be sufficiently small to impose the flat shape of the disk on the bound membrane segment.
To ensure that the disks are in the strong adhesion limit, we vary the adhesion strength U between the disks and the vesicle and find the adhesion area of the disks from ten simulations at each adhesion strength. The adhesion area, graphed in Figure 1B, is found to saturate for an adhesion strength u = 10 for a typical disk size Rd/Rv = 0.32. The same adhesion strength u = 10 is then used in all simulations to ensure that the disks are always in the strong adhesion regime. All mesh nodes inside the disk cylinder are assumed adhered to the disk. The adhesion area Aad is then the sum ∑i Ai over the area contributions Ai (i = 1..nn) of all adhered nodes.
To find the total energy of the vesicle and the disks as a function of the disk distance, we fix the disk centers at a given distance d between them. The two disks are allowed to freely and independently rotate around an axis perpendicular to the system plane of symmetry that contains the line connecting disk centers i.e. the axis x in Figure 1. We then perform simulated annealing minimization to find the vesicle shape and the orientation of the disks with minimum total energy. Each Monte Carlo step is composed of randomly moving all nodes, flipping all edges, and independently rotating both disks. Random disk rotation is performed either clockwise or counter clockwise each time up to one degree with uniform probability distribution. The same minimization is then repeated for different disk distances as well as various disk sizes and the total energy curves are obtained for a range of system parameters. More details on Monte Carlo and simulated annealing simulations can be found in similar simulations with the same model [28].
We find that short-range membrane-mediated interactions between adsorbed disks on spherical vesicles without constrained volume are attractive for disks beyond a certain relative size with respect to the vesicle. Consistent with experiments [34], we show that for disks adsorbed on a deflated vesicle with sufficiently small volume the attractive interactions turn into repulsive ones.
RESULTS AND DISCUSSION
Curvature-mediated interactions are induced and regulated by the local changes in membrane curvature due to adsorbed inclusions. Assuming a negligible spontaneous curvature C0 = 0, vesicles differ from flat bilayers in the sense that they are naturally curved due to their spherical shape. This inherent curvature can be further intensified or weakened by changing the overall shape of the vesicle through vesicle deflation. To distinguish these two effects, we first start with spherical vesicles without volume constraint and then turn to deflated vesicles with different volumes.
Disks adsorbed on a spherical vesicle
We start with simulated annealing simulations of two flat disks adhered to a spherical vesicle whose unconstrained volume can freely change. In our simulations this is achieved by choosing KV = 0. These vesicles are thus simulated in a constant-area ensemble. The centers of the two disks are initially placed at a distance d from each other with a symmetrical angular position in such a way that the disk plane is tangent to the vesicle surface and is perpendicular to the plane containing the centers of the disks and the vesicle i.e. frontal plane yz in Figure 1A. We then equilibrate the vesicle and the disks with Monte Carlo simulations at room temperature during which the vesicle remodels and the disks rotate around the axis x as shown in Figure 1A. Using simulated annealing, membrane shape fluctuations are then suppressed by reducing the temperature to almost zero thereby finding the system configuration with minimum total energy. For each disk distance d, we perform ten simulations and find the mean and standard deviation of the total energy. The disk distance is then varied and the total energy is found for different disk distances, a procedure which is repeated for different disk sizes Rd/Rv.
During initial Monte Carlo equilibration and subsequent annealing, the disks independently rotate in the frontal plane, the yz plane in Figure 1A, with two different angles which are almost identical in the final structure with minimum total energy. Because of the symmetry, the total energy of the vesicle and the disks depends on the relative angular position θ ∈ [0 180o] of the two disks. Video S1 shows both Monte Carlo equilibration and simulated annealing of the vesicle with two disks of size Rd/Rv = 0.32 at a distance d/(2Rv) = 0.62. The two disks freely rotate, with fixed centers, to minimize the total energy of the final nearly-symmetrical structure.
We first find the total energy curves for disks with relatively small sizes Rd/Rv = (0.16, 0.24). Figure 2 shows the total energy E of these vesicles as a function of the distance d between the disks. The total energy E is almost constant up to a relatively large distance of d/(2Rv) = 1 for both disk sizes Rd/Rv = (0.16, 0.24). This disk distance is equal to the vesicle diameter d = 2Rv as shown by the red dotted lines on energy curves in Figure 2. Curvature-mediated interactions between these small disks are thus neutral at short and intermediate distances without an obvious energetic tendency of the disks to mutually attract or repel. This is mainly due to the fact that in the limit of very small disks, the vesicle effectively appears to the disks as a flat bilayer with negligible curvature. Therefore, even if the disks impose their shape on the vesicle by strong binding, the vesicle spherical shape is barely perturbed. Membrane-mediated interactions are thus neutral, similar to those between flat disks adsorbed on a flat bilayer. At large distances, however, the total energy increases tending to bring the disks back to intermediate distances leading to long-range attractive interactions between the adsorbed disks. This is reflected in the rise of the total energy for disk distances beyond the vesicle diameter d > 2Rv i.e. to the right of the red dotted lines in Figure 2. Inspecting vesicle snapshots in the right panels of Figure 2 reveals that the rise in the total energy is indeed due to a change in the global vesicle shape which transforms into an oval stretched vesicle with larger bending energy. This can be seen, for instance, in the rightmost panel in Figure 2B. Bending and adhesion energies of these vesicle are shown in Supplementary Datasheet S1.
[image: Figure 2]FIGURE 2 | The total energy E/κ of a spherical vesicle with disks of relatively small sizes (A) Rd/Rv =0.16 and (B) Rd/Rv =0.24 with corresponding vesicle shapes in the right panels. Each point reflects the mean and the standard deviation of the total energy from ten simulations. Small disks experience short-range neutral interactions for disk distances below the vesicle diameter d ≤2Rv and long-range attraction beyond the vesicle diameter d ≥2Rv. The red dotted line corresponds to the diameter of the initial spherical vesicle d =2Rv.
We then examine disks with larger sizes Rd/Rv = (0.32, 0.4, 0.48). Figure 3 displays the total energy E for vesicles with these disks as well as some snapshots of the minimum-energy vesicles. Unlike total energies of smaller disk sizes Rd/Rv = (0.16, 0.24), which remain almost constant at intermediate and close distances with small fluctuations, the total energies of the larger disks exhibit a monotonically increasing trend, see energy curves in left panels of Figures 3A–C. Although it is not straightforward to recognize the exact transition size Rd/Rv, beyond which the total energy monotonically increases with the disk distance d also for distances d < 2Rv, the transition obviously occurs for some disk size in 0.24 < Rd/Rv < 0.32. Monotonically increasing total energy of the vesicle and the two adsorbed disks implies attractive interactions between the disks that lead to their self-assembly at the vesicle interface. Bending and adhesion energies of these vesicles are shown in Supplementary Datasheet S2.
[image: Figure 3]FIGURE 3 | The total energy E/κ of a spherical vesicle with disk sizes (A) Rd/Rv =0.32, (B) Rd/Rv =0.4, and (C) Rd/Rv =0.48 with corresponding vesicle shapes in the right panels. Each point reflects the mean and the standard deviation of the total energy from ten simulations. For large disk sizes Rd/Rv >0.3, both short and long-range interactions are attractive as shown for disk distances below and beyond the vesicle diameter 2Rv i.e. the red dotted line.
We have shown so far that the attractive or repulsive character of curvature-mediated interactions between adsorbed disks on a vesicle is determined by the relative size of the disks and the vesicle. More precisely, we have found an approximate transition disk size beyond which neutral interactions turn into attractive ones. How these membrane-mediated interactions are induced by membrane curvature needs more careful consideration.
Membrane-mediated interactions are known to be always neutral for flat disks adsorbed on flat bilayers simply because flat disks do not distort the shape of the flat bilayer upon adhesion. The same disks adsorbed on a vesicle, however, perturb the naturally-curved shape of the initially-spherical vesicle and consequently experience either repulsive or attractive interactions. This class of membrane-mediated interactions, commonly short-ranged, are categorized as curvature-mediated interactions irrespective of their repulsive or attractive character. The size-dependent transition from neutral to attractive forces we found here, falls in this class of short-range curvature-mediated forces that acts on short and intermediate disk distances. For adsorbed disks on vesicles, there is another class of curvature-mediated interactions induced be the overall shape transition of the vesicle from an almost spherical vesicle into an stretched oval-shaped vesicle. These long range interactions, typically-attractive and commonly observed for all disk sizes, are a result of the relatively large rise in the total energy for a disk distance larger than the vesicle diameter. In other words, regardless of the disk size, all pairs of adsorbed disks with different sizes experience long-range attractive forces of the second type. It is worth noting that the second class is indeed exclusive to vesicles and does not exist even for curved inclusions adsorbed on flat bilayers. We classify these two types as short-range and long-range curvature-mediated interactions, induced by local and global shape changes of the vesicle, respectively. To distinguish these two types of curvature-mediated interactions, we focus on the relative angular position of the disks.
The two short and long-range curvature-mediated forces act on disks depending on whether the disks are distanced closer or farther than the vesicle diameter 2Rv. Equivalently, the disks start to transform the vesicle into oval shapes, as soon as they are located on the two sides of the vesicle almost parallel to each other with negligible angle θ. Figure 4 shows the relative angular position θ of the two disks as a function of the disk distance for different disk sizes Rd/Rv ∈ [0.16 0.48], see the blue dots. The red solid line shows the angle between the surface tangents of the spherical vesicle with radius Rv as a function of the distance between the tangent point on the vesicle. As expected, we observe that the disk relative angle decreases with the disk distance till a distance d/(2Rv) = 1 equal to the vesicle diameter beyond which the disks become almost parallel with negligible θ. Interestingly, we observe that irrespective of the disk size the relative angle vanishes when the disk distance equals the vesicle diameter. We verify this by adding more data points just before d/(2Rv) = 1 in different panels of Figure 4 corresponding to all disk sizes. We can thus use the disk distance d = 2Rv to distinguish short and long-range curvature-mediated interactions as indicated by red vertical dashed lines at d/(2Rv) = 1 in Figures 2, 3. Based on this criterion, curvature-mediated interactions between adsorbed disks on a vesicle are attractive if they exhibit monotonically increasing total energy for disk distances in the range d/(2Rv) ≤ 1. The criterion is quantified by the energy change ΔE defined as the difference in the total energy between touching disks and those distanced by the vesicle diameter d = 2Rv, graphed in the phase diagram in Figure 4F. Comparing the blue dots and the red curves in Figures 4A–E reveals that in the limit of small disks Rd/(2RV) → 0 the two angles are equal. In this limit, where the vesicle appears as a flat bilayer to the disks, the minimum-energy structure is the one with two disks tangent to the vesicle surface.
[image: Figure 4]FIGURE 4 | (A–E) The relative angular position θ of the two disks with different sizes Rd/Rv =0.16 to Rd/Rv =0.48 adsorbed on spherical vesicles. Each point reflects the mean and the standard deviation of the relative angle from ten simulations. The solid red line shows the angle between the surface tangents of a spherical vesicle with radius Rv as a function of the distance between the tangent point on the vesicle. The angle θ reduces for disk distances below the vesicle diameter and vanishes beyond that when the disks are distant enough to become almost parallel. (F) The difference in the total energy ΔE of the touching disks and the disks distanced by d =2Rv determines the transition disk size 0.24< Rd/Rv <0.32 for which the short-range curvature-mediated interactions change from neutral to attractive interactions. (G) Vesicle shapes with disks distanced by the vesicle diameter for which the two disks become parallel.
For the small disk sizes Rd/Rv = (0.16, 0.24), the total energy is almost equal for the smallest disk distance and the disks distanced by d = 2Rv resulting in ΔE ≈ 0, see Figure 4F and the energy curves in Figure 2. For disk distances below the vesicle diameter, the total energy fluctuates around an almost constant level leading to neutral short-range curvature-mediated interactions between the disks. For larger disk sizes Rd/Rv = (0.32, 0.4, 0.48), however, we observe an increasing total energy even at disk distances closer than the transition distance d = 2Rv with positive energy differences ΔE > 0, see Figure 4F. This corresponds to the attractive short-range interactions discussed earlier. Within the precision of our high resolution discrete vesicles, the transition between the neutral and attractive short-range interactions occurs at some disk size in the range 0.24 < Rd/Rv < 0.32 as shown on the phase diagram in Figure 4F. Minimum-energy vesicles, with disks distanced by the vesicle diameter d = 2Rv, are shown in Figure 4G. Small disks with Rd/Rv = (0.16, 0.24) barely change the spherical shape of the vesicle and thus lead to neutral interactions as reflected in ΔE ≈ 0 in Figure 4F. By contrast, larger disks with Rd/Rv = (0.32, 0.4, 0.48) distort the initial spherical shape of the vesicle strong enough to induce short-range attractive forces. These curvature-mediated interactions can be modified by controlling the global shape of the vesicle via changing the vesicle volume.
Disks adsorbed on a deflated vesicle
Vesicles in cellular environment are subject to osmotic stress commonly imposed by concentration gradient of biological material between the vesicle interior and the surrounding bulk solution. The resulting change in the vesicle volume leads to a variety of vesicle morphologies such as red-blood-cell-like, tubular and cup-shaped vesicles ubiquitously found in the cell and cellular organelles. Here, we explore curvature-mediated interactions between adsorbed disks on deflated vesicles with different reduced volumes. Deflated vesicles are simulated in a constant-area constant-volume ensemble wherein both area and volume of the vesicle are preserved by choosing KA, KV > 0. This is equivalent to a constant-reduced-volume ensemble. To understand how curvature-mediated interactions are regulated by the vesicle volume, we focus on a fixed disk size. Figure 5 shows the total energy of vesicles with reduced volumes v = 0.92 to v = 0.99 and two adsorbed disks of size Rd/Rv = 0.32.
[image: Figure 5]FIGURE 5 | The total energy E/κ of deflated vesicles of different reduces volumes v =0.92 to v =0.99 with disks of fixed size Rd/Rv =0.32 with some vesicle shapes on the right panel. Each point reflects the mean and the standard deviation of the total energy from ten simulations. The short-range interactions become neutral upon vesicle deflation and the long-range interactions become repulsive resulting in repulsive curvature-mediated forces between the disks. The stable elongated vesicle occurs at larger disk distances for vesicles with smaller volumes.
For a spherical vesicle with disks of size Rd/Rv = 0.32, we found attractive short-range interactions with monotonically increasing total energy for disk distances d ≤ 2Rv, see the energy curve in Figure 3A. Same disks adsorbed on a deflated vesicle with the largest volume v = 0.99, experience neutral short-range interactions as reflected in the almost flat energy curve for d/(2Rv) ≤ 1, see the upper left panel of Figure 5. For this relatively large volume, the long-range interactions are still attractive with increasing total energy for large disk distances d ≥ 2Rv. Further decrease in the vesicle volume, corresponding to v ≤ 0.97, leads to a minimum in the total energy at a relatively large disk distance beyond the vesicle diameter d > 2Rv i.e. on the right side of the red dotted line in Figure 5. This stable oval vesicle occurs at larger disk distances for smaller vesicle volumes shifting from d/(2Rv) = 1.13 for v = 0.97 to d/(2Rv) = 1.27 for v = 0.92. The right panel of Figure 5 illustrates these stable vesicles for different vesicle volumes as well as some other vesicles at various disk distances. At larger disk distances, beyond the stable minimum-energy vesicle, the overall shape of the deflated vesicle is further stretched resulting in yet larger total energies. Therefore, the adsorbed disks with neutral or attractive interactions start to experience repulsive interactions upon deflating the vesicle. These repulsive forces are stronger for smaller vesicle volumes due to the larger depth of the total energy well around the stable vesicle. As shown experimentally, these volume-controlled interactions and accordingly their attractive or repulsive character can be reversibly adjusted upon vesicle deflation/inflation [34].
CONCLUSION
We use Monte Carlo simulations with simulated annealing of a discrete triangulated vesicle with adsorbed flat disks to examine curvature-mediated interactions between the disks induced by membrane elastic energy. Computing the total energies of the vesicle and the disks with a high-resolution vesicle model, we find curvature-mediated interactions between the adsorbed disks on spherical vesicles with freely varying volume as well as deflated non-spherical vesicles with fixed constrained volumes. We find the total energy of the vesicle and the disks in the limit of close-to-zero temperatures where thermal fluctuations are absent. Therefore, the pairwise interactions we report here are exclusively resulting from membrane elasticity and are different from those induced by membrane thermal fluctuations.
In contrast to disks adsorbed on flat bilayers, curvature-mediated interactions between adsorbed disks on spherical vesicles are always attractive at large disk distances, regardless of the disk size. This is due to the shape transformations of the vesicles that adopt elongated oval shapes with increasing bending energies for large disk distances. Therefore, we introduce the short and long-range interactions to recognize the character of curvature-mediated forces. Short and long-range curvature-mediated forces are differentiated by the disk distance below and beyond the diameter of the initial spherical vesicle. Attractive long-range forces due to changes in the vesicle global shape act at large disks distances. Short-range forces are, however, resulting from local shape changes of almost spherical vesicles whose shapes are locally distorted by the adsorbed disks.
Very small disks to which the vesicle appears as a flat bilayer, experience neutral interactions similar to adsorbed disks on a flat bilayer. Beyond a disk size, found to be between 24% and 32% of the vesicle size, we find short-range attractive interactions between the two disks leading to the self-assembly of sufficiently-large disks. Unlike particles with large volume-to-area ratio such as spherical inclusions which are typically wrapped by the membrane [28], disk-like particles with small volume-to-area ratio are adsorbed on the membrane. We note that a disk with a relative diameter 24%–32% with respect to the vesicle only covers 5%–10% of the vesicle area and is therefore relatively small compared to the vesicle. Although we expect multi-body attractions and consequent clustering of multiple such disks on a vesicle, any conclusion about many body interactions between the disks requires simulating three disks on the vesicle and remains to be studied in future works. The long-range forces, corresponding to large disk distances beyond the vesicle diameter, are found to be always attractive for disks adsorbed on stretched vesicles with freely-varying volume.
We find curvature-mediated short-range interactions to be attractive for disk sizes Rd/Rv = (0.32, 0.4, 0.48) and neutral for Rd/Rv = (0.16, 0.24) as seen in Figure 4F. These interactions are induced by membrane elasticity and are different from fluctuation-induced interactions. Fluctuation-induced Casimir-like interactions between rigid disks on membranes are known to have interaction energies of about [image: image] [5, 7, 11]. These energies amount to just a fraction of thermal energy kBT at very close distances between the disks, about −0.37 kBT for two touching disks. For small disks sizes Rd/Rv = (0.16, 0.24) with neutral elasticity-mediated interactions, these forces may play a dominant role in clustering of disks at close distances. This role may be even more significant for several disks on the vesicle as fluctuation-induced pairwise forces are known to be even more attractive in presence of a third disk [36, 37]. For larger disks, elasticity-induced forces are expected to be capable of inducing stronger attractive forces. For instance the energetic drive to aggregate two disks of size Rd/Rv = 0.32 is proportional to the energy difference ΔE = 0.177κ which is about 5 kBT for a typical membrane stiffness κ = 30 kBT.
We then simulate non-spherical deflated vesicles of different volumes with adsorbed disks of various sizes. Our results show that disks adsorbed on deflated vesicles with smaller volumes experience neutral or repulsive interactions driving them to a stable structure of an elongated vesicle with distant disks. The vesicle volume can be thus used to reversibly control the attractive or repulsive nature of curvature-mediated interactions between adsorbed disks. Overall, we demonstrate how vesicle volume together with the relative size of the flat inclusions and the vesicle determine the attractive or repulsive character of pairwise curvature-mediated interactions originating in membrane elastic energy. Our results have important implications for rigid or relatively stiff membrane domains as well as for flat rigid inclusions adsorbed on vesicle membranes or curved membrane patches for both biological and biomimetic membranes.
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