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The Fitzhugh—Nagumo equation is an important non-linear reaction—diffusion
equation used to model the transmission of nerve impulses. This equation is
used in biology as population genetics; the Fitzhugh—Nagumo equation is also
frequently used in circuit theory. In this study, we give solutions to the fractional
Fitzhugh—Nagumo (FN) equation, the fractional Newell-Whitehead—Segel
(NWS) equation, and the fractional Zeldovich equation. We found the exact
solutions of these equations by conformable derivatives. We have obtained the
exact solutions within the time-fractional conformable derivative for these
equations.

KEYWORDS

exact solutions, conformable derivative, the Fitzhugh-Nagumo equation, solitary wave
solution, solitons

1 Introduction

Fractional differential equations (FDEs) are generalizations of known differential
equations (ODEs). FPDEs are used effectively in many fields of science [1-4]. These
equations are significant models to interpret plasma physics, relativistic physics, quantum
mechanics, non-linear optics, etc. So, FPDE studies are getting more and more important.
Recent developments and applications in fractional calculus have been discussed by many
authors [5-9]. Many fractional models can be converted to a FODE, allowing us to use the
power-series technique to find all open-series analytical solutions.

The fractional Fitzhugh-Nagumo equation is an important non-linear
reaction-diffusion equation used to model the transmission of nerve impulses. This
equation is used in biology as population genetics; the fractional Fitzhugh-Nagumo
equation is also frequently used in circuit theory.

There are numerous effective ways to find solutions of PDEs. These methods are the
(%)—expansion [10], the sub-equation (11) and (12), the exp-function [13, 14], the first
integral [15], the functional variable [16, 17], the modified simplest [18, 19], the
Kudryashov [20, 21], the extended simple [22], and the extended tanh-coth methods
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[23, 24]. These techniques allow for the calculation of PDE
solutions in a variety of different formats.

These equations we deal with in this study are effective
equations that play a fundamental role in many phenomena
such as plasma physics and optics. The non-linear phenomena of
wave happen in different fields such as optical fiber, physics, and
biology. It is necessary to gain the exact solutions of such models
for the better understanding of non-linear wave phenomena.

In the second part, the conformable derivative is introduced.
In the third part, the extended tanh—coth method is given. In the
other sections, we found the exact solutions of the (1 + 1)
dimensional time-fractional Fitzhugh-Nagumo (FN) equation,
the Newell-Whitehead (NW) equation, and the Zeldovich
equation via this method.

2 Conformable derivative

Definition 1. The basic limit definition of this derivative is [25]:

10.3389/fphy.2022.1028668

FuaFudn N o
ot ox o o2 ) T U S es D
u(x,t) =U(&), & =cx - V%, (6)
o 0 o * 0 0 0 0
= = (7)

o Y a VoP ax oF o o

The non-linear fPDE (5) can be converted to a non-linear ODE
using Eq. 6:

Qu,uLuULU", ..

J=o.

Let us now discuss how we will approach solving the

®)

Fitzhugh-Nagumo equation, the Newell-Whitehead equation,
and the Zeldovich equation.

3 The extended tanh—coth method

The tanh-coth approach can be summed up as follows
in [28]:

1 t . The wave variable & = cx — v£ into a PDE
o ) e @ FO)E L o<a<y,
Dif(t) = (1-a)dt)o P (U, thyy Uy, Uy, .. .) = 0. 9)
(f(”)(t))(a_n), n<a<n+1, nxl. . . . .
) u (x, t) = U(&) is a traveling wave solution. A non-linear ODE can

Some properties of this derivative are given in [26, 27].

Definition 2. Let g: (0, 0co) — R be a function. The conformable
derivative of g for order a is defined by
g(k+ek'™) — g (k)

To(g(h) = lim S5 29

(2)
for all k > 0, « € (0, 1).

Theorem 3. If a function g: [0, c0) — R is « — differentiable at
to > 0, « € (0, 1] and g is continuous at Z,.

Theorem 4. Let fand g be « — differentiable at a point £ > 0, a €
(0, 1]:

To(af +bg) = aT(f) +bT.(g), foralla,b € R.
T, (tP) = ptf™, forall p € R.
T, (A) =0, for constant functions f (t) = A.

Tu(f4) = fTa(g) + 9T4 (). 3)
T ([) _9Tu(f) - fTa(9)
(9 2 .
g g
If g is differentiable,
_ l—a‘ig
T.(g)(t) =t o O 4)

Non-linear conformable partial differential equations (NCPDEs)
with one independent variable are as follows:
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be converted from the non-linear PDE (9):

Quu,uu",..)=0. (10)
From the derivatives of the independent variable Y,
Y =tanh(§), Y =1-Y?, (11)
d o d
dE (1-Y )ﬁ’
& ) d o & (12)
Z -7 -2r =+ (1-v)— ).
- 0 e e )
The tanh method can be expressed as follows:
U@ =S(Y)=) aY" (13)
k=0
The following is an extension of Eq. 13 [29]:
U@ =S¥)=) a¥*+ ) by ™ (14)

k=0 k=1

4 Solutions of the Fitzhugh—Nagumo
equation

ou  du

o (15)

+u(l-u)(u—p), t>0,0<a<l, x €R
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The FN equation is an important non-linear reaction-diffusion
equation used to model the transmission of nerve impulses. Also
used in biology as population genetics, this equation is also
frequently used in circuit theory, where x is the space variable
and ¢ is a time variable.

Since the FN equation is (1 + 1)-dimensional and time-
fractional, using the wave variable E=cx - v%, Eq. 15 can be

converted into a non-linear ODE (Eq. 16).
W' +¢U +U1-U)(U -p) =0, (16)

where ¢ and v are constants. By balancing (U)® with U” in Eq. 16,
we obtain the following:

3m=m+2, 17)
m=1. (18)

The solution form is as follows:
U =ay+a Y +bY, Y =tanh(§),Y' =1-Y2 (19)

Here aq and a;, by are arbitrary constants. Eq. 19 is substituted
into Eq. 16, and if the coefficients of Y are used to set the system
of equations to zero, then

-a +2a,c* = 0.

“3apal +alu+al —av=0.

—3a§a1 + 2a0a1 4 — 3afb1 -2a,c* +2a9a; — ap = 0.

—ug + ag/,t —6apaby +2a:byu + aé —aoph +2a1by + av + by = 0.
—3a§b1 + 2a0byp — 3a1bf —2byc? + 2a4b; — by =0.

=3apb} + bl + bl —byv = 0.

=3apb} + by + b —byv = 0.

(20)

By solving this system of equations, we get the following cases.
Case 1:

1 1
ap ==, a=0,b =%
2 5 2 ) 1)
c=+— = Vv = (E — 7>
SR “\2 4
Therefore, the exact solution is as follows:
11 uoIy
,t) = =+ - tanh( + — —(i———) 22
u; (x,t) 5 2<an< x 5 4oc>> (22)
Case 2
ay = do, a; =0, b =xa,,
2 23
c:iTaO,y—Zao,v:i(ao—aO) (23)
The exact solution is as follows:
-1
2 e
uy (x,) = ap a0<tanh<i %aox £ (ao aé)—)) . (24
o
Case 3:
ap = do, a, =0, by == (ap - 1),
2 25
c:ig(ao—l),‘u:Zao—l,v:iao(ao—l). (25)
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The exact solution is as follows:

us; (x,t) =ap £ a0<tanh<i ? (ap — )x x ay(ay — 1)%))_ .

(26)
Case 4:
1 1
ap == a=+-0b =0,
2 2 27)
s v
CTEpETE VEEGTY)
The exact solution is as follows:
1 1 2 1\ t*
us(x,t) = =+ —| tanh iixi(ﬁ——)— . (28)
2 2 4 2 4/«
Case 5:
ap = Ao, a; ==*ap by =0,
2 29
c:ig,y:Zao, v =+ (ai —ap) 29)
The exact solution is as follows:
2 t«
us (x,t) =ap = ao(tanh<i %x + (a} - ao)—>>. (30)
o
Case 6:
ap = ao, a; =% (ag—1),b; =0,
2 31
c:i%(ao—l),(,t:ZaO—l, v =+ (a; - ap) (31)
The exact solution is as follows:
us (x,1) = ap £ (ao— 1)
2 t*
X <tanh<i % (a0 — 1)x £ (ai — ay) —>> (32)
o
Case 7:
ag = do» a1=i@>b1:ifo>
2 2
\/j 1 5 (33)
¢=%x—ag § =2ay, Vv :ii(ao—ao).
The exact solution is as follows:
2 1 t*
u; (x,t) =ag % (tanh(i %aox + 3 (a2 —ao)— )
o
i 34
+a0th+\/§ +1(2 )t“ ! (34)
+ —( tanh{ £+ —ayx = = —ay)— .
2 a 2 agX 3 a, — ao o
Case 8
1 1
ay = Ao, al:ii(ao_l))bl—ii(ao_l))
2 1
c:i%(ao—l),y—Zao—l, v=ii(a§—a0)
(35)
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The exact solution is as follows:

ug (x,t) = ay + @ [(tanh(i g (ap— Dx + % (ad - ug)§>>

2 1 1o -1
+<tanh<t % (@ —Dx * 5 (ag —ao);)> ]
(36)
Case 9:
1 1 1
g = = alzi—,blzi—,
c=xgon=n v=2(f-g)
The exact solution is as follows:
1 1 2 1\ t*
ug(x,t) = - £ —<tanh<i ix + (E__)_>>
2 4 8 4 8/«
o -1
¢1<mnh<¢£“(ﬁ_1y_>), 68)
4 8 4 8/«

5 Solutions of the Newell-Whitehead
equation

If 4 = -1 in Eq. 15, the NW equation is obtained by

ST 4450, 0<a<1, x R (39)
=5 tu-u, ,0<a<l, x €R,
ote  0x?
Using the wave variable & = cx — v£, Eq. 39 can be converted
to Eq. 40.
w'+U +U-U =0, (40)

where ¢ and v are constants. By balancing, we obtain

3m=m+2, (41)
m=1. (42)

The solution form is as follows:
Ul)=ay+aY +bY, Y =tanh(§), Y =1-Y%  (43)
Here, aq and ay, b; are arbitrary constants. Eq. 43 is substituted

into Eq. 41, and if the coefficients of Y are used to set the system
of algebraic equations to zero, then

-a; +2a,c* = 0.
—3a0af —a;v=0.
-3aa, - 3alb, - 2a,c* +a, = 0.

—a; - 6aa1b; +a,v+bv+ay = 0. (44)
-3a2b, - 3a,b} - 2b,c* + b, =0.
—3apb? —byv = 0.
-b} +2b,c* = 0.

By solving this system of equations, we get the following cases.
Case 1:
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(45)

Therefore, the exact solution is as follows:

u; (x,t) :i%+%<tanh(i gxi§ﬁ>>i . (46)

4«
Case 2:
1
ag=t- a==b=0,
s 2 ; (47)
c=1—, v =% -
4 4

u (x,t) :i%+%<tanh<i gxizta)) (48)

Case 3:
1 1 1
ap=%*z a=-b=-
fﬁ 4 4 3 (49)
c=t—, V=t
8 8
The exact solution is as follows:
2 3t
us(x,t) =+ —+ —<tanh<i £x + - —>>
8 4«
-1
1 2 3t
+ —[ tanh iixi—— . (50)
4 8 4 o

6 Solutions of the Zeldovich equation

If y = 0 in Eq. 15, the Zeldovich equation is obtained:

du du ;
¥:ﬁ+u—u,t>0,0<aS1,X€R. (51)
“ X

Using the wave variable & = cx — v£, Eq. 51 can be converted
to Eq. 52.

W'+ U + U -UP =0, (52)
where ¢ and v are constants. From Eq. 52, we obtain

3m=m+2, (53)
m=1. (54)

The solution form is as follows:

Ul)=ay+a Y +b,Y ", Y =tanh(§), Y =1-Y%  (55)

Here, ag and a;, b; are the arbitrary constants. Eq. 55 is
substituted into Eq. 52, and if the coefficients of Y are used to
set the system of equations to zero, then
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FIGURE 1

Figure of u4 in (Eq. 4.14) withp =2, 0 <t <1, and 0 < x < 10.

FIGURE 2

Figure of u5 in (Eq. 4.16) with a0 = 1/2, 0 < t < 10, and 0 <
x < 10.

al -2a,c* =0.

3apal —at —av =0.

3ala, +3ab, +2a,c* - 2apa, = 0.

ag + 6aga b, — ag - 2a:b; +a;v+bv=0.
3alb, + 3a,b} + 2b,c* — 2a5b, = 0.

3(1017? - bf - bl‘V =0.

b} - 2b,c* = 0.

Frontiers in Physics

FIGURE 3

10.3389/fphy.2022.1028668

Figure of u7 in (Eq. 4.20) with a0 = 1/2, 0 <t < 10, and 0 <

x < 10.

FIGURE 4
Figure of u9 in (Eq. 4.24) withp =2,0<t<1 and 0 < x < 10.

By solving this system
Case 1:

of equations, we

1—a0
=tap\;—0o
3a0—1

(56) ay =ap, a; =0, b,

get the following cases.

05

Lo
_¢3a§V3a0_1—
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Therefore, the exact solution is as follows:

-1
1-a, 1-a, 1-ay t*

| tanh{ cx + 3a LA 0 .
3ay -1 3ay -1 3ap-1 «

u; (x,t) =ay £ ag

(58)
Case 2:
1 1
ap = o al:i_)blzoy
2, 2 1 (59)
c=1t—1, v=t-.
4 4
The exact solution is as follows:
1 1 2 1t*
u, (x,t) = = = —| tanh iixi—— . (60)
2 2 4 4 «
Case 3:
1 1 1
ap = = a=t—b =+
2 4 4 1)
c=%f—, v =% —
8 8

7 Conclusion

In this article, we present the extended tanh-coth method for
solving non-linear space-time conformable PDEs. We found the
exact and traveling wave solutions of some important space-time
fPDEs via the extended tanh-coth method. We know many of the
results obtained are new solutions that do not exist in the literature.
The hyperbolic and trigonometric function solutions are significant
to explain a variety of physical phenomena. This suggests that the
extended tanh-coth method is more effective in finding the
solutions of non-linear fPDEs. The 3D plots of the acquired
solutions are presented by choosing appropriate values to the
parameters in Figures 1-4. These are the advantages of the
extended tanh-coth method. The offered method can be utilized
to assist complicated models applicable to a wide variety of physical
situations. We hope that the telecommunications industry and other
such forms of waveguides will find this study to be beneficial.

Moreover, we come to the understanding that the newly
obtained hyperbolic function and trigonometric function
solutions in this study may help explain some complex
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