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We theoretically study the Andreev reflection processes in T-shaped double quantum dots (TDQDs) in terms of the nonequilibrium Green’s function technique. It is considered that one of the TDQDs is coupled to the Majorana zero modes (MZMs) prepared at the ends of a topological superconductor nanowire and simultaneously to one metallic and one superconductor lead. Our numerical results show that the in-gap state originated from the proximity effect due to the superconductor lead being sensitive to the existence of MZMs. The local density of states (LDOS) of the spin-up electrons, which are directly coupled to the MZMs, has a Fano antiresonance at the in-gap state. Meanwhile, the local density of the spin-down electrons, which are free from hybridization to the MZMs due to the helical property of the latter, has a Lorentzian resonance at the same state. The differential Andreev conductance of both the spin directions exhibits Fano-type resonance but with different tails’ directions. The in-gap state is also significantly influenced by the energy level and coupling strength of the other side-coupled dot, as well as the MZM–MZM interaction.
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1 INTRODUCTION
Recent developments in nano-fabrication techniques have enabled the implementation of hybrid devices composed of different materials, such as semiconductor quantum dots (QDs) and metallic or superconductor leads [1–5]. The most important aspect of interest in such a system is the construction of quantum bits relying on the Andreev bound states [6, 7], which are superpositions of the QDs’ energy levels and Bogoliubov states in the superconductor leads. In some earlier work, systems with one or multiple QDs connected to one metallic and one superconductor lead were intensively studied, taking the electron–electron interaction that is responsible for the Coulomb blockade and Kondo effects into consideration [3, 8–10]. In macroscopic structures, it is known that the Coulomb interaction between electrons will suppress local pairing and then enhance intersite superconductivity through mechanisms such as spin-exchange processes. However, the relationship between the Coulomb interaction and local pairing is quite difficult to be uncovered, either theoretically or experimentally. Fortunately, this limitation can be overcome in nanoscale structures by varying the isolated energy levels or interaction strength between electrons. These will change the charge transport and result in a controllable adjustment of the Kondo effect and the opposite case determined by the electron pairing on the QDs. There was also some work concerning joint influences of the quantum interference and proximity effect on electronic transport in multiple QDs, such as T-shaped double quantum dots (TDQDs) sandwiched between one conducting and one superconducting lead [9, 11–13]. It was found that in the subgap regime, i.e., when the external bias voltage is smaller than the energy gap of the superconductor lead [9, 10], the electron transfer is determined by the anomalous Andreev reflections when an electron entering into the dot from the metallic lead is converted into the Cooper pair accompanied by the simultaneous reflection of a hole back to the metallic lead. The transmittance of this Andreev reflection is promising in detecting on-dot pairing induced by the proximity effect and the quantum interference, as well as the Coulomb blockade or Kondo effects. In the presence of on-dot pairing due to the superconductor lead, the quantum interference processes are doubled as compared to similar structures without the superconductor lead. In particular, for TDQD systems, the side-coupled QD induces resonance or antiresonance at particular dot levels controllable by the gate voltage. As a result of it, the Fano effect emerges on the condition that the coupling strength between the two dots is much weaker than that between the dot and the metallic lead [9]. With increasing inter-dot coupling strength, the Fano-type resonance disappears and finally evolves into the Lorentzian resonance due to spreading out of the on-dot pairing from the central dot to the side-coupled dot.
Recent theoretical and experimental works have proved that Majorana zero modes (MZMs) may emerge as exotic quasiparticles at opposite ends of one-dimensional topological superconductors. The MZMs were first predicted in the Kitaev chain of the p-wave superconductor as the degenerate ground state obeying non-Abelian statistics [14, 15]. They are protected by the topological gap and are robust against local perturbations, which makes them promising in fault-tolerant quantum computation [15–17]. Since the spinless Kitaev chain and p-wave superconductor are rare in nature, various theoretical and experimental schemes were then subsequently proposed, such as the hybridized one-dimensional semiconductor–superconductor nanowire under a large enough magnetic field, which is usually called a Majorana nanowire [2, 18]. A p-wave superconductor is realized from the s-wave superconductor due to the proximity effect, given that the semiconductor nanowire has a strong Rashba-type spin-orbit coupling. Unlike the MZMs in the Kitaev chain, others prepared at the ends of the Majorana wire are spinful and may interact with electrons of both the spin directions. To detect the MZMs invasively, researchers also proposed to couple the MZMs to QDs sandwiched between metallic leads [18, 19]. Some interesting phenomena were then found, such as half of the quantum value of the electron conductance [19] and sign reversion of the thermopower [20–22]. There were also some works concerning MZMs hybridized to QDs with metallic and superconductor leads [23–25]. It was found that in the absence of the intradot Coulomb interaction, there is destructive (constructive) interference for spin-up (spin-down) electrons at the in-gap states. Such an interference effect, combined with the MZMs, exerts significant influence on the transport processes and can be inferred from the local density of states (LDOS) of the QDs and the in-gap Andreev conductance.
In the present article, we study transport through TDQDs side-coupled to the Majorana nanowire having one metallic and one superconductor lead. We concentrate on the influences of the MZMs on the LDOS and Andreev differential conductance within the in-gap regime. Our numerical results show that the LDOS of the spin-up electrons which are directly coupled to the MZMs have an asymmetrical Fano line shape. However, the spin-down electrons that are not directly hybridized to the MZMs have a Lorentzian line shape at the same state. Both spin-up and spin-down differential Andreev conductances have Fano-type resonance at the in-gap state but with different directions of the tails in the line shape. The direct hybridization between the MZMs and side-coupled dots will significantly change the Fano effect.
2 MODEL AND METHODS
The system is composed of TDQDs connected to one metallic and one superconductor lead, and a nanowire hosting MZMs can be modeled by the following Hamiltonian[9, 10, 19]:
[image: image]
in which the Hamiltonian for the TDQDs in the absence of the intradot Coulomb interaction is [image: image]. The creation (annihilation) operator [image: image] is for an electron with the energy level ɛdi (i = 1, 2 individually for the central and side-coupled dots) and spin-σ with tc the coupling strength between electrons on different dots. The Hamiltonian [image: image] is for the normal metallic lead coupled to the central dot with [image: image] creating (annihilating) an electron of momentum k and energy ɛkN. The superconductor lead is represented by [image: image] with the isotropic energy gap Δ. In the present work, we focus our attention on the deep subgap regime |ɛ|≪Δ, and then, the Hamiltonian of the superconductor lead is replaced by the creation and annihilation of Cooper pairs [9, 10].
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where ΓS = ∑k|VkS|2δ(ɛ − ɛkS) denotes the line-width function of the central dot and the superconductor lead with VkS the electron’s tunneling amplitude contained in the Hamiltonian for tunneling between the central dot and the leads [image: image]. The replacement of the complex function of the superconductors by a constant line-width function is called the atomic superconducting limit, which can be seen in [9]. The last term in Eq. 1 represents the MZMs at the ends of the nanowire coupled to the central dot and is given by [19]
[image: image]
in which δM is the interaction strength between the MZMs with operators satisfying [image: image] and {ηi, ηj} = δi,j. λ is for hybridization between the MZM and the spin-up electrons on the central dot. Here, we calculate the physical quantities related to transport processes, such as the LDOS and the Andreev differential conductance, with the help of the nonequilibrium Green’s function technique. By using the equation of the motion technique and Dyson’s equation method, Green’s function is obtained in the following form [9, 19, 26]:
[image: image]
where Green’s function of electrons on the TDQDs free from the interaction between the leads and the MZMs is given by [image: image] and that of the hole is [image: image]. Similarly, the electron and hole Green’s function of the MZMs are individually given by [image: image] and [image: image]. The LDOS is thus obtained by ρ↑(↓) = −(1/π)ImG11(33)(ɛ)r, and the Andreev differential conductance at zero temperature is [image: image] [9].
3 RESULTS AND DISCUSSION
In this section, we present numerical results by choosing the coupling strength between the central dot and the metallic lead ΓN ≡ 1 as an energy unit with fixed ΓS = 4ΓN. Such a choice of the line-width functions enables the transport processes through the system to be dominated by on-dot pairing arising from the interaction between the dot and the superconductor lead [9, 10]. Otherwise, for ΓS ≪ΓN, the electronic states are determined by the Kondo effect arising from the Coulomb repulsion between the spin-up and spin-down electrons, which is neglected in the present paper. Figure 1 presents the spin-dependent LDOS as a function of electron energy ɛ for different values of dot-MZM coupling strength λ. For λ = 0, the spin-up LDOS in Figure 1A shows the typical four-peak structure. The peaks formed at the effective quasiparticle states [image: image] originate from the on-dot pairing by the proximity effect of the superconductor lead. The width of the two peaks is determined by the value of ΓN, whereas their distance in energy is ΓS, which also indicates the particle-hole splitting of the quasiparticle states [9]. For the present chosen parameters (ɛd1 = 0), the two states (corresponding peaks in the LDOS) are exactly at ɛ = ±ΓN/2. The other pair of peaks emerge at ɛ = ±ɛd2 due to the quantum interference effect resulting from the side-coupled dot. These two peaks correspond to the Fano resonance at −ɛd2 and antiresonance at +ɛd2, respectively. It is worth noting that if the central dot is coupled to two metallic leads, there is just one Fano structure located at ɛd2, which can be found in some previous works [27].
[image: Figure 1]FIGURE 1 | (Color online) Spin-dependent LDOS ρσ varying with respect to the electron energy ɛ for different values of dot-MZM hybridization strength λ. The tunneling strength between the central dot and the side-coupled dot is fixed as tc = 0.2ΓN. The energy levels of the two dots are ɛd1 = 0 and ɛd2 = 0.3ΓN, respectively. Direct hybridization between the MZMs is ɛM = 0.
Turning on the coupling between the spin-up electrons on the central dot and one mode of the MZMs formed at the ends of the nanowire (λ ≠ 0), a dip (peak) emerges in the spin-up (spin-down) LDOS when the electrons’ energy ɛ is aligned to the Fermi energy in the normal metallic lead μ = 0 (see the red lines in Figures 1A,B). Such a result is the consequence of the combined effect of MZMs and the on-dot pairing due to the superconductor lead. There are two new features in the present TDQDs with one metallic and one superconductor lead as compared to the case of the TDQDs coupled to two normal metallic leads. First, the zero-energy LDOS develops a dip other than a peak that occurred in the latter case. This is due to the combined effects of the quantum interference from the side-coupled dot and on-dot pairing from the superconductor lead. Second, if the spin-down electrons are decoupled from the MZMs, a resonant peak emerges at ɛ = 0 for nonzero λ. The interaction between the spin-up and spin-down electrons can be understood by examining the off-diagonal elements of the self-energy. If the central dot is coupled to both metallic leads, the spin-down electrons will not be influenced by the MZMs, and the LDOS is solely determined by the quantum interference effect due to the side-coupled dot. The present result is interesting for both detecting the existence of the MZMs and distinguishing electrons of the different spin components, provided there is hybridization between the central dot and the MZMs. As was mentioned previously, searching for the detection scheme for the MZMs is still an important issue in current condensed matter physics. The phenomenon found here may provide a new feasible way for the aforementioned task. With increasing λ, the widths of the dip (peak) in spin-up (spin-down) LDOS become wider with a fixed value of ρ↑(↓)(ɛ = 0). Meanwhile, the spin-up and spin-down LDOS remain in the asymmetrical Fano-type and Lorentzian line shape, respectively.
Combined functions of the MZMs, quantum interference, and proximity effect can also be studied by measuring the tunneling current through the system. In Figure 2 we show the dependence of the differential Andreev conductance GAσ(V) = dIAσ/dV at zero temperature on the bias voltage V. Only a relative narrow bias regime covering the in-gap quasiparticle peak is presented. The quasiparticle peaks at [image: image] are similar to those in Figure 1 and then are neglected. For λ = 0, the Andreev differential conductance of the two spin components is the same, and they have a pair of Fano-type resonance at eV = ±ɛd2 but with different directions of the tail [9]. For this simple case, the Andreev differential conductance can be expressed as GAσ = G0σ(x + q)2/(x2 + 1) + G1σ, where x = |eV + ɛd2| and q are the asymmetric factors depending on the choice of tc. With increasing tc, the value of q is decreased, and the Fano line shape evolves into a Lorentzian line shape. Therefore, here, we choose a relatively small tc = 0.2ΓN to show the Fano effect. In the presence of MZMs (λ ≠ 0), the Fano resonance in spin-up (spin-down) Andreev differential conductance at positive (negative) bias voltage is drastically changed, whereas that at a negative (positive) bias regime remains almost unchanged. For a sufficiently large value of λ, the directions of the tails in spin-up and spin-down conductances are interchanged. This phenomenon provides an efficient means to detect the existence of the MZMs and is also important in spintronics devices. Moreover, a zero-bias abnormal Fano-type dip emerges at both spin-up and spin-down Andreev differential conductance but with different directions of the tail in the Fano line shape. With increasing λ, the positions of the Fano resonance and antiresonance are interchanged, and then, the directions of the tails in the line shape are reversed, accordingly. This interesting result is fundamentally different from that in the system of QDs coupled to two normal metal leads, in which a zero-bias anomaly (ZBA) in the conductance peak is brought about by the interaction between the QDs and the MZMs [18, 19]. This ZBA is a reliable evidence of the existence of the MZMs. However, in the present system of the QDs coupled to one metallic and one superconductor lead, the ZBA evolves into a zero-bias abnormal dip due to the pairing state by the superconductor lead. If the MZMs are replaced by regular fermions, such as another QD, the structure then becomes triple QDs coupled to two leads, which has been studied before. Then, there will be newly emerged Fano peaks in the LDOS and the differential conductance, whose positions are determined by the coupling strengths between the dots and their energy levels. In the present structure, however, the MZMs mainly influence the properties of the structure around the zero-energy point. This is determined by the exotic zero-energy property of the MZMs.
[image: Figure 2]FIGURE 2 | (Color online) Spin-resolved Andreev differential conductance GAσ as a function of the bias voltage eV for the same parameters adopted in Figure 1.
In Figure 3, we present the impacts of the interdot coupling tc and dot level ɛd2 on the LDOS. Figure 3A shows that the spin-up LDOS has a Lorentzian-type dip when the electron energy ɛ is aligned to the dot level ɛd1 = 0 for a small value of tc = 0.05ΓN (the solid line). The spin-down LDOS in Figure 3B, however, has a Lorentzian-type peak at ɛ = 0. With increasing tc, the quantum interference effect brought about by the additional dot is strengthened, and thus, the spin-up LDOS in Figure 3A shows the Fano line shape. The spin-down LDOS remains in the Lorentzian line shape with a lower peak height. Figures 3C,D show that the LDOS of both the spin-up and spin-down electrons has a symmetrical double-peak configuration, with ρσ(0) ≡ 0 for ɛd2 = 0. For non-zero ɛd2, a Fano (Lorentzian)-type resonance emerges in the zero-energy spin-up (spin-down) LDOS due to the quantum interference effect. These results are consistent with those in Figures 3A,B. It should be noted that the MZMs are quasiparticles of Majorana fermions, which are characterized by the zero-energy property. Therefore, the MZMs will induce a sharp peak in the spectral function located at the zero-energy level or the zero-bias peak in electrical conductance, which are the most reliable signatures of the existence of MZMs for far. Apart from the zero-energy state, there are no distinct peaks or valleys in spectral function, and then, these states are relatively less important as compared to the zero-energy state. In the presence of the Coulomb repulsive interaction between electrons on the QD, there are two energy states without the external magnetic field. One is at the Fermi level (which is usually at zero-energy), and the other is aligned to the Fermi energy plus the strength Coulomb interaction. As was discussed previously, the state concerning the Coulomb interaction is less influenced by the MZMs, and then, we neglect the Coulomb interaction in the QDs.
[image: Figure 3]FIGURE 3 | (Color online) Spin-dependent LDOS as a function of the electron energy ɛ for different values of tc in (A) and (B), and different [image: image]) in (C) and (D). Unless indicated, other parameters are as in Figure 1.
The two modes of the MZMs will interact with each other with a strength of δM, which depends on the length of the nanowire hosting the MZMs. The MZM–MZM hybridization δM exerts significant influences on the electronic transport properties [19–21, 28–30]. For example, the half-fermionic nature of the MZMs (the zero-energy linear conductance of the QD side-coupled to the MZMs is half of its quantum value G (eV = 0) = e2/2h) is destroyed by δM [19]. It can also induce a sign reversion in the thermopower of the QD side-coupled to the MZMs [20, 21]. Figure 4 shows that the MZM–MZM hybridization split the single Fano (Lorentzian) resonance in spin-up (spin-down) LDOS for the case of δM = 0 into double Fano (Lorentzian) resonance configuration, which is centered at ɛ = ±δM. This result is qualitatively consistent with that in [19]. The main difference in the LDOS between the present system and that of [19] is the disappearance of the central peak due to the presence of the superconductor lead. With increasing δM, the Fano peaks in the spin-up LDOS become more asymmetric in the negative energy regime, but that in the positive energy regime evolves into a Lorentzian one. For the spin-down electrons, their LDOS is less changed by the variation of δM. This is because the spin-down electrons are not directly coupled to the MZMs in the present structure. At last, we note that in experiments, the two modes may interact with the QD simultaneously. [19] Usually, the coupling of the QD to both the modes will enhance or suppress the impacts of the MZMs depending on the arrangement of the coupling strength of different modes. Such a case generally will not change the qualitative functions of the MZMs on the LDOS or the Andreev differential conductance. Another impact of the coupling between the dots with the two modes of the MZMs is the introduction of a phase factor arising from the closed geometry. This phase factor will also exert important influences on the quantum interference effect and is worth discussing in the future.
[image: Figure 4]FIGURE 4 | (Color online) Spin-dependent LDOS changing with the electron energy for different values of the direct overlap between the MZMs ɛM. Other parameters are as in Figure 1.
4 SUMMARY
In summary, we have studied electronic transport through T-shaped DQDs with the central dot coupled to one normal metallic and one superconductor lead, as well as to a nanowire hosting MZMs. Our numerical results show that the combined effects of the QD–MZM interaction and the on-dot pairing from the superconductor lead exert significant impacts on the LDOS and the Andreev differential conductance. Under some conditions, a Fano- or Lorentzian-type resonance emerges in the spin-resolved LDOS or conductance, which depends on whether the electrons are coupled to the MZMs. Either the position or the strength of the resonance can be efficiently tuned by the quantities related to the MZMs, such as QD-MZMs or MZM–MZM hybridization strengths. The quantum interference arising from the side-coupled dot will change the molecular states induced by the MZMs and the superconductor lead, thus providing an effective means to adjust the system’s transport properties.
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