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Electronic properties of
topological rough nanowires for
thermoelectrical performance

J. Estrada, E. Diaz* and F. Dominguez-Adame

GISC Departamento de Fisica de Materiales, Universidad Complutense, Madrid, Spain

We study the electronic states in topological nanowires of narrow-gap
semiconductors, such as PbTe or SnTe, with rough surfaces, using a
continuous two-band model. We calculate the subband structure and
identify topological conducting states located at the surface of the
nanowire. In addition, a novel approach to study a nanowire with rough
surface demonstrates that the topological surface states are mostly confined
in the widest areas of the nanowire. This effect leads to a flattening of the
subbands, thus raising the effective mass of carriers. Finally, we analyze the
thermoelectric properties of the topological nanowires. The reduction of the
radius causes a noticeable enhancement of the thermoelectric efficiency due
surface phonon scattering, as expected. However, we also observe that the
appearance of topological surface states can play a detrimental role, reducing
the thermoelectric efficiency. We conclude that, in addition to nanostructuring,
the modulation of the radius of the nanowires, which partially suppress the
conduction of the surface states, may be a potential strategy to improve the
thermoelectric response of narrow-gap semiconductor nanowires.
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1 Introduction

Thermoelectric materials offer the possibility to transform waste heat from industry
and home hardware into electricity, thus making devices less energy-consuming. In the
context of thermoelectricity, the efficiency of materials and devices is assessed by the so-
called dimensionless figure of merit, defined as ZT = 6S*T/«x [1, 2]. Here S stands for the
Seebeck coefficient (thermopower), and ¢ and «x are the electrical and thermal
conductivities at absolute temperature T, respectively. In general, electrons (el) and
phonons (ph) may contribute to heat transport and consequently the thermal
conductivity splits as x = Ke+ipn. Approaches to designing materials for efficient
heat-to-electricity conversion need to put forward strategies to increase S and o
simultaneously while keeping x as lower as possible. However, the unfavorable
interdependence of S, ¢ and x in bulk materials hinders progress to achieve efficient
thermoelectric materials and devices for real applications. For instance, the classical
Wiedemann-Franz law [3] establishes an universal upper limit to the ratio 0T/x, in
conventional bulk metals.
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After the pioneering work by Hicks and Dresselhaus at the
beginning of the nineties on the thermoelectric efficiency of
quantum-well structures [4] and one-dimensional conductors
[5], nanostructured materials have been envisioned as a
promising route to achieve efficient and scalable
thermoelectric devices without moving parts. The reason relies
on the key observation that, very often, electron mean-free-path
is shorter than that of phonons. Therefore, nanostructures
display enhanced surface phonon scattering, provided that
their size is smaller than the phonon mean-free-path, while
electric conductivity is affected to a lesser extent if the
electron mean-free-path is smaller than the size. Now, it is
well established that nanostructured materials may exhibit
thermoelectric  efficiency unachievable with their bulk
counterparts [6-11].

Although several nanostructures with potential application
in thermoelectricity have been proposed, nanowires (NWs) have
recently attracted a lot of attention. A number of newly developed
techniques facilitate the production of NWs of various materials
with different sizes, cross sections, crystal orientations, surface
roughness, doping and core-shell structures [12-15]. Precise
control and manipulation of the physical and chemical
properties of the NWs enables achieving ZT one or two
orders of magnitude larger than their bulk counterparts (see
Ref. [16] for a recent review). The enhancement of ZT is also
observed in other nanostructures, such as quantum wells,
(see Ref. [17]

comprehensive review). However, the improvement compared

superlattices and nanocomposites for a
to the efficiency in bulk is usually lower than NWs. For instance,
ZT = 2.4 in Bi,Te;-Sb,Te; superlattices with a periodicity of
6nm, while the highest ZT value for the bulk counterparts is ZT =
1.1 [11].

Several highly efficient thermoelectric semiconductor NW's
are based on topological insulators (TIs) such as Bi,Te;
[18-21], BiySes [22] (Bi;_,Sb,),Te; [23, 24] and SnSe [25].
TIs are materials that support gapless electron states at the
surface whilst the bulk remains an insulator [26-30]. The
presence of heavy elements usually makes TIs to behave as
high-efficient thermoelectric materials at room temperature
[31]. On one hand, electrons in heavy atoms undergo strong
relativistic corrections (high spin-orbit interaction and Darwin
correction), yielding the band inversion that favours the
occurrence of conducting states at the surface. On the other
side, relativistic effects lead to narrow gaps (band shrinkage)
which are favorable for room-temperature thermoelectricity
[32]. In addition, heavy atoms tend to reduce the lattice thermal
conductivity of the material. The combination of all these
features results in a remarkable enhancement of the
thermoelectric efficiency of NWs based on TIs [33].

As already mentioned, the surface plays a crucial role in the
thermoelectric response of TI semiconducting NWs. Surface
phonon scattering reduces «,, (see Ref. [34] and references

therein) and the occurrence of conducting states at the

Frontiers in Physics

02

10.3389/fphy.2022.1062038

boundary that are topologically protected may increase o.
Although these features tend to improve the thermoelectric
efficiency of NWs, there are other factors that need to be
taken into account as well. For instance, a decrease of the
diameter below the decay length of the topological surface
states can prevent their appearance and opens a gap. Changes
of the geometry can flatten the density of states at the Fermi level,
resulting in a marked decrease of the Seebeck coefficient by virtue
of Mott’s formula [3, 35]. In particular, surface roughness affects
the way electrons are spatially distributed along the NW, and this
will have an impact on the electric conductivity and the Seebeck
coefficient. While the dependence of the electric conductivity on
the surface roughness in NWs based on conventional
semiconductors, such as Si and InAs, is relatively well
understood [36, 37], the influence of surface roughness on the
conduction properties of topologically protected surface
channels is still an open question. In this work, we present a
thorough study of the vertical electron transport along NW's with
rough surfaces based on TIs. To gain insight into how surface
roughness alters the topological states of the NWs while keeping
the analysis rigorous and straightforward, we use a continuous
two-band model with isotropic parameters that has been proven
very accurate for bulk TIs such as PbTe and SnTe. However, it
will be apparent that the results could be extended to highly
anisotropic TIs such as Bi,Se; and Bi,Te; by setting the
appropriate electron Hamiltonian. As a major result, we
observe that topological surface states can reduce the
thermoelectric efficiency and conclude roughness is a
promising way to improve the thermoelectric response of
narrow-gap semiconductor NWs.

2 Spinfull two-band model

Electron states of IV-VI compounds near the band extrema
at the LY and L, such as PbTe, SnTe and their alloys, are
accurately described by means of a spinfull two-band model
using the effective k - p approximation [28, 38-40]. Alloys of
some of these compound semiconductors, such as Pb,_,Sn,Se,
are known to shift from being semiconductors to topological
crystalline insulators after changing their stoichiometry due to
the band inversion at the Lq points of the Brillouin zone [26, 27,
41]. Neglecting quadratic terms in k, the equation governing the
conduction- and valence-band envelope functions reduces to a
Dirac-like equation. The envelope function x(r) can be cast into a
four-component vector composed of the two-component spinors
x+(r) and y_(r) belonging to the L] and L; bands, respectively. In
this work, we focus on states close to one of the L points of the
Brillouin zone [27] and neglect other valleys in what follows since
midgap states are stable against gap opening by valley mixing.
Hence, the Schrédinger equation for the envelope function reads
‘Hy (r) = Ex (r), where the Dirac-like Hamiltonian is written as
[28, 42, 43]
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FIGURE 1
Sketch of (A) uniform and (B) rough nanowires. 6R measures
the surface roughness and D is the correlation length.

H=—ihva-V+%EG(r)[3. (1)

Here « = (a,, «,, &;) and f3 denote the usual 4 x 4 Dirac
matrices, o; = 0, ® 0; and ff = 0, ® 1, 0; and 1,, being the Pauli
matrices and n x n identity matrix, respectively. Moreover, v is an
interband matrix element having dimensions of velocity and it is
assumed scalar, corresponding to isotropic bands around the L
point. In addition, Es(r) is the position-dependent gap of the
NW. In this model, the shift from trivial to topological
semiconductor can be viewed as a sign change of the gap.

We consider a NW oriented along the [001] direction for the
sake of concreteness. Due to the axial symmetry of the system, the
total angular momentum of the electron is conserved. Hence, in
cylindrical coordinates (r, ¢, z), the envelope function can be
factorized as follows.

x(r.9.2) = exp[i(j - B/2)g] ¢;(r.2), (2a)
with j = £1/2, #3/2, ... and
¢;(r,2) = (95,65, 910, 07)" (2b)

where T stands for transpose, the superscripts C and V refers
to conduction and valence bands, respectively, and T, | indicates
the electron spin. It is understood that the four components
depend on (r, z) as well. Inserting this ansatz in the Schrodinger
equation for the Dirac-like Hamiltonian (1) we get

[hv(cxxa, + (ocx/Z + ijocy) %+ oczaz)

X )
+ 3 Eg(r,2) —ﬁE](/)]. (r,z) =0.

The envelope function is continuous at the surface of the
NW. Assuming that the embedding medium is the vacuum (Eg
— —00) for simplicity, boundary conditions then read
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FIGURE 2

Energy spectrum labeled by the quantum number |j| of two
uniform nanowires of (A) R = 2.5hv/A and (B) R = 5.5hv/A. Bulk
subbands are indicated within the shadowed region while surface
bands lie within the energy gap of the bulk material.

¢T(R(2),2) + ¢} (R(2),2) = 0, @
i (R(2),2) + ¢} (R(2),2) = 0,

where R(z) is the z-dependent radius of the NW.

3 Uniform nanowire

In this section, we consider a uniform NW with radius R
oriented along the [001] direction and gap Eg = 2A > 0, as
depicted in Figure 1A. In addition to the total angular
momentum, the z component of the wavevector, k,, is
conserved as well. Therefore, ¢;(r, z) ~ exp(ik.z) in Eq. 2. The
resulting equation can be solved analytically, and the dispersion
relation is found to be

E,(k.) = + \E2, + vk (5)

where E,  is the energy of the #n-th subband in the conduction
band at k, = 0. Dispersion Eq. 5 is the same for both bulk and
surface states. However, the energy of a surface state at k, = 0 lies
within the bulk gap. In other words, subbands of surface states
satisfy the condition E,,y < A. The corresponding subband edge is

obtained as E,o = (A% — h?v*q*)"? after solving

L2 (4R) | L (aR) _ 28 ©)
Liap(R) T (qR) - hvg
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FIGURE 3

Radial probability density of a surface state of |j| = 1/2 in two
uniform nanowires of (A) R = 2.5rv/A and (B) R = 5.5v/A. The
estimated radial localization length is indicated in both panels as
r*/hvA™

being I,,(y) the modified Bessel function of the first kind [44].
Real solutions for the energy E,,, requires that |j| + 1/2 < RA/hv,
implying that the number of surface subbands is the integer part
of the quotient RA/Av. Remarkably, when RA/hv > 1, subband
edges are approximately equally spaced E, =|j|2v/R, resembling
the spectrum of the harmonic oscillator with frequency v/R.

Similarly to the previous discussion, bulk states are obtained
when E, o > A and their energy lies in the bulk bands. In this case,
one gets

Jicip (aR) _ Jjr1/2 (aR) _2A

Jjng (9:R) Jic (9R) - hvgy,

7)

with En = (A2 + 1?v?g})"* and J.(») denotes the Bessel
function of the first kind [44]. In this case, E, is real for any
value of the parameters, indicating that there exist infinitely
many bulk subbands.

After
straightforwardly obtained from Eq. 5. As an example,

solving Eqs. 6, 7, subband dispersion is
Figure 2 presents the valence and conduction bands of
Notice that the
dispersion is symmetric with respect to the center of the gap

uniform NWs with two different radii.

and consists of several well-defined subbands, as mentioned
before. On one side, bulk-state subbands (see shadowed area)
are identified as those located outside the gap, i.e., E, ;o > A. On the
other side, surface-state subbands lie within the energy gap when
k, = 0. Most importantly, the variation of the radius affects
surface-state subbands to a large extend while the bulk ones are
remain almost unchanged. Indeed, after comparing both panels
in Figure 2, we can see that the gap between conduction and
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TABLE 1 Model parameters for PbTe and SnTe, obtained from Refs.
[27, 45, 46].

Parameter PbTe SnTe
A (eV) 0.16 0.09
fv (eV nm) 0.49 0.26
N, 4 4

7 (fs) ~5 ~5
Kph,oo (W/mK) 2.2 32
Loh,co (nM) 4 6
hv/A (nm) 3.06 2.89

valence surface-state bands is reduced on increasing the radius
and the dispersion resembles the Dirac cones observed in Dirac
materials. This is consistent with the flattening of the NM surface
that occurs when R — co.

By calculating the radial probability P,, we find that the
spatial extent of the surfaces states is independent of the +
sign appearing in Eq. 5 and k,, as expected. Furthermore, it is
only slightly dependent on j. Figure 3 represents such
probability associated to a surface state with quantum
number |j| = 1/2 in two uniform NWs of different radii for
comparison. In both panels (a) and (b), a single exponential
probability decay from the surface towards the center is
observed. Moreover, the decay rate hardly depends on the
particular radius of the NW. Therefore, we can conclude that
surface states remain localized within the same region in both
cases. We estimate the spatial decay length of a surface state
by the magnitude

e P.(R) MR hv

- g 8
|dP,/drl,.x  2RA—hv 2A ®)

We come to the conclusion that the decay length depends
only on material parameters if R > hv/A. Using the model
parameters for PbTe and SnTe given in Table 1, the decay
length is about #* = 1.5nm in both semiconductors.

4 Rough nanowire

We now turn our attention to rough NWs. We model the
ripples of the rough surface by setting the radius to be dependent
on the position along the NW axis. To be specific, we take R(z) =
R+0R cos(2mz/D), where 6R and D are the amplitude and the
characteristic length of the ripples, respectively. Figure 1B shows
a schematic view of the rough NW. Due to the breaking of the
translational symmetry along the [001] direction, the z
component of the wave vector is no longer a good quantum
number. To tackle the problem numerically, we expand ¢; (r, z)
in Eq. 2a as follows
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FIGURE 4

Energy spectrum labeled by the quantum number |j| of two
rough nanowires of (A) R = 2.5av/A and (B) R = 5.5hv/A and
roughness parameters R = hv/A and D = 5hv/A. For comparison
energy spectra for the corresponding uniform nanowire is
presented in every panel with dashed lines.

¢j (1’, Z) — Nz_l i aj (}’l, m)lerimz/D (%)n’ (9)

n=0 m=-M

and solve the resulting equations for the four components of
the unknown vectors a; (n, m). The integer numbers M and N are
chosen to ensure numerical accuracy. Notice that the envelope
function x(r, ¢, z) is then expressed as a linear combination of
plane waves along the [001] direction with momenta k_+27m/D.

Figure 4 shows the obtained subband structure when R =
hwv/A and D = 5hv/A for two different values of the radius, namely
R = 250w/A and R = 5.5hv/A. For comparison, the subband
structure for the uniform NW with the same radii is also shown.
While bulk dispersion (not shown in the figure) are essentially
the same in both uniform and rough NWs, the dispersion of
surface states is noticeably modified, as seen in Figure 4. First, we
observe that gaps open at wavenumber + 77/D (higher order gaps
are not shown in the plot), as expected from the periodicity
induced by the ripples. Second, subbands are flatter compared to
the uniform NW, signaling an increase of the electron effective
mass and, consequently, a reduction of the electric conductivity
due to surface electrons. And third, the effective gap of the NW at
k. = 0 increases, as clearly observed in Figure 4.

Ripples largely affect the spatial distribution of surface
states. Figure 5 displays the probability density of surface
states along the axial and the radial direction in rough NWs.
Panels (a) and (b) compare such density for two NWs with a
well-differentiated roughness, as shown in the sketches of
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Figure 5. On each panel, the probability density of the surface
state is represented as a function of the axial z and radial r
coordinates, as well as a combined representation of the
former in a color map. For comparison, in both panels the
radial probability density of the uniform NW of R = 2.5hv/A is
shown in dashed line (see Figure 3A). On the one hand, the
modulation of the radius gives rise to a radial probability
whose maximum values are shifted to the outermost region of
the NW. On the other hand, a careful inspection of the axial
dependence of the probability density shows that surface
states are mostly confined in the bumps of the surface. The
size of the longitudinal region where the probability to find the
particle reaches 50% is estimated by the distance D*. Indeed,
spatial localization strongly increases with the amplitude of
the ripples and, therefore, is expected to be quite noticeable
even for relative small roughness. In the end, both features
give rise to the existence of surface states strongly localized at
the bumps with a zero probability density between them.
Thus, as a good approximation, the NW can be envisioned
as a tight-binding chain where the overlap between
neighbouring sites (bumps) strongly decreases with the
amplitude of the ripples. This would eventually lead to a
flattening of the subbands when surface roughness is
reduced, as already seen in Figure 4A.

5 Thermoelectric properties

Once the electronic structure of a rough NW is known, the
thermoelectric properties can be obtained within the linear
response theory, using the Boltzmann transport equation
within the relaxation-time approximation [47]. Let us define
the following integrals

2N, T

o w(dE,(k)\ ([ df
Km = 7T3h2R2 ; J’*oo [E” (kZ) —‘M] < dkz > <

dEn(kz>>dk“

(10

where E, (k,) is the dispersion relation of the n-th subband
[see Eqs 5], f= f[E,, (k,), u, T] is the Fermi distribution function
for an electron gas with chemical potential y, N, is the number of
valleys (see Table 1) and 7 is the relaxation time. The relaxation
time has been taken to be independent of the electron
momentum for simplicity, and it is given in Table 1 for PbTe
and SnTe. In terms of KC,,, the electric conductivity o, the electron
thermal conductivity «. and the Seebeck coefficient S are
expressed as

1 K
o= eth)) Kel = ? <K2 - E(l)),

The reduction of the lattice thermal conductivity observed in

IICI

T Ky (11)

NWs, as compared to their bulk counterparts [45, 48], can be
accounted for by the phonon diffusion model introduced in Ref.
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Probability density of a surface state of |j| = 1/2 in two rough nanowires of R = 2.5hv/A and D = 5hv/A. Panel (A) shows results for a slightly
modulated nanowire with R = 0.1hv/A. Panel (B) shows results for a strongly modulated nanowire with 6R = hv/A. Within each panel, the subpanels
presents the probability density as a function of the axial coordinate z, as a function of the radial coordinate r and a combined representation ina 2D
color map. For comparison, the dashed line indicates the radial probability density of a uniform nanowire with R = 2.5av/A. The shadowed area

of size Az = D*hv/A represents the longitudinal region where the confinement probability is 50%.
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FIGURE 6
Electric conductivity o, thermal conductivity « = kpntxel,
Seebeck coefficient S and figure of merit ZT as a function of the
chemical potential at 300 K. Results for two values of the NW
radius are shown and compared to bulk PbTe.

[49], which allows us to express «,, and the phonon mean-free-
path £,;, in terms of the corresponding bulk values xpp o, and
Coh,00s given in Table 1.

Figure 6 collects the results for a uniform PbTe NW at T =
300K. The thermoelectric response of SnTe NWs is similar and it
will not be reported here. Three different radii (R = 1.52v/A, R =
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2.5hv/A, and R = 5.5hv/A) are considered, and the various
magnitudes are compared to those obtained in bulk PbTe
(R — 00). We observe an overall enhancement of the electric
conductivity on decreasing R. The relative increase is more
pronounced when the chemical potential lies within the gap
(Ju| < A). The increment of the electric conductivity is attributed
to a larger contribution of surface states on decreasing the radius.
Regarding the thermal conductivity x = x| + &, we find that it is
dominated by the lattice contribution #p,. This overarching
conclusion emerges from the fact that the values of «
observed in Figure 6 agrees well with #pp 0o given in Table 1.
According to the discussion of the preceding section,
decreases upon decreasing the radius of the NW due to a
stronger phonon scattering at the surface. This is easily
understood by heeding that ), for the wider NW (R = 5.57v/
A) reaches the value of the bulk PbTe but is noticeably smaller if
R = L.5w/A, i.e., when the radius is of the order of the phonon
mean-free-path £y, o, = 4nm.

The Seebeck coefficient S displayed in Figure 6 shows a
marked dependence on the chemical potential and the radius
of the NW. Since the dependence of the electric and thermal
conductivities on the chemical potential is rather smooth, the
behavior of the Seebeck coefficient dictates the thermoelectric
properties of the NW. This is clearly observed in the non-
monotonous trend of ZT wupon changing the chemical
potential of the sample. For some particular values of y (e.g.,
u ~A/2), the narrowest NW displays higher values of ZT due to
the simultaneous increase of both ¢ and S and decrease of x. But,
admittedly, the enhancement of the thermoelectric efficiency is
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only achieved with narrow NWs after finely tuning the chemical
potential. Unfortunately, this is not always doable in
experiments. Remarkably, the Seebeck coefficient is higher in
bulk PbTe than in NWs. Hence, we can conclude that the
occurrence of topological surface states plays an overall
detrimental role in the Seebeck coefficient displayed by NWs,
although ZT can still be larger than that of the bulk material for
certain values of the radius and the chemical potential. Regarding
NWs with rough surface, ripples partially suppress the
contribution of surface electrons, as discussed in the previous
section. Hence, this provides strong evidence that rough NWs are
good candidates to achieve better heat-to-electricity conversion
by increasing the Seebeck coefficient.

Finally, let us stress that we have found that the
thermoelectric efficiency can be enhanced in NWs when
the chemical potential lies within the gap. Unfortunately,
native vacancies are common point defects in PbTe and
SnTe that behave as acceptor centers, leading to p-type
doping (4 < - A). However, the chemical potential gets
closer to the valence band edge by partial compensation
after calcium and indium co-doping [46], opening an
additional route to improve the thermoelectric efficiency.

6 Conclusion

The two-band model introduced in this work allows us to
relate, in a simple way, the thermoelectric efficiency with the
parameters that characterize the NW, offering qualitatively
correct results. From a general point of view, the
development of new methods with which to solve the two-
band Hamiltonian has made it possible to obtain a number of
novel results, which contribute to improving our understanding
of these NWs. This work is also of practical interest since two
strategies have been devised to be followed to improve ZT in
PbTe and SnTe NWs, namely the modulation of their radius
and the creation of surface defects. The generalization of our
results to highly anisotropic materials such as Bi,Te; may help
in understanding the interplay between topologically protected
states and spatial modulation of surface potential reported in
Ref. [20].
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