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dimensional Kadomtsev—
Petviashvili- Sawada—Kotera—
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In this paper, a new (2 + 1)-dimensional nonlinear evolution equation is
investigated. This equation is called the
Kadomtsev—Petviashvili-Sawada—Kotera—Ramani equation, which can be
seen as the two-dimensional extension of the Korteweg-de
Vries—Sawada—Kotera—Ramani equation. By means of Hirota's bilinear
operator and the binary Bell polynomials, the bilinear form and the bilinear
Backlund transformation are obtained. Furthermore, by application of the Hopf-
Cole transformation, the Lax pair is also derived. By introducing the new
potential function, infinitely many conservation laws are constructed.
Therefore, the Lax integrability of the equation is revealed for the first time.
Finally, as the analytical solutions, the N-soliton solutions are presented.
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1 Introduction

In recent years, the study of nonlinear evolution equations (NLEEs) has become more
and more popular. The NLEEs are research hotspots not only in the field of mathematics
but also in other scientific fields, for example, mathematical physics, fluid mechanics,
nonlinear optics, marine science, electrical engineering, and atmospheric science. This is
attributed to their role in explaining nonlinear phenomena (Feng et al. [1]; Shen et al. [2];
Kumar et al. [3]; Zhao et al. [4]; Liu et al. [5]; Manafian and Lakestani [6]; Osman [7];
Lan [8]).

Seeking exact solutions for NLEEs is one of the most vital research practices in the
mathematics field. The solutions of the NLEEs can reveal many natural phenomena and
properties. Researchers have proposed many approaches to find exact solutions for
NLEEs, for instance, the Darboux transformation (Ma and Zhang [9]; Ling et al. [10];
Yang et al. [11]), Backlund transformation (Yin et al. [12]; Dong et al. [13]; Bershtein and
Shchechkin [14]), inverse scattering transform (Ablowitz and Musslimani [15]; Ablowitz
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et al. [16]; Wang et al. [17]), Fourier transformation (Fokas and
Gelfand [18]; Chekhovskoy et al. [19]; Segur and Ablowitz [20]),
Riemann-Hilbert method Aiand Xu [21]; Ma [22]; Xu et al. [23],
and Hirota’s bilinear method (Ma [24]; Ma and Zhou [25];
Cheng et al. [26]). In addition, with the development of
computer science and technology, many numerical methods
have been put forward. A number of numerical solutions have
been obtained using this method.

The mathematical or physical properties of NLEEs are
another indispensable research content. Integrability is one of
the most important properties for NLEEs. So far, there is no strict
unified definition of integrability. The integrability that includes
Lax, Liouville, Painlevé, and symmetry types has been extensively
studied.

In this paper, we aim to investigate the Lax integrability of the
Kadomtsev-Petviashvili-Sawada-Kotera-Ramani (KPSKR)
equation. The KPSKR equation is of the form

U + (30% + uie)  + (1507 + 15Ut + Unr) , + Oty = 0,

(1)

where ¢ is a constant. When ¢ = 0, Eq. 1 reduces to the

Korteweg—de Vries-Sawada-Kotera—-Ramani (KdVSKR)

equation:
e+ (3u% + i) + (150 + 15Uty + Uyrax), = 0. (2)

In Xiong et al. [27], the soliton molecules and symmetry
groups of the KdVSKR equation have been studied. In
Ma et al. [28], the Lie symmetries, exact solutions,
and integrability of the KdVSKR equation have been
investigated.

This paper is organized as follows. In Section 2, the Hirota
bilinear form for the KPSKR equation is obtained. In Section
3, utilizing binary Bell polynomials, the bilinear Bicklund
transformation is derived. At the same time, the Lax pair is
constructed. In Section 4, the infinitely many conservation
laws are presented by introducing the potential function. In
Section 5, the N-soliton solutions for the KPSKR equation are
presented.

2 Hirota bilinear form of the (2 + 1)-
dimensional Kadomtsev—Petviashvili
—Sawada—Kotera—Ramani equation

The binary Bell polynomials establish the connection
between the nonlinear evolution equation and the
corresponding bilinear equation (Cheng et al. [29]).
Therefore, the (2 + 1)-dimensional KPSKR equation can be
transformed into the Hirota bilinear form (Ma [30,31]).

For Eq. 1, taking u = puw,,, p = u(t) and w = w(x, y, t)
are functions to be determined. Taking it into Eq. 1, one
obtains
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pwsye + (3w, + pway), + (1507w, + 1507 wo Wy, + pwex ),
+ a/,th,c,zy =0.

©)
Integrating Eq. 3 with respect to x twice, one acquires

Wy + 3Mw§x + Wy + 15,uzng + 154w, Wy, + Wey + 0w, = 0,
4)
where the integration constants are taken as zeros.

Taking u(t) = 1, Eq. 4 is converted to P-polynomial form in
the following:

Px,t (w) + P4x (w) + P6x (IU) + 0'7)2}/ (w) =0. (5)

According to the theory of Hirota’s bilinear operator D-
operator and multivariate binary Bell polynomials, when w =
2(Inf), Eq. 1 has the Hirota bilinear form:

(D«D, + D} + D§ +0D3)f - f =0 (6)

under the dependent transformation u = 2(Inf) .

3 Bilinear Backlund transformation and
the Lax pair of the (2 + 1)-dimensional
Kadomtsev —Petviashvili —Sawada—
Kotera— Ramani equation

The Bicklund transformation is an effective method to seek
the exact solution for NLEEs. The new solutions can be
obtained from the known solutions using this method. In
this section, the bilinear Biacklund transformation of Eq. 1
can be obtained.

Assuming that p = p(x, y, t) and g = q(x;, y, t) are two solutions
of Eq. 4, i.e,

p =2InF, q=2InG. (7)
Taking

F (W) = Wy +3W5, + Way + 15w5 + 15Wp,Way + Wey + OWyy.

®)
According to the two-field condition, one has
F(p)-F@) = (p- e+ [(P-Dus + 305 - ] + (P~ 2y

+15(p3, = @, + PaxPax — G2xqix) + 0 (p = q),, = 0.
)

To obtain the bilinear Bicklund transformation, some
additional constraints should be added. For this purpose, by
introducing two new dependent variables,

_p-q_, (F _ptq_
v=2 _ln(G), 0= inFe). o)

Therefore, Eq. 9 can be rewritten as
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F(p)-F@=F@+v)-F(o-v)

2 3
=2 [vx,, F Vay + 6V2 oy + Yoy + 15 (V2 @ay + Vax oy + 305005, +3) + m/zy]

0
=% Y (% w) + 23 (v, @) = 3Vs: (@) + (7, w) =0,

(11)
where

(1, @) =5 (Vex + 127450 + 63,03y + Mo Wiy + 3V, W5 + 120,05, ¥3, + 6viv4x

127055, + 187,01 W3y + 189272005
6V W3, + 300 + 693 ) + 6(Vax oy — ViWsx — V2V5,) + 207, (12)
S Wax ' Vax % 2x Wy = VxWix — ViVax 2+

If ¢(v, w) can be expressed as the derivative with
respect to x of a linear combination of ) polynomials,

then Eq. 11 can be expressed as the similar

expression. For this purpose, the following constraint can
be introduced:

ny (‘V) w) :A> (13)

where A is an arbitrary parameter.
Therefore, Eq. 12 can be rewritten as

(v, @) = =15 (20, V5, V3, + 6V 2 + V2 W3 + 202050 + V3,035 + 3V, 000 W5 )
+6 (VaxWax — VxWsx = VoV) + 2073y, (14)
In addition, the following constraints can also be introduced:
Vax (v, @) + @Y, (v w) = B, (15)

where f3 is an arbitrary parameter and « is a parameter to be
determined later.
According to Eq. 15, one obtains

3 4
-15 (vav2xv3x + G’ViVwaZx + YV, W3y + Z'VXVZX + V3, W3y + 3VXC02xCU3X)

= 15)a,,
(16)
and
6 (V2xWax — VeWsy — V2V2y) + 200,
20 40
= —— Wy + (6oc - ;)vxvxy = 6av2,V), + 6V, (17)
o
Let
20 40
-——=6a—-—=—6q, (18)
a o
then
V3
a=27 (19)
3
Therefore, Eq. 14 can be rewritten as
¢ (v, w)
= 5v30Mv,y — 2\/30(w2x,y + ViV + szvy) + 63V 20)

== [5V300Y, (1,0) =230 Vs, (%, @) + 68V (1, ) |-

Finally, Eq. 11 can be rewritten as
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d
F(p) - F (@) = 5 [29: 0,0 + 25 (%, 0) = 395 (5,0) + 5300V, (. 0)

-2V30 Yy, (v, 0) + 68V, (7, @)] = 0. (21)

From Eqs 13, 15, and 21, a coupled linear system of
Y-polynomials can be derived as follows:

ny (V’ w) = A)
Yax (v, w) +gyy(v>w) :ﬂ>
2D (9, @) + 2V5, (v, 0) = 3Vs, (%, @) + 5300, (7, w)

-2V30Y,, (v, 0) + 6BV (v,@) +y = 0, (22)

where y is an arbitrary parameter.
Accordingly, the bilinear Backlund transformation of Eq. 1 is
as follows:

(DI-MF-G=0o,
<D2+ﬁDy—ﬁ>F~G:O,
3

(2D, + 2D} - 3D] + 536 AD, - 2v30 D, D, + 6pD, + y)F -G = 0.

(23)
By application of the Hopf-Cole transformation
v=Iny (y = £), one has
|4 vy
Vew)=v,. =% VY, (rw)=v,=— Y (vw) =
(v w) v y (v, 0) = v, v (rw) =

= %,yu(%w) :ff-’2;<+"Vfc :V2x+¢Z2x+”Vi

¥,
= o + 7" Yy (1, 0) = Wy + V2V = Vi + Gy + ViV,

Yy 3
=Quy + v Vix (¥, 0) = v3y + 30,020 + 7

Ve ¥
y

= Vs, + 5V, 04 + 103,05 + 100293, + 15v,05, + 10V Wy, + 7))

3
= Vax + 3V Vox + 3V oy + YV, = 30k

)ySX ('V,(U)

= Vs, + 5V Vax + VeGux + 10V3,75, + 10935, + 100295,

+ 159,97+ 30V,:00.qax + 15,5, + 10V2 vy + 1092 o + V2
|4 v Y. ¥
= 5q4x7‘ + IOqu% + 15q§X7‘ + 5

(24)
Therefore, the Lax pair of Eq. 1 is of the form

Vs, + 3uy, — Ay =0,

V3o

Vo YUy + ——y, —py =0,

2‘/’: + 2(‘//3)( + 3ul//x) -3 (WSx + 10141//3X + Sule’/x + 15”2V’x)

+5V30dy, ~ 2\/%([ u,dxy + y/x)y) +6By, =0. (25
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4 |nfinitely many conservation laws of
the (2 + 1)-dimensional Kadomtsev—
Petviashvili-Sawada—Kotera— Ramani
equation

The conservation law refers to the law that the value ofa physical
quantityis constant in nature. The conservation lawis closely related
to the Lax integrability of the system. Nonlinear systems with
infinitely many conservation laws are often Lax integrable. The
purpose of this section is to present conservation laws.

At first, in Eq. 20, ¢(v, w) needs to be rewritten in the
following form.
¢ (v, w) = 5v30)v,, - 2\/5((02,@ FVVy + szv),) + 6fvax

0 0
=5 [-2V30 V., (%, 0) + 6BV, (v, w)| + 5 [5V30 AV, (v, w)].

(26)
Therefore, Eq. 21 can be rewritten as follows:

F(p)-F(q) = % [2V5x (3 0) = 3V (v, @) = 2V30 Vs, (v, @) + 6BV (3, 0)]

+ % [5V30 1Y, (v, w)] +% [2YV, (v, w)] = 0.

(27)
Introducing a new potential function
Px - qx
= 28
4 3 (28)
and according to Eq. 10,
=7, we=vtqc={+qx (29)

Taking A = ¢* and 8 = ¢* into Eqs 13 and 15, respectively, one
obtains two Riccati-type equations

Vi 43000+, = &, +3E(E )+ E =,
V3o V3o (30)
w2x+vi+ 3 ’V}’:€2+Ex+q2x+ 3 jfydszz,

and a divergence-type equation

9 {Zc3 +6¢7E — 3[@ + IOEZX(CZ 8- V3a Ifydx)

0x 3
+ 55(—251 - 286, - gfxy)

+ 155(& EPErE Nf& J Edx+ 8 @EZ Ifydx+ g(I Eydx)z)

+1OE3<q2 o —@J@dx) +ES]

- 233 -2 [ (8, )ax —@ [([&x)ax+ £ | Eydx] }

2 2
+ 5 (5V30A8) + = (2&) = 0.

+ 1086,

(31)
Taking
E=¢+ Z Tn(q, Qs Gy> Goxs Gxys Doy -)c’" (32)
n=1
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into the linear relation formula
b +38(E +qu) + & = ¢

+e<§2+£x+q2x+@jfydx—cz):0, (33)

where € # 0 and equating the coefficients of ¢, then the conserved
densities 7 ,,’s are
T, =-u

Tzzux+§u,---. (34)

Substituting Eq. 32 into Eq. 31, one obtains
% { 26 +6¢ <c+ ZTn(”) =3 Y T " +1082 Y T 6™
n=1 =1 n=1

2
o © LoV @ o
- 10<c+ Zﬁc’”) YT = T T (JTn,ydx>c’“
n=1 n=1 n=1

n=1

2 2
- 10<c+ ZT”("><ZT”’”(”) - 10((+ZT,,(”>
n=1 n=1 n=1

2
- 5?(& Zﬂc’“)ZTWC’“ 10<c+ Zﬂc’”) ZTn.zx(”
n=1 n=1 n=1 n=1
3
+ 15<“<c+ZTnc’“)f30c2x <c+ Zﬂc’") ~10V30¢ <c+ZTnc’“)
n=1

n=1 n=1

5
Z(Jdex)c’”+ 15(@+ZTnc’"> + 10\/5((4— ZT,@"‘)
n=1 n=1

n=1

2 3
+SJ(Q+ZT,,("> <Z(J’T,,,),dx)c’”) +10¢* <c+ ZTnc’“>
n=1 n=1

n=1

5 3 5
—10<c+;%c’"> —10\3{§<c+§%c’”> ;(an,ydx)c’“(H;Tnc’”)]

+4\/§J [(c+§’]’nc"‘)i’f,‘,yc’"]dx+Zai[J(JTn,Zydx)dx]c’”
-2+30 (c+§ﬂ(")§([7’n,ydx)c’" }+% [5\/5A<¢+§T..<’")]

a S —n —
+§[2<<+;T"c )]—0.

For the conservation law equation,

DMs

TS
1

3
i

8

3
©

5([roade

n=1

(35)

Tt 4T+ Ty =0, (1=0,1,2,--2), (36)
the fluxes Z,,,’s are as follows:

Ty =675 — 3T 145 + 60T T 1 + 307, + 5V307 5 + 45T 5 + 607
+10V30 J T y,dx +30V30T T, +30V30T, 7T, - 2707

-5407, 75 - 60V/307T J T,dx - 60\30T, j T,,dx

2
- 150 JTl,ydx

+z\/§I T,,dx +20 J-J(l’]'mydx)dx, Ty= 6T - 3T s
+607 1T 5 + 60757 5, + 10V36T 15, T, + 607, T oy +5V307 5,

+5V30T T, +45T - 36077, +10V30 J Ts,dx

- 30v30T, J T,,dx - 30v307T, j T,,dx - 30V35T J T,,dx
— 6030T? I T,,dx - 300 I T,,dx J T,,dx +4V30 J T,,dx
+430 j(TITI,y)dx +20 J(I Tz,zydx)dx - 2«%[ T, dx

- 2307, j T\,dx, o
(37)
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and the fluxes 7, ,’s are as follows:

\71 = 5\/%74) (38)
.72 =5\/%Ts,"'«

It is verified that Eqs. 34, 37, and 38 all satisfy Eq. 36.

5 N-soliton solutions of the (2 + 1)-
dimensional Kadomtsev— Petviashuvili
—Sawada—Kotera— Ramani equation

According to the Hirota bilinear form of the (2 + 1)-
dimensional KPSKR equation, the soliton solutions can be derived.
For one-soliton solutions, taking

F:1+e£,

E=px+qy+rt, (39)

p#0,

where the parameters p, g, and t need to satisfy the dispersion
relation,

pr+p'+pS+oq’ =0, (40)

then the one-soliton solutions of the (2 + 1)-dimensional KPSKR
equation can be obtained as

— Z(ZHF)xx — 2[ln<1 + er+qy—(p3+p5+g‘%)t>] ] (41)
For two-soliton solutions, taking
F=1+eé"+¢e%+ apett,
2
fizpix+q,-y—<pf+pf+a%)t, pi#0, (“42)
where
ap, = (Pr=p2) (ri =) + (1= pa)' + (pr = p2)° + 0 (91 ~ 4o)°
(p1+ p2) (r1 T+ (pr+p2)' + (pr+p2) 0 (ar + )’
ri = pz3 + Pz + Uq
i=1,2, l
(43)

then the two-soliton solutions of the (2 + 1)-dimensional KPSKR
equation can be obtained as

= 2(InF),, = 2[In(1+¢" +e" +ape )] (44)

For three-soliton solutions, taking

F=1+e"+¢6% +e5 + a5 14013655 1 ay365™5 4 g8 7045,
2
q.
I3 :p,-x+q,-y—<pf+pf+a;{ f, pi#0,
1
a3 = 412013423,
(45)

where
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@ = (pi=pi)(ri=r;) + (P P1)4 +(pi- Pi)6 +0(qi - qj);
(Pi+pi)(rivr;)+(pi+p;) +(pitps) +o(a+a)
(s et
1 <i<j<3, i
(46)

then the three-soliton solutions of the (2 + 1)-dimensional

KPSKR equation can be shown as

u =2(InF),,
=2 [ln(l +ef + e + 6B ranetth 4 gehth

+a3e7"Y + apapanse’ )] (47)
Accordingly, for N-soliton solutions, taking
N N
F= Z exp(Z ni&i+ z 771"7in1'>’
7=0,1 i=1 1<i<j<N (48)
§i=pix+aiy - (p, Pt 0;>t, pi#0,
where
e mn)) s () +(p-p) s ola-a)
ij — = >
(px +p;2)(n wr)+(pirpy) + (o p) +o(ava)
ql
1 <i<j<N,
(49)

and the notation Y], j<n is denoted as the summation of all

pairs (i, j) that satisfy the condition 1 < i < j < N, the notation ),
n=0,1

is denoted as the summation of all of the cases #;, 77, = 0 or 1 that
satisfy the condition 1 <i <j < N.

Therefore, the N-soliton solutions of the (2 + 1)-dimensional
KPSKR equation can be shown as

u=2(nf),,

Hanfe ). -

n=0. 1<i<j<N
6 Conclusion

In this paper, the Lax integrability of the (2 + 1)-dimensional
KPSKR equation is investigated. As a nonlinear evolution equation,
the KPSKR equation is a high-dimensional extension of the KAVSKR
equation. By applying Hirota’s bilinear operator and the binary Bell
polynomials, the original equation is converted to the Hirota bilinear
form. By reasonably assuming constraints on the parameters, the
bilinear Bécklund transformation and the Lax pair are obtained. By
introducing a new potential function, infinitely many conservation
laws are derived. Finally, the N-soliton solutions are provided. These
results reveal that the KPSKR equations are completely integrable. At
the same time, these results also show that Hirota’s bilinear method
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and the binary Bell polynomials are effective and practical for
discussing the Lax integrability of nonlinear evolution equations.
As a generalization, it is worth studying whether these methods can
be applied to discrete equations.
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