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Assorted exact explicit solutions
for the generalized Atangana’s
fractional BBM—Burgers
equation with the dissipative
term

Baojian Hong*

Faculty of Mathematical Physics, Nanjing Institute of Technology, Nanjing, China

In this study, the generalized Atangana’s fractional BBM—-Burgers equation
(GBBM-B) with the dissipative term is investigated by utilizing the modified
sub-equation method and the new G/(bG" + G + a)-expansion method; with
the aid of symbolic computations, many types of new exact explicit solutions
including solitary wave solutions, trigonometric function periodic solutions, and
the rational function solutions are obtained. Some 3D and 2D plots of these
solutions are simulated, which show the novelty and visibility of the propagation
behavior and dynamical structure of the corresponding equation. Moreover,
with the selection of different values on the parameters and orders, we can
deduce many types of exact solutions in special cases. We also discussed the
changes and characteristics of these solutions, which can help us further
understand the inner structure of this equation. The obtained solutions
indicate that the approach is easy and effective for nonlinear models with
high-order dispersion terms.

KEYWORDS

generalized BBM-Burgers equation, Atangana’s fractional derivative, dissipative term,
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1 Introduction

As is known, calculus was founded by Newton and Leibniz at the end of the 1660s, and
fractional order calculus has gradually become one of the new special fields in natural
sciences and mathematical physics since 1695 [1]. In recent years, due to the wide
application of fractional order calculus in nonlinear partial differential equations (PDEs),
especially fractional PDEs [2-4], many nonlinear phenomena come down to fractional
models, such as ecological and economic systems [5], two-scale thermal science [6],
mechanics [7], chaotic oscillations [8], atmospheric science [9], and optical fiber [10-12].
Searching for exact explicit solutions of these nonlinear fractional PDEs plays a significant
role in the study of the dynamics of those phenomena. Until now, many powerful
methods for this subject have been offered, such as the Darboux transformation [13],
Bicklund transformation method [14], and Hirota bilinear method [15], which can be
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FIGURE 1
3D plot, 2D plot, and contour plot of uz11 with a=1,=1.
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FIGURE 2
3D plot, 2D plot, and contour plot of up1, with a=1,8=1.

used to find N-soliton solutions. The improved F-expansion
method [16], projective Riccati equation method [17], sine-
Gordon method [18], Jacobi elliptic function expansion
method [19], [20], (G'/G,1/G)-
expansion method [21], improved (m + G’/G)-expansion

G’/G-expansion method

method [22], improved G'/G?-expansion method [23], exp
(-9(§)) technique [24], homogeneous balance method [25],
first integral method [26], inverse scattering transformation
[27], and Lie symmetry method [28], etc [29-34] can be used
to find Jacobi periodic solutions, solitary wave solutions, and
trigonometric function solutions of these models. Until now,
there are many types of definitions for the fractional derivative,
and the most classic definitions are as follows:
Riemann-Liouville fractional derivative [35]:

(t-1)" " f(r)dr,n—1<a<nneN.

1 a J‘
T'(n-a)dt" ),
d“f

dt"

Dif(t)=

,a=n€eN.

Caputo fractional derivative [36]:

1 ! n-a-1 r(n) _
F(n—a)Jo (t—=7)"*" f" (r)dr,n—1<a<nneN.
d”f (®)

dt"

Dif(t)=

,a=n€N.
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Jumarie’s fractional derivative [37]:

1 d (* a
I‘(l_a)ajo(t_"") [f(T)_f(O)]dT,0<(X<1,

(f(") )™ n<a<n+1l,me N*.

Dif(t) =

Ji-Huan He’s fractional derivative [38]:

14 J (T =0 [ fo (1) - F(1)]

I'(n-a) dr" to
Dif(t)=4dr,n-1<a<nneN.
d7f(t
#, a=né€N.
dt
Furthermore, the Atangana-Baleanu derivative [39],

M-fractional derivative [40], conformable fractional derivative
[41], and Atangana’s fractional derivative [42, 43] which will be
utilized in this article, are built recently.

In this paper, we consider the generalized Atangana’s
fractional BBM-Burgers equation with the dissipative term in
the following form [44-47]:

Du + pDPu + ouDPu — uD*u - 8D*D*u + yD*u

=0, 0<a,f<1, (1)

where D‘;‘(-),Dﬁ (-) are the Atangana’s fractional derivative
[42]()f = 4DE (), (O = 4DL (), 0¥ =aDE@EDE (), ()¥ =
DL (DL (DR (G DE (),

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1071200

Hong

10.3389/fphy.2022.1071200

Wz 1

300

20

FIGURE 3
3D plot, 2D plot, and contour plot of uz21 with a=1,=1.
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FIGURE 4
3D plot, 2D plot, and contour plot of Uz, with a=1,8=1.
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FIGURE 5
3D plot, 2D plot, and contour plot of uz with o = f=1.

The coefficients p,o,u, 8,y are real constants; when y=y=
0,a=p=1,0or f=1,0<a<l, Eq. 1 is related to the well-
known BBM equation or fractional BBM equation, which was
by
approximately the unidirectional propagation of a long wave in

proposed Benjamin-Bona-Mahony  and  describes
certain nonlinear dispersive systems as a refinement of the KdV
equation [48-51]. When§ =y =0,a=1lorff=1,0<a<1,Eq. 1
is related to the well-known Burgers equation [52, 53]. Some related

research studies about Eq. 1 can be found in [45, 54, 55].
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Next, we review some basic definitions and properties of the
Atangana fractional derivative which are used further in this
paper [42, 43].

Definition: For a function f (¢): [0, 00) — R, we defined the
Atangana fractional derivative operator and integral operator of
f(t) of the order « as [42, 43]

ey
D f(t) =Dy f (1) = lim fe+ e(t+r(n;> ) f(t)’

O<a<l,
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FIGURE 6
3D plot, 2D plot, and contour plot of us with a = =1.

Lft)=3I8f (1) = j;f(r)<r+ﬁ> ) dr, 0<a<l.

Also, we have the following important properties [42, 43]:

iy (e L) L@
(D) aDif(t) = <t+ r(q)) T

(2) &D¢ (af (1) +bg (1)) = agt D{ f (1) + by D g (1), Va,b € R.
(3) ¢DY (f (Dg (1) = f()aDig () + g(t)g D f (£).
@) §DE(f /M) = [¢OFDIf (O - F ;DI g (][ " (8).

1
(5) 4D (f9) () = f (9N Dig (1) = t+ 5
) dg(t)
f (g(t))7~

The rest of the paper is organized as follows. In Section 2,
we introduce the modified sub-equation method [56-59]
and the new G’/(bG'+G+a)-expansion method, while in
Section 3, some exact solutions of the GBBM-Burgers
equation are found and discussed by utilizing the
proposed methods. Finally, the conclusion is presented in

Section 4.

2 Description of the two methods
2.1 The modified sub-equation method

Consider the following Atangana’s fractional differential
equation:

P(u, g, uf, il ulf il wd, ) = 0.

@

We use the following wave transformation [60]:

k 1Y w LY
u(x,t)=u(),= B(x"' W) * ;(t +m) ®
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where the constant k means the wave number which can reflect
the frequency and w is the wave speed. Thus, Eq. 2 reduces to an
ordinary differential equation:

O(u,u',u",u'",u““,uu’, ) =0. (4)
Assume that Eq. 4 has the following solution:
N .
u= zAiFl, (5)
i=0

where N is a balance number, F = F (£), and A; and the variable
function & = &(x, t) are determined later. The function F satisfies
the Riccati equation defined by

F’=dF—(£)=b+dFZ(E)=b+dF2,b,deR.

pT3 (6)

Equation 6 gives the following solutions:

Fyy = -V=Atanh(dV=A¢),

F1, = —V=Acoth(dV=-A¢), ,A:g<0,
Fi3 = —V-Atanh(2dV=-A¢§) + iv=Asech(2dV=-A%),

Fyy = VAtan(dVA{),

Fyp = —VAcot(dVA§),

Fy3 = VAtan(2dVA§) + VAsec(2dVAE).

—LA—E—OEER
E+& T d T

F, = 1

F, = 1 >0,

auls

Fy =

When d = 1, we can obtain the results mentioned in [56-59].

Substituting Eqs 6, 5 into Eq. 4, collecting the coefficients of
Fi(i=0,1,2,--) to zero yields algebraic equations (AEs) for
Ap, Ay, -+, Ay and £, Utilizing mathematical software to solve
the AEs, we can obtain the solutions of Eq. 4.

2.2 The G/(bG’ + G + a)-expansion
method

With similar steps to technique Section 2.1, we give the main
steps of this method.

frontiersin.org
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FIGURE 7
3D plot, 2D plot, and contour plot of us with « = 0.3,5=0.5.

Step 1: Assume that Eq. 4 has the following solution:
N .
u= ZaiF',
i=0

where F = F(§) = ﬁ, and a; and the variable function & =
&(x,t) are determined later. The parameters a and b # 0 are
arbitrary constants, and G = G (¢) is a solution of the following
auxiliary ODE:

7)

Ao B ¥
G” = —EG, - EG— Ea, (8)

where A,y are two arbitrary real numbers. We can find the
following constrained condition:

1 1
Fr=(A-pu-1)F+-Qu-MNF-=u 9)
b b?
Equation 9 gives the following solutions:
Casel: When A=)\>- 44>0, we have G=-a+
pred VBN el CMVAE D and g, py,p, are arbitrary

constants that satisfy a’ + pf + p% + 0, as in case 2; thus,

B p,(/l+\/Z)+pz(l—\/K)e%‘
' bpy(\-2+VE) +bps(1-2- VA)eTE
(A2 1)~ VE (ps + p s (S
\/Zf
2

M+ 1)~ VB (ps - ) Jeosh (L)

#D[0-2)(pr+ 1) VB (ps - p)Jeosh(2E)

P N

b[(X=2)(p> = p1) = VA (p2 + p1)]sinh(

A
Fu:%(A_iiy_l)*zba_i\/i_l)m“l(%f)»()'*2)(}’2*?1)"/Z(PﬁPl):O’
B I V& VA -
F‘z_7%@7”71)—27b(li!471)c0th(if),()»*2)(1)2+P1)*\/K(P2*P1)—0<

Case2:  When A=M—4u<0, we

e3¢ (prcos(LAE) + pysin (SAE)) - a,

‘/FE) + (Ap, + V=2 py) sin(%f)

have G=

(Ap1 = V=4 p;) cos

2

A,_\
E“

T (=201 — VB p2) cos(\EE) + b((A - 2)ps + V-4 py) sin(L2E)
A= V-A V-A B
. F“’2b(a-,4-1)+zb(a-,4-1)“““<75)’(“2)1’2*@1"*0'
S =
__ A V=4 V=& B
Fp, = WO—p-1) - WO = 1)60t(75), (A-2)p, - V=Ap, = 0.
Frontiers in Physics 05

Step 2: Substituting Eqs 7, 9 into Eq. 4 and setting the
coefficients of F' zero yield a set of AEs for a;, b, A, y, k and w.
After solving the AEs and substituting each of the solutions F;, F,
along with Eqs 7, 3 into Eq. 2, we can obtain the solutions of Eq. 2.

In the following section, we will use these two methods to
solve the GBBM-Burgers equation.

3 Exact solutions to the
GBBM-Burgers equation

3.1 Using the modified sub-equation
method

Substituting Eq. 3 into Eq. 1 and integrating Eq. 1 once, we
have

(w+kp)u + kguz — pktu = Swiku" + yk*u" = A, (10)

where A is the integral constant. By balancing the highest
derivative term with the nonlinear terms in Eq. 10, we obtain
N = 3. Therefore, we assume that Eq. 10 has the following
solutions:

u=Ay+AF+AF + AP, (11)

where Ay, A;, Ay, A3 are constants to be determined later.
Substituting Eqs 11, 6 into Eq. 10, collecting the coefficients of
Fi(i=0,1,2,--+) to zero, we have

FO:2(A+bK* (= 2bdk*y+p) A +20° K wd A, — 66’k yAs)
=Ay (2(w+kp) +koA,),

F': (w-2bdk*wd +kp+koAy) A, +2bk* ((8bdk>y — ) A,

-3bwdA;) =0,

F?: dK* (8bdk*y—u) A, + %kaAf + (w—8bdk*wé + kp + ko Ay) A,
+3bk* (20bdk*y - p)A; =0,

F?: 2dk? (20bdk*y — p) A, + kA, (= 2d*kwé + 0 A;)
+ (w-18bdk*wé + kp +kaAy)A; =0,

frontiersin.org
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FIGURE 9

3D plot, 2D plot, and contour plot of uy with « = 0.6, = 0.6.

FIGURE 8
3D plot, 2D plot, and contour plot of us with a = =1.

w

FIGURE 10
3D plot, 2D plot, and contour plot of us1 with a = f=1.

F' k(- 12d°kwd A, + 0 A2 + 6dk (38bdk*y — u) As Case 1:
31.3 _

+24, (64°Ky + 043)) = 0, A _ Ay (1180 T V7 p) L 30dku

Fo: k(= 12d°kwdAs + A, (24d°K’y + 0A3)) = 0, o N P
15d%kwé 1204°K?
FS: kA; (120d°K*y + 0A;) = 0. Ay=—o Ly 5 !
Ak (6u(y' - 8) - yd’p?)
N 2y8%a

Solving the aforementioned AEs, we have the following dk\=yEp  _Ak\~VE po K

cases: T e W U7 4dk*y’

Frontiers in Physics 06 frontiersin.org
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Case 2:
oy SO~ 450u AT 22098pf _ 90dku
. 2209 /700 470 °
15d°kwd 120d°k’y
Ay = > A3 =
~ kp2 144ky (2209y 2562[42) +53016V47. ky(Y\/Tp
T 207646y80
_ 12k/~yu o
V478 77 188dk*y
We can obtain the following traveling wave solutions.
Family 1 A=%<0,d#0
Set 1

4y + (18uy= % V7 0p) | 30dk;4
U == Fy

154>

kwé
+ [ —

Ny

Fi (&) -

(564y 456p) 47y
U1 =

120d4°K?
o

(&11)

SRV &),

2209/780

15d2kw6

where F, (§,,) =

-

4k~
w=F 5 W.

—F (&

-

120d4°k3

470

VF3<»:21>

¥ 22090py  90dku . ;|
2.1

Fi11=— 4d2k2 ———tanh &, |, F112 = —4 4d2k2 ———coth &,
Fii3=— 4d2k2 ———[tanh (2&, ;) * isec h (2€, )].

i)

N 1\
¥ o0 <t+ﬁ(x)>’

H U
Fyi1=- *lgsdzkzytanhgz.bFz.l.z =- *mcmhfz.p
F, (&) =
Fops = — —lsgszkzy[tanh(ZEzl) +isech(2&,,)].

N
&= 188y /;’(x-'—
_ _12ky=yR

w= + \/@6 .

i) °

12/=ya 1\*
\/_6<x< %)

The numerical simulation of u 1, U212 is shown in Figures
1, 2, where we select

d=Lk=1u=

Ay =-1+609

—1 =1,

d=1,

p=1l0=1Lw=-12/V47,

47/2209, A, = —90/47 A, = 600/~/47,

Ay =-120,w = -12/V47,a = f = 1.
Family 2 A=%>0,d#0

Set 2

4y~ + (118u~F F V¥0p) 30dk
U, == VE ( VI E VY )+ 0‘“1-71(512

15d%kwd
+

Frontiers in Physics

Yoo

Fi (&) -

120d4°k3

IR L),

07

10.3389/fphy.2022.1071200

(564y 450u)\-47u F 22098;)\/_ 90dku
Uz = Fy (&)

2209\/—50' 470
15d*kwd 120d4k?
PSRy 2R s ),
where
U “
Fia1 = —W tan&; ,, Fiop = - _W’ cot &,
F, (€1.2) =

Fia3 = 4d2k2 [tan (2€,,) + sec(2¢,,)].

6 il rw)) N (v r)

k/_‘_
w=F—5— H

\188d2k2 tand; 5, Fr22= \leSdz 7,0t
Fo3= 1 188d2k2 [tan(2§22)+sec(2522)]

a1 b o12ym 1\

2= 1380 [ (x F(ﬁ)) \/_805<t+1"((x)>’
__2kyE
w=F N

522)_

The numerical simulation of 11, 15, is shown in Figures
3, 4, where we select

d=1Lk=lLu=-1y=18=1Lp=lLo=1Lw=-4,
AO = 14,A1 = _30,A2 = —60,A3 = —120,“:[; =1.

Family3A:§:O,y:0
Set 3

b op, 15d'kwd  120d°K'y : :_<x >“
’ 4 0'(53*'50)2 (53"'50)3’ ’ F(ﬁ)

If we select o=p=d=80=k=w=y=1&=0. The
numerical simulation of rational function w3 is shown in Figure 5.

3.2 Using the G7/(bG’ + G + a)-expansion
method

We assume that Eq. 10 has the following solutions:
u=ay+a,F+a,F+asF, (12)

where ay, a;, a, and as are constants to be determined later; if we

select b = 1, substituting Eqs 9, 12 into Eq. 10 and setting the
coefficients of F' zero yields

frontiersin.org
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FIGURE 11
Changes in the waveform of uy, with different values of «, 8.

F: %ao (2w + 2kp + koag) = A+ (WS (A = 24) — p + Ky (A2 Case 2:

+ 24 — 6 + 6p7))ar + 2u (w8 + 3K*y (A - 2u))a, + 3k*yuas)),

ag

7I<A7T<_E+E)+£+15Tk(lz—12A;4+8,u+12;42)

ou 47 47
Fr (—w(—1+K80 +2u — 6Mu + 612)) + k(k(A = 2 :oze # “ “
— Py (A = 14170 — 8% (2 + 3u) + 4Au (2 + 9p)) +TY (V' =30+ 30+ 6 - 24°),
+p+0ag))a = 2k°u ((3wd (A = 2u) — p + K>y (7A* = 36)u _180K(1 - A )[eT (- 20) + 47y (24— 20t X - 20g)] e
+ 4 (2 + )y + 3 (wd + 6>y (A — 2u))pas), “= 470 VY
F2: (w(1 - 4k*8 (A + 2u — 6Au + 64°)) + k (2k (A — 2p)u L B A ) (VA -Ae2u)  n0yR (LA »
2 = U3 = > - - g
— 4Ky (207 = 250%u — 242 (13 + 21y) + Ap (13 + 63 7 7
¥( 1 p=2u( )+ Au( ) A,E(”Wk 18004° upTJj)
+p+0ap))a; + ik(zk(}t —u—1)(3wd (A - 2u) T o\478% 103823y 47edk 2 )
2 2 2 w= 127 k=ey |t =t
—u+ Ky (70" = 36Mu + 4p (2 + 9u)))a; + oaj Tazse” T N\mayy T T
— 6ku (5w (A - 2u) — p + K*y (194% — 96)u
+4u (5 + 24u)))as) = 0,
# H Case 3:
F k(2k( =1+ A = ) (5w (A - 2u) — p + Ky (19% - 96y 7£k[i+5A+5 e e 2 Z)]
+4u (5 +24p))ay + ay (- 2kwd (1= A + p)? " 730 Lok Home
— 12Ky (A = 2u) (1 = A + p)* + 0ay)) + (w (1 - 9K*§ (A? +¥ [30° + 20 (3 - 5) — 8% - 4 (u-5)] + £,
+ 24 — 6Au + 6u%)) + k (3k (A — 2p)u — 3Ky (9% — 1100y 120k Xt ) [26T (L - 200) + 73yK* (34 — 5 + 2% — 30ps)|
— 87 (14 + 23p) + 4\ (14 + 69)) + p + 0ag))as = 0, s e )
60yk> (1= A+ )’ (4eVA - 31 + 6u 1209k (1 - A + )’ 2
F*: k(12k (wd + 9k*y (A - 2u)) (1 = A + p)’a, — 0al a = " Jay = (a +”)>T:\j%,
—6k(—1+A—p) (7wd(A - 2u) — u + K>y (370* - 186y AZE(]ZSw_ 40504° _ﬂ_;ﬁ) wzﬁk:s\jTA:/V—w ey
2019+ 930))as  2ay 6Ky (= 1+ 1= 1)* + 0as)) = 0, o\ 736> 389017y 73¢dk 2 738 ~73yA
F°: k(- 12k (w8 + 12k*y (A - 2p)) (1 = A + p)’as Case 4
+a, (24K (= 1+ 41— p)’ + 0a3)) = 0, 5
4T 1 ) p 60Tk .,
F®: kas (120 (= 1+ A — p)* + 0as) = 0. a0=" [t RO+ 1t 19h150) |+ 2 5 0042 - 3dps 2-),
60k (1—A+p) [Te (X —2u) + K2y (N - 6Ap + 2p + 64|
a, = s
[
We can deduce the following solutions with the aid of . 60k (1-A+u)? (TeA+ 3 — 642)
mathematical software. - A03 '
“3:M’A=AZ_4M’
Case 1: :k(sﬂ_%_ﬂ_ﬁ)
AT GOKT* (M +24° —A+2u—3My)  p  6kTe(A’ +104° + 6 — 10Au) o\ &y ek 2)
0= Skt o Yt o ? AT
w=—k=¢ i,T: y—,s_+1
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Lo AT 60sz (A + 24 = X +2u - 30y) P 6kTe(A* + 104 + 6 — 10Ay)
= P

&Tk o &0 4
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The numerical simulation of w4 is shown in Figure 6, where

we select
A=-2,u=-lL,e=lLy=10=Lp=lo=Lp =1p, =2
bzl,kz\/_/4w=\/—a3=30\/—a2=30,a1:—15\/5,

4 A= ——\2,A=8T=—
4{ 2\/’
For case 2, we have
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The numerical simulation of us is shown in Figure 7, where

[Mp> = p1) - VA (p2 +p|)]smh(

py3
B,
2
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For case 3, we have
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The numerical simulation of u is shown in Figure 8, where
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The numerical simulation of u; with the fractional order is

= ﬁ((“F(lﬁ))ﬁJr

A=)L2—4y,w=%,k=

shown in Figure 9, where we select

A=2,u=2e=-1,y=-2,0=1p=1lL0=1Lw=-4
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Clearly, if we select the special value of py, p, in Fy, F,, we
can obtain the tanh, coth, tan, and cot-type solutions; without
loss of generality, we select

1
A=4, 2,e=1y=-2,86=1, 2,0=2,b=1,k=—=,
p=2s¢ Y p=20 22
15 15 15
w=2V2,A=8T= \/—,aa 2\/_,a2: ,Lﬁ:—ﬁ,
19
=—4,A=—-2V2.
ay 2\/5 \/_
Thus, we obtain the following solutions:
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12 128 r'(B) o I'(a) _’ P
15 15 15
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15 15, 15
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The simulation of u4; is shown in Figure 10.
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3.3 Results and discussion

After utilizing the modified sub-equation method and the
new G’/(bG’+G+a)-expansion method, we obtain many types of
exact solutions of Eq. 1, and some structures of these solutions
are simulated in Figures 1-10. Visualization can help us better
understand the dynamic behavior and propagation property of
these solutions. For example, the bell-shape-like solitary wave
solution of Eq. 1 is shown in Figure 1, and we find that there are
two asymptotes on either side of the peak for u, 1 1, while the bell-
shape soliton solution has only one. The shape of trigonometric
function solutions 1, 1, has a break when x € (46, 48), which is
shown in Figure 2. The same phenomena happen for u; and ug
which are simulated in Figures 5, 8. The simulations of periodic
solutions 11, Uz, and u; are shown in Figures 3, 4, 9 for
a=f=1o0r 0<a,f<1l. We can find that the waveform of a
single period widens as the order decreases, and the changes of
u7, are simulated in Figure 11. The kink soliton solution uy and
the solitary wave solution us for the fractional order are
simulated in Figures 6, 7. From Figure 10, we find the
solution u4; has one peak, one valley, and two asymptotes.
These different propagation patterns can probably explain the
different phenomena for this model.

4 Conclusion

In conclusion, many types of new exact solutions for the
Atangana fractional GBBM-Burgers equation with the
dissipative term have been found after utilizing the
modified sub-equation method and the new G7/(bG’ + G +
a)-expansion method. Some propagation behavioral patterns
of these solutions are discussed and simulated, the graphs of
which show that these solitary wave solutions, trigonometric
function periodic solutions, and rational function solutions
are propagated through different patterns. The two efficient
and significant methods can be used for many other nonlinear
models such as the vmKdV equation, Ginzburg-Landau
it is still
worth researching whether the method can be used in a

equation, and NLS-KDV equation. However,

system with high dimensions and high order. Finally, all
these solutions obtained in the present article have been
checked by mathematical software.
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