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Finite-time synchronization of
Kuramoto-oscillator networks
with a pacemaker based on
cyber-physical system

Pengchun Rao* and Xiufeng Guo

School of Science, East China Jiaotong University, Nanchang, China

In this paper, we study the finite-time synchronization problem of a Kuramoto-
oscillator network with a pacemaker. By constructing a cyber-physical system
(CPS), the finite-time phase agreement and frequency synchronization of the
network are explored for identical and non-identical oscillators, respectively.
According to the Lyapunov stability analysis, sufficient conditions are deduced
for ensuring the phase agreement and frequency synchronization for arbitrary
initial phases and/or frequencies under distributed strategies. Furthermore, the
upper bound estimations of convergence time are obtained accordingly, which
is related to the initial phases and/or frequencies of oscillators. Finally, numerical
examples are presented to verify the effectiveness of the theoretical results.
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1 Introduction

Synchronization of complex networks has been extensively investigated by researchers due
to its numerous practical applications. As one of the most celebrated periodic-oscillator
models, Kuramoto model [1] and its variations have been widely used for explaining various
synchronization phenomena, and they have attracted considerable attention from researchers
in diverse fields ranging from biology [2, 3], mathematics [4], physics [5, 6] and engineering
[7-10]. In the past decade, many progresses concerning on the synchronization of Kuramoto-
oscillator networks have been made by researchers in the control community [10-20], where
synchronization criteria with respect to constraints on coupling strengths and initial phases
have been developed. For example, in [10], the relationship between the algebraic connectivity
of a connected Kuramoto-oscillator network and critical coupling was revealed. In [11],
Chopra and Spong showed that initial relative phases should be confined to 7/2 and a critical
coupling strength should be satisfied, which guaranteed the frequency synchronization of an
all-to-all connected Kuramoto network.

In [14, 15, 17, 20], researchers have taken the pacemaker (i.e. the so-called leader) into
consideration, where synchronization criteria were related to not only the constraint on
coupling strengths and initial phases, but also the selection of direct controlled oscillators.
Since the interactions between oscillators are usually in the sinusoidal form of phase
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differences, the theoretical results mentioned above were based on
the requirements of initial phases, and only local stability analyses
were provided. Based on the framework of cyber-physical systems
[21, 22], distributed linear controllers have been adopted to
synchronize Kuramoto-oscillator networks in [23, 24], where the
derived stability conditions were independent of the initial phases
such that the global synchronization was achieved. In [24], sufficient
criteria were established for the Kuramoto-oscillator network with a
pacemaker under distributed linear control.

The results aforementioned merely focused on the asymptotical
synchronization, which indicated that synchronization was realized
when t — c0. Recently, in [18, 19, 25-27], more researchers have
focused on the finite-time synchronization of Kuramoto-oscillator
networks, which is also of significance in practical applications. For
example, power girds need to get rid of local power failures as soon
as possible in order to avoid the cascading failure. In [27], Wu and Li
investigated the finite-time and fixed-time synchronization of
Kuramoto-oscillator networks by employing a novel multiplex
control. However, the finite-time synchronization of Kuramoto-
oscillator network in present of a pacemaker has not been
investigated so far.

Inspired by the above literatures, it is worth investigating the
finite-time synchronization of Kuramoto-oscillator network with
a pacemaker. In this paper, we aim to explore finite-time
synchronization criteria of such network by adopting
distributed schemes based on CPS. The main contributions of
this paper are summarized as follows: Firstly, effective criteria are
established to deal with finite-time phase agreement and
frequency synchronization for Kuramoto-oscillator network
with a pacemaker, and the upper bound of synchronization
time is also provided; Secondly, synchronization can be
achieved for arbitrary initial phases, which only influence the
upper bound of synchronization time; Finally, the requirement
on the connectivity of physical system is relaxed, even if it is an
unconnected network.

The remainder of this paper is organized as follows. In
Section 2, the framework of CPS is constructed, which
consists of the physical Kuramoto-oscillator network system
and the cyber (controlling) system. Furthermore, two
definitions and some necessary mathematical preliminaries are
encompassed in Section 2. Finite-time phase agreement in an
identical ~ Kuramoto-oscillator —network and frequency
synchronization in a non-identical Kuramoto-oscillator
network cover the heart body of Section 3 and Section 4,
respectively. Section 5 presents the numerical simulation
results, and Section 6 concludes the whole paper.

2 Model and preliminaries

In the framework of CPS, a Kuramoto-oscillator network
consisting of N oscillators with control input u; can be
described as
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é,‘ = w,»+ia,»j sin(Bj—B,»)+u,»,i el, (1)

Jj=1

where I ={1,...,N}, 6; and w; are the phase and natural
frequency of the ith oscillator, respectively. A = (a;;)nxn
denotes the adjacency matrix of an undirected network, where
a;; = a;; (i # j) > 0 iff there is an edge between oscillator i and
oscillator j; otherwise, a;; = 0. Let £4 = D* — A be the Laplacian
matrix associated with the adjacency matrix A, where D* € RV
is a diagonal matrix with D# = Z?Lﬂij (Vi € I). The network
associated with the adjacency matrix A is called physical network.
Assume that there is a pacemaker with dynamics

0 = wo»

where 6 and w, are the phase and natural frequency of the
pacemaker, respectively.

In this paper, we concern phase agreement and frequency
synchronization with respect to the pacemaker in finite time.

Definition 1. Network Eq. 1 with control input u; achieves
(pacemaker-based) finite-time phase agreement, if there exists a
settling time 7'> 0 depending on the initial states 6,(0) (i € {0}D),
such that

llm(e, - 60) =0, i€ I, (2)
t—>T
and 0; — 0, =0 for t > T.

Definition 2. Network Eq. 1 with control input u; achieves
(pacemaker-based) finite-time frequency synchronization, if
there exists a settling time T > 0 depending on the initial
states 6; (0) (i € {0} \J D), such that

}I_I;I%(Q, - 60) = 0, i € I, (3)

andéi—éozofortz T.
In order to obtain the sufficient conditions, the following
Lemmas are needed.

Lemma 1. [28] For an undirected graph G with N nodes, xTLx =

N N
% Z Y aij(xi - x]-)2 holds, where x = (x1,%2,...,xy)" and L is

i=1 j=1
the Laplacian matrix of G.

Lemma 2. [29] Consider the system of differential equation
x(t) = f(x(1) 4

where f: D — R" is continuous on an open neighborhood
DcR" of the origin and f (0) = 0. A continuously
differentiable function x: 1 — D is said to be a solution of Eq.
4 on the interval I C R if x satisfies Eq. 4 for all t € L.
If there exists a continuous function V(x): D — R such that
(1) Vi(x) is positive definite;
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(2) There exist real numbers ¢ > 0, 0 < p < 1, and an open
neighborhood Dy<cD of the
that V (x) < — cV* (x), x € Do\{0}.

Then, the origin is a finite-time stable equilibrium of Eq. 4 and
the finite settling time T satisfies

origin such

V7 (x(0)

ci-p)

If in addition Dy = D = RY, the origin is globally finite-time
stable equilibrium.

For the sake of convenience, let & = 6, — 6, then
fi =6 - 90 =6 —wy. For a real symmetric matrices £, let
Amin (£) be the minimum eigenvalue of matrix £. Denote

sig (x)® = sign(x)|x|*, where the signum function sign(x) is
defined as

1,Vx >0,

0,x=0,

-1,Vx<0.

sign(x) =

3 Finite-time phase agreement for
identical Kuramoto oscillators

In this section, we first concentrate on the case of oscillators
with identical natural frequency, ie., w; = wy, Vi € I Thus,
network Eq. 1 with control input u; becomes

) N
Gi:a)+Zaijsin(0j—0i)+ui,i€I. (5)

=
For achieving finite-time phase agreement, a distributed
control strategy is constructed as

= 6;) + fisig (6o - 6)°%, (6)

where B = (b;j)nxy denotes the adjacency matrix of an
undirected network with elements b;; defined similar to aj,
fi = 0, and parameter 0 < « < 1. The network associated with
the connections between the oscillators in the controller Eq. 6 is
called cyber network. Let L5 be the Laplacian matrix associated
with the adjacency matrix B, where its elements are defined
similar to £4.

By transforming 6; into &, network Eq. 5 with distributed
control strategy Eq. 6 becomes

E.i = Zaij Sin(fj - fz) + Zbij(fj - El) - fisig(§)". (1)
=1 j=1

Theorem 1. Network Eq. 1 with identical oscillator under
distributed control strategy Eq. 6 achieves finite-time phase
agreement with the settling time bounded by
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N 1OV

U fo ®

Amin (cosy - L4 + L5) 20,

b 1€

where fiin = min{f;, . .. = g [£;(0)]? and y € (7, 27)
i=1

satisfies tany = y.

Proof 1. Consider the following Lyapunov functional candidate
e lye
2"

The derivation of V along trajectories Eq. 7 gives

N N N N
Vi=Ygh= S S agtisin(s - &)+ Y Y bt sin(E, - &)
i=1 j=1 i=1 j=1

N
- fikisig (&) ©
in1
According to Lemma 1 and the fact Si?g?f;ﬁ‘) € [cosy, 1], we
can obtain
Yastsin(§ - €) =3 Y Ya(§ - Jsin(, - )
i=1 j=1 i=1 j=1
__1 N N ”sln(f]-—fl) o .z
2;;% & -5) (&-8&)
N N
< —y Z Zaij(f] 51)2
=l j=1
= —cosy- ETL,E (10)
And,

Shib(t-8)= 5 2 b

~&) =& (1)

(12)

[ g L

fi&isig(&)" = Z fi&isign(§IEI" < z fi|fi|1m~

Combining Eqs. 10-12, Eq. 9 yields
. T N
Vi< =& (cosy-La+Lp)E-) fil&]™
i=1

If Amin (cosy - L4 + L) >0, we get

N
Vi< =) filEl

i=1

=—Zf$mﬂ¥
fmm ILZm|:z:|£|:|

l+a

=-27 fmmVI “"'
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By Lemma 2 and Definition 1, network Eq. 1 with identical
oscillator under distributed control strategy Eq. 6 achieves finite-
time phase agreement with the settling time bounded by

[ G@or]”
e (1 - ‘x)fmin

_IE©
(1 - (x)fmin.

This completes the proof.

Remark 1. According to (8), we find that the upper bound of
synchronization time is proportionate to initial state [|£(0)||, and is
inversely proportional to fiin. According to Theorem 1, it is
sufficient  to finite-time  phase  agreement if
Amin (cosy - L4 + L) 20.  Therefore, if the physical
network is not connected, phase agreement could be also

achieve
even

achieved with the help of cyber network, which relaxes the
requirement on the connectivity of the physical network.

4 Finite-time frequency
synchroniztion for non-identical
uramoto oscillators

Now we further concentrate on the case of oscillators with
non-identical natural frequencies, i.e., there exists some i € I such
that w; +#
synchronization, a distributed control strategy u; is designed as

wo. For achieving finite-time frequency

(13)

where U; = f,-sig(éo -6,
denotes the same as that in Eq. 6. Let L be the Laplacian matrix

fi 2 0, parameter 0 < « < 1, and b;

associated with the adjacency matrix B, where its elements are
defined similar to £ 4.

Theorem 2. Network Eq. 1 with non-identical oscillators under

distributed control strategy Eq. 13 achieves frequency
synchronization with the settling time bounded by
TETvan (14)
(l - ‘x)fmm
if
/\min (ﬁB - EA) =0
where [|€(0)]* = Z [& (O]

Proof 2. By taking the derivation of Eq. 1, we obtain

gi =6, = COS(E f)(fj - ‘51) + 4. (15)

.
1l
—_

Consider the following Lyapunov functional candidate
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_E'T’_EN .2
ELAREPRE

The derivation of V, along trajectories Eq. 15 gives

II
Mz

b - if[iaucos(f e f)w]

i=1 Jj=1
N . .
Y ajcos(& - &) (¢ - Ef)

j=1
£)+

Ea a; cos(f E)(

N

[\”/]z

N
r———l

f, ij(éj - E;) - fisig(fi)a]

ibua( )

j=1

lMZ
lew

i

J

Esig(&)".

'3

(16)

'Mz M=

According to Lemma 1 and the fact |cos (6; — 6;)| <1, we can
obtain

i if,a,, cos(&; - &)( % i ia,, - cos (&-¢)
<%2:Zla,1( E)=ELd ar)

And,

N N NN s

Z Zbijf,( ) -3 Z zbij(fj —fi) ==& Ly, (18)

i=1 j=1 i=l j=1
N .| N o |atl
251519( ) fostgn 1)‘£1| < fo|fz (19)
i=1 i=1

Combining Eqs. 17-19, Eq. 16 yields

at+l

Vos —& (Ly— La)E- Zf,|f

If Anin (£ = L4) 20, we get

at+l

v, < _ifiki

-3 rflr)”

fmm l+a [ 'f,|2:|

lia

=-27 fmmV2 .

By Lemma 2 and Definition 2, network Eq. 1 with non-
identical oscillators under distributed control strategy Eq. 13
achieves finite-time frequency synchronization with the settling
time bounded by

Seor] g

(l_a)fmin B (l_a)fmin.

T,

IA

This completes the proof.
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FIGURE 1
(A) Network associated with adjacency matrix A. (B) Network associated with adjacency matrix B.
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FIGURE 2

(A) Time evolutions of phase differences 6, — 6, (i = 1, 2, 3, 4, 5) under distributed control strategy Eq. 6. (B) Time evolutions of the distributed

control strategy Eq. 6.

Remark 2. According to Eq. 14, we find that the upper bound of
synchronization time is proportionate to initial state ||é'(0)||, and is
inversely to the fin. According to Theorem 2, it is sufficient to
finite-time  frequency synchronization if
Amin (L = L£4) 20. Therefore, even if the physical network is
not connected, frequency synchronization

achieve

could be also
achieved with the help of cyber network, which relaxes the
requirement on the connectivity of the physical network.

5 Numerical simulation

In this section, we assume networks associated with
adjacency matrices A and B as shown in Figures 1A,B,
respectively.

We first verify
Amin (cosy - L4 + Lp) = 0. For simplicity, set w; =0 (i = 0, 1, 2,
3,4,5),a=05,f,=2(i=1,2,3,4,5),and (6, (0), 6, (0), 6, (0), 65 (0),

Theorem 1. Obviously,
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6, (0), 65 (0)) = (0.25,-0.1028,28.8866,~10.0289,5.3575,~17.3534)".
In Figure 2A, phase differences 6; — 6y converge to zero, which
means finite-time phase agreement is achieved. Besides, it also shows
phase agreement is achieved about 2.2s, which is less than the upper
bound of settling time T} = 5.9600s. Time evolutions of the
controller Eq. 6 of each oscillator are showed in Figure 2B.

Secondly, we verify Theorem 2. Obviously, Apin (L5 — L4) = 0.
Seta=05,fi=2(i=1,234,5),0(0) = w =2, (0, W, W3, sy
ws) = (-10,-404,10)", and (6 (0),6,(0),65(0),64(0),05(0))
= (44.5324,-4.2299,17.8956, —39.9282, —18.2699)T. In Figure 3A
frequency differences 6; — 6, converge to zero, which means finite-
time frequency synchronization is achieved. Besides, it also shows
frequency synchronization is achieved about 0.825s, which is less
than the upper bound of settling time bound T, = 2.1147s. Time
evolutions of the controller Eq. 13 of each oscillator are showed in
Figure 3B.

Finally, we move to see the influence of parameter a on
synchronization time. In the simulations, we set & = 0.1, 0.3, 0.5,
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FIGURE 4

0 0.05 0.1

0.15 0.2

(A) Time evoluti.ons of |&(t)]l under the distributed control strategy Eq. 6 with respect to different parameters « = 0.1, 0.3, 0.5, 0.7, 0.9. (B) Time
evolutions of [|€(t)| under the distributed control strategy Eq. 13 with respect to different parameters a = 0.1, 0.3, 0.5, 0.7, 0.9.

0.7, 0.9. In Figure 4, it is showed that the synchronization time
decreases as o grows.

6 Conclusion

In this paper, the problems of finite-time phase agreement
and frequency synchronization of Kuramoto-oscillator networks
with a pacemaker have been investigated. Two distributed
control strategies, based on the CPS, have been designed to
drive the Kuramoto-oscillator networks. In the light of finite-
time stability theory, the sufficient criteria have been derived for
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the
synchronization of identical and non-identical Kuramoto-

guaranteeing phase  agreement and frequency
oscillator networks with a pacemaker. At the same time, the
upper bounds estimation of convergence time of Kuramoto-
oscillator networks have been given accordingly. Numerical
examples have validated the effectiveness of the derived
theoretical results.

However, the convergence time estimations of this paper
are heavily related to initial phases and/or frequencies of
oscillators. Therefore, it is urgent to explore the fixed-time
synchronization of Kuramoto model with a pacemaker in the

future.
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