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A 3-cm-long optical reference cavity for transportable miniaturized ultra-stable laser is designed and analyzed using finite element analysis (FEA). Although the tiny cavity is formed in a conventional way, in which a cylinder spacer made of ultra-low expansion (ULE) glass is optically contacted with fused-silica mirror substrates and compensation rings, the compensation rings are specially designed in order to broaden the zero-thermal-expansion temperature tuning range. In addition, the cavity is capable of being rigidly fixed by clamping both end sections of the cylinder spacer along the axis. The thermodynamic analysis shows that a larger tuning span of the zero-thermal-expansion temperature varying from −10 K to + 23 K compared to all-ULE cavity is benefited, resulting in the whole optical reference cavity could work around room temperature. Meanwhile, the statics analysis indicates the design is insensitive to extrusion force and vibration so that it owns a potential of solid performance after transportation.
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1 INTRODUCTION
Ultra-stable lasers play crucial roles in diverse fields of time and frequency transfer [1], optical frequency standards [2], microwave generation [3–5], gravitational wave detection [6, 7], and fundamental physics [8, 9]. To obtain stable optical oscillations, the laser is usually locked to the resonant frequency of a passive high-finesse optical reference cavity using the Pound–Drever–Hall (PDH) technique [10]. The frequency stability of the laser is limited by the stability of the optical path length of the cavity. The performance of the stabilized laser could reach the thermal noise limit of the cavity after the temperature fluctuations and mechanical vibrations were effectively suppressed. In order to achieve extreme performance, ultra-stable lasers are usually placed in an environmentally well-controlled laboratory. However, applications such as microwave generation for radar systems [4], geodesy [11], and space physics experiments [12, 13] require an ultra-stable laser with fractional frequency instability of 10–15 level, which are characteristic of out-of-lab operations. Therefore, insensitivity to ambient fluctuations is the key to the design of a transportable optical reference cavity.
Typically, the symmetry of the cavity structure is utilized to reduce the vibration sensitivity of the cavity. To date, numerous research groups have created rigidly fixed vibration-insensitive cavities, including spherical cavities [14], cubic cavities [15, 16], cylindrical cavities [17–19], and cylindrical grooved cavities [20, 21]. These cavities have been demonstrated to have good vibration insensitivity performance, with a vibration sensitivity of 10–10/g to 10–12/g. However, they are more complex to install and require fine alignment and adjustment; otherwise, their sensitivity to vibration will deteriorate.
The need for miniaturization prevents optical reference cavities from reducing the thermal noise limit by increasing the cavity length, but optical reference cavities can be prepared by materials with lower mechanical losses. Fused silica (FS), with a much higher coefficient of thermal expansion (CTE) than ULE, is not a good choice as a spacer material but can be used as a substrate material, reducing the thermal noise limit of the cavity by a factor of 2–3 compared to ULE [22]. Due to the different CTE between the FS substrate and ULE spacer, the cavity will deform under thermal stress, resulting in a significant reduction in the zero-thermal expansion temperature of the cavity. The thermal mismatch between different materials may be compensated, though, by pasting a compensation ring. In practice, it is expected to control the zero-thermal-expansion temperature slightly above room temperature in order to reduce the difficulty of temperature control. The “sandwich” structure, in which the thermal expansion of the cavity is suppressed by applying a ULE ring to the outside of the mirror, is simple and low-cost, but has a small temperature difference tuning range of a few Kelvin, which is usually insufficient to tune the zero-thermal-expansion temperature near the desired temperature point [23]. The modified “re-entrant” structure with FS compensation rings can modify the zero-thermal-expansion temperature across a wide range though, and it is only appropriate for long cavity designs for its large volume and high sensitivity to extrusion force for miniaturized cavities [24].
In this paper, we designed a 3-cm-long miniaturized cylindrical cavity with a thermal noise limit at 10–15 level, according to the parameter of materials in Ref. [23]. The proposed thermal compensation “lantern rings” are optically contacted to the cavity to compensate the thermal mismatch between the FS substrate and ULE spacer, which are analyzed to allow for flexible tuning of the zero-thermal-expansion temperature. The tuning range of temperature difference spanning −10 K to 23 K compared to all-ULE cavity ensures that the zero-thermal-expansion temperature of the optical reference cavity can be designed at the point slightly higher than room temperature. Afterward, the fixation has been improved to facilitate installation. Section 2 analyzes the zero-thermal-expansion temperature of the proposed “lantern ring” compensation structure with the help of FEA on the Comsol Multiphysics 5.6 platform and compares it with two other conventional compensation structures. The mechanical properties of the compensated cavity subjected to extrusion force and gravity force are analyzed in Sections 3. And the thermal noise properties are discussed in Section 4.
2 THERMAL MISMATCH COMPENSATION
As a mirror substrate, FS can reduce the thermal noise of the cavity by a factor of 2 or more, which facilitates the reference cavity to achieve better thermal noise performance when the volume is limited. The CTE of FS at room temperature is about 500 ppb/K, much larger than that of ULE (±30 ppb/K). The thermal mismatch between them causes deformation under thermal fluctuations and shifts the zero-thermal-expansion temperature away from that of the ULE and far away from room temperature. In order to regulate the zero-thermal-expansion temperature, strategies such as “sandwich” structures with the ULE ring attached to the outside of the FS mirror and a “re-entrant” structure where the mirror is embedded inside the cavity are used. In this section, we analyzed these two structures as well as the proposed “lantern ring” structure and presented simulation results.
2.1 Method of thermodynamic analysis
The material will expand or contract under thermal stress when the temperature changes. The thermal expansion can be written as [23]
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For a cavity length of L and a mirror radius of R, the instantaneous CTE of the ULE spacer and FS substrate are αULE and αFS. The equivalent CTE αequ can be described as
[image: image]
where δ is the coupling coefficient of the mirror axial expansion. Since both ULE and FS are isotropic materials, the coupling coefficient δ is only related to the geometry of the cavity and the mechanical properties of the material. The coupling coefficient δ is a constant when a given cavity structure is in place. Therefore, we can use the coupling coefficient to calculate the zero-thermal-expansion temperature for a specific structure.
The instantaneous CTE of ULE glass around its zero-thermal-expansion temperature T0 can be approximated as quadratic temperature dependence
[image: image]
For a typical ULE, the quadratic coefficient b is much smaller than the linear coefficient. In the FEA, we assume that a = 2.4 × 10–9/K2 and b = 0. The CTE of FS is a constant value of 5 × 10–7/K, which is consistent with the parameters assumed in the simulation in Ref. [23], and it is experimentally demonstrated that these parameters and the model can describe the CTE variation of the composite cavity very well.
Substituting Eq. 3 into Eq. 2, the equivalent CTE of the composite cavity can be described as a linearly temperature-dependent function around the zero-thermal-expansion temperature.
[image: image]
Typically, the zero-thermal-expansion temperature T0 of ULE is in the range of 5°C–35°C1, ΔT is the compensation temperature difference of the composite cavity, and Tequ is the zero-thermal-expansion temperature of the composite cavity. The aim is to optimize the structure so that the zero-thermal-expansion temperature of the composite cavity is slightly above the room temperature, around 28°C. Therefore, the tuning range of ΔT is expected to cover the range from -10 K to 23 K.
The 3-cm cavity is designed as a ULE cylindrical cavity, with a central bore hole punched in the center of both the end faces and an evacuating hole punched in the perpendicular direction with an aperture of 4 mm. The mirror is selected as a standard product with a diameter of 12.7 mm and a thickness of 6 mm, optically contact to both end faces of the spacer, and the cavity is symmetrical about three orthogonal planes. The O-ring is used to apply a force parallel to the direction of the optical axis to extrude the two end faces of the cavity to fix the cavity. As the radius of the spacer is designed to be 30 mm after comprehensive consideration, there exists a certain O-ring diameter for some certain structure, where the cavity is insensitive to the applied extrusion force. However, the diameter is closely related to the structure of the composite cavity, which will be described in detail in the next section.
The thermal properties of the cavity are analyzed with the help of the Comsol Multiphysics FEA platform. Simulations are performed to calculate the equivalent zero-thermal-expansion temperature of the corresponding structure. The compensation temperature difference ΔT can be derived by Eqs 1 and 4, where ΔL is the axial displacement of the mirror center for a positive temperature step of 1 K.
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Cavity lengths at multiple temperatures are computed for a certain geometric parameter, and the zero-thermal-expansion temperature is determined by fitting the length-temperature curve. The compensation temperature difference obtained this way is used to confirm the result according to Eq. 5. Due to the high symmetry of the cavity structure, we only simulate the thermodynamics of 1/8 of the cavity to improve the speed of the simulation calculation. The symmetry is ensured not to be broken during the calculation.
2.2 “Sandwich” structure
First, we analyzed the effect of the change of the zero-thermal-expansion temperature on the variation of three structural parameters of the “sandwich” structure, where the ULE ring is connected to the back side of the FS mirror and may change [23]. The geometry and thermal deformation are presented in Figures 1A,B. And the simulation results are indicated in Figures 1C,D. It can be seen that the ring thickness has a small effect on the compensation temperature difference, and the increase in the bore-aperture and the inner diameter of the ring decreases the difference. It is due to the fact that the axial constraint of the mirror is weakened when the bore-aperture or ring inner diameter is increased, allowing the mirror to expand more freely in the axial direction under thermal stress. Although the compensation temperature difference can be increased to some extent by decreasing the bore-aperture and the inner diameter of the ring, they cannot be too small; otherwise, the assumption of an open cavity will be invalid and additional diffraction loss will be incurred when the laser interacts with the cavity, thus distorting the beam. As shown in Figures 1C, D, the compensation temperature difference regulation of the sandwich structure ranges from −30 K to −20 K, far away from our desired range.
[image: Figure 1]FIGURE 1 | (A) 3D model of the “sandwich” structure cavity. (B) FEA simulations of the “sandwich” structure cavity deformation after a 1-K temperature step. (C,D) Compensation temperature difference for the ring inner diameter id and bore-aperture bore of 5 mm, respectively. ord, O-ring diameter; id, ring inner diameter; tk, ring thickness; bore, bore-aperture.
2.3 “Re-entrant” structure
We also analyzed a modified “re-entrant” structure in which the FS mirrors optically contact to the FS ring, followed by the FS ring optically contacted to the spacer so that the mirrors are embedded inside the spacer [24], as shown in Figures 2A,B. This allows the mirrors to expand in the opposite direction to the spacer, while the FS ring expands in the same direction, inhibiting the mirrors from expanding excessively inward to avoid excessive compensation temperature difference. As shown in Figure 2C, varying the ring thickness and ring outer diameter gives the structure a temperature difference tuning capability from 5 K to 23 K when the bore-aperture is 15 mm and the ring inner diameter is 5 mm. The reason for the trend is not monotonous, that is, the volume of the compensation ring and the contact area play different roles in the thermal expansion. The larger the volume, the more the compensation ring expands toward the outside of the cavity, making the compensation temperature difference lower. While larger contact area will restrain this effect. As shown in Figure 2D, further increasing the bore-aperture can achieve our desired temperature difference regulation capability from −10 K to 23 K. Nevertheless, this structure requires the mirrors to be embedded into the spacer, which increases the volume of the cavity, and in addition the compensation ring further increases the overall volume and increases the material consumption. Fixation is also problematic and will be described in the next section.
[image: Figure 2]FIGURE 2 | (A) 3D model of the “re-entrant” structure cavity. (B) FEA simulations of the “re-entrant” structure cavity deformation after a 1-K temperature step. (C) Compensation temperature difference for ring inner diameter of 5 mm and bore-aperture of 15 mm. (D) Compensation temperature difference for ring outer diameter of 44 mm and ring thickness of 10 mm ord, O-ring diameter; id, ring inner diameter; tk, ring thickness; bore, bore-aperture; od, ring outer diameter.
2.4 Proposed “lantern ring” structure
The proposed “lantern” structure is well-suited for the design of compensation rings for a miniaturized cavity, with two components: a cover ring and a side ring, shown in Figure 3. The bore-aperture and the inner diameter of the side ring are slightly larger than the diameter of the mirrors. First, the cover ring is optically contacted to the mirror. Then, the side ring is optically contacted to the cover ring, and finally the side ring is optically contacted to the spacer so that the mirror is in contact with the cover ring only. The cover rings are made of ULE, which inhibits expansion of the mirror with the spacer in the same direction. This structure allows the mirror to expand freely against the spacer. To avoid inward over expansion, which leads to high compensation temperature difference, the side ring is made of FS material, which can expand in the same direction as the spacer and compensate the inward over expansion of the mirror so that the tuning range meets our requirements. The FEA 3D model and thermal deformation are pictured in Figures 4A,B.
[image: Figure 3]FIGURE 3 | Explosive view of the “lantern ring” structure cavity.
[image: Figure 4]FIGURE 4 | (A) 3D model and of the cross-section of the “lantern ring” structure cavity. (B) FEA simulations of the “lantern” structure cavity deformation after a 1-K temperature step. (C) Compensation temperature difference for bore-aperture of 15 mm and a side ring gap of 1 mm. (D) Compensation temperature difference for cover ring thickness of 3 mm, side ring width of 5 mm, and a side ring gap of 1 mm. (E) Compensation temperature difference for cover ring thickness of 3 mm, side ring width of 5 mm, and bore-aperture of 15 mm. The gray shadow in (C–E) shares the same structural parameters. od, ring outer diameter. ord, O-ring diameter; id, cover ring inner diameter; tk, cover ring thickness; bore, bore-aperture; rw, side ring width; rg, side ring gap.
As shown in Figure 4C, the tuning range can be made to cover our desired range from −10 K to 23 K, by adjusting the width of the side ring and the thickness of the cover ring. Larger side ring width will lead to more expansion outward the cavity, resulting in the compensation temperature difference to be lower, while the cover rings restrain this effect. The thicker the cover ring, the more solid the restraint. The compensation temperature difference can also be further adjusted by changing the bore-aperture and the side ring gap as shown in Figures 4D,E, where the gray shadow shares the same structural parameters with that in Figure 4C. The tendency can be easily seen that increasing the bore-aperture will decrease the compensation temperature difference, while increasing the side ring gap will increase it.
3 MECHANICAL PROPERTIES
The optical reference cavity is fixed by extrusion with an O-ring at both end faces, as shown in Figure 3. The spacer and the mirror will deform under stress, that is, the change in pressure will result in an undesired change in cavity length. Fortunately, by means of FEA simulation, we can find an O-ring diameter at which the deformation of the mirror center is independent of the magnitude of the extrusion force [14, 15]. Figure 5 shows the relationship between the O-ring diameter and the relative displacement of the uncompensated cavity’s mirror for different extrusion forces. It can be seen that the pressure magnitude is proportional to the relative displacement, and the scale factor is determined by the cavity structure. There is an intersection point at the O-ring diameter of about 50.3 mm with a value of 0, meaning that the cavity is insensitive to the extrusion force of this size. For convenience of simulation, the subsequent calculation sets the extrusion force to 1 N, and the size where the relative displacement of the cavity is 0 is the extrusion force insensitive O-ring diameter.
[image: Figure 5]FIGURE 5 | Relationship between O-ring diameter and relative axial displacement of the cavity mirror center for different extrusion forces without compensation ring.
3.1 “Re-entrant” structure
The tuning ranges of the “sandwich” structure do not meet the requirements according to Section 2.2 and are therefore not discussed here. Only the “re-entrant” structure and the “lantern ring” structure are analyzed. For the “re-entrant” structure, see Figure 2C, the compensation temperature difference ΔT > 5°C when the dimensions of the compensation ring are changed at the bore-aperture of 15 mm, and the compensation temperature difference can be reduced only by increasing the bore-aperture. Therefore, we calculated the relative axial displacement of the mirror center for the FS compensation ring size fixed at od = 44 mm and tk = 10 mm. It can be seen from Figure 6 that there is no zero-crossing point in each curve, which means that there is no extrusion pressure insensitive O-ring diameter for this structure.
[image: Figure 6]FIGURE 6 | Relationship between the O-ring size and the relative axial displacement of the mirror center in the “re-entrant” structure with different bore-aperture.
This indicates that although the “re-entrant” structure can be changed to meet the desired tuning range, it cannot necessarily find a suitable installation method to make it insensitive to the extrusion pressure.
3.2 Proposed “lantern ring” structure
For the “lantern ring” structure, as shown in Figure 4C, when the cover ring thickness is 2 mm and the side ring width is varied from 3 mm to 7 mm, the compensation temperature difference can cover our requirement of −10 K to 23 K. As shown in Figure 7, the corresponding O-ring diameters can be found in all the parameter ranges covered in Figure 4C, making the cavity insensitive to the extrusion force applied. The pressure sensitivity of the O-ring is about 2 × 10–10/N/mm when the cover ring thickness is 2 mm. Therefore, the “lantern ring” structure is more suitable for the design of thermal compensation for miniaturized cavities.
[image: Figure 7]FIGURE 7 | Relationship between the O-ring size and the relative axial displacement of the mirror center for different lateral ring widths with a cover ring thickness of 2 mm of the “lantern ring” structure.
In term of rigid fixation, the original design is fixed by directly extruding the two end faces of the spacer with three elastomer balls [25], which is not only difficult to align, but also the force perpendicular to the axial direction exists only by friction, which may shift under the influence of external vibration and then change its extrusion force sensitivity and vibration sensitivity, resulting in a risk of performance deterioration after long-term operation or transportation. To overcome the problem, we propose to dig small slots in the end faces of the cavity, shown in Figure 3. The FEA has determined the O-ring position so that the O-ring is plunged about 3/10 of 2 mm, the cross section’s diameter of O-ring. This can provide additional support forces in the direction perpendicular to the optical axis and facilitate the alignment during installation. As indicated by Figure 8, the presence or absence of a small slot has been found to have a negligible effect on the thermal and mechanical properties of the cavity. Moreover, in practice, the pressure pressing against the O-ring may not be evenly distributed around the circle. We increased the pressure on one semicircle by 10% and lowered the value for the other half by the same amount. The simulation shows little difference from that of pressure evenly distributed, which indicates that whether the pressure is evenly distributed or not does not affect it much.
[image: Figure 8]FIGURE 8 | Effect of the presence or absence of a small slot on the relationship between O-ring dimensions and the relative axial deformation of the mirror center. (B) Is an enlarged view of the shaded part in (A).
3.3 Vibration mechanism
We assume that the zero-thermal-expansion temperature of ULE handy is 20°C. Using the proposed design, we can obtain ΔT = 8 K for a cover ring thickness of 2 mm and a side ring width of 4.9 mm, which means the zero-thermal-expansion temperature of the composite cavity is around 28°C. As indicated in Figure 8, the optimal size of the O-ring diameter is about 54.75 mm. In order to verify its vibration insensitivity, we applied 1 g of gravity in x, y, and z directions, and the symmetry constraint on the mid-plane except perpendicular to the direction of gravity. The translation of the slot in the x direction was allowed, while the other directions were rejected. For the gravity in the x direction, fixed constraint should be applied to one of the slot. Then, the displacement of mirrors can be calculated by static analysis to obtain the theoretical vibration sensitivity of the cavity of 2 × 10–12/g in the x direction and far more lower in the other directions. Therefore, this type of cavity is considered to have good vibration insensitivity.
4 DISCUSSION
The thermal noise limit is calculated to be 1.3 × 10–15 for the cavity with 6-μm dielectric-coated FS mirrors, a radius of curvature of 1 m, and bore-aperture of 15 mm [22, 26]. It can be reduced by increasing the cavity length L [27, 28], operating at cryogenic temperature [29–32], increasing the beam radius w0 [25, 33], and using materials with low mechanical loss φ [34, 35]. Considering miniaturization and non-laboratory operation, only the latter two work. When selecting crystalline coatings with lower mechanical loss, the thermal noise limit of the optical reference cavity can be brought into the 10–16 level, namely, 5.7 × 10–16. As for the thermal noise induced by the compensation structure that can be negligible for the 10–15 level estimation since a finite cylinder produces lower noise than the infinite half spacer, mirror substrates with smaller radius and increased thickness will produce lower thermal noise [36]. In the condition that brown noise contributes low enough, thermo-refractive noise and thermo-optical noise should be taken into consideration for precise estimation [37, 38], and the underestimated thermal noise of the spacer induced by additional strain energy stored near the mirror should not be ignored [26, 39].
5 CONCLUSION
In summary, we present a design of a miniaturized transportable 3-cm-long optical reference cavity with a thermal noise limit at the 10–15 level, which is characteristic of out-of-lab applications. For the thermal mismatch between the FS substrate and the ULE spacer, the proposed design of a “lantern ring” compensation structure provides a flexibility of tuning the zero-thermal-expansion temperature of the composite cavity slightly above the room temperature, regardless of the zero-thermal-expansion temperature of the raw ULE glass within the range stated in its datasheet. The thermal noise contribution of the compensation structure can be calculated directly from the fluctuation dissipation theorem [36, 40], which is negligible for the 10–15 level. This compensation scheme is also applicable to other lengths of small cavities. Mechanical simulations are conducted to optimize the amount of the cavity and relax its installation. In addition, the designed composite cavity owns excellent vibration insensitivity according to the theoretical analysis.
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