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The spread of rumors does great harm to society. It will not only disrupt the social
order but also damage public interests and even cause public safety and social shock.
With the development of social platforms, it has become a fertile ground for rumors
to breed and spread. The WeChat group as a very popular social platform is an
important medium of rumor spreading with accurate and fast characteristics. In this
paper, in order to describe the dynamic characteristics of rumors spread in WeChat
groups, a susceptible—infected—removed rumor propagation model with an
interaction mechanism and population dynamics on WeChat groups is proposed.
In order to analyze the dynamic characteristics of the system, the next-generation
matrix method is used to calculate the basic reproduction number of the proposed
model. Then, the stability of a disease-free equilibrium point and a positive
equilibrium point of the system is analyzed in detail. Finally, the accuracy of the
analysis results is verified by numerical simulation. The research results are of great
significance for controlling the rumors spread in WeChat groups.
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1 Introduction

With the rapid development of Internet technology, it provides a broad space for
information exchange among people. However, a large number of online rumors are
generated without foundation or malice at the same time. These rumors not only seriously
pollute the network environment and disrupt the public order but also seriously affect social
stability and endanger national security [1-3]. If the public inadvertently become the audience
of online rumors, it will gradually lose the right judgment and rational discrimination. In the
long run, these audiences may believe these rumors and spread them widely on social networks
[4]; [5].

The earliest research on the rumor propagation model originated in the 1960s. A large
number of the existing rumor propagation models are derived from the epidemic model [6,7].
The DK model, as a basic rumor propagation model, was first proposed. [8,9] established a
perfect mathematical theory and MK model for the rumor propagation model. However, the
topological characteristics of social networks were not considered by DK and MK and were not
suitable for the description of the rumor propagation mechanism in large-scale social networks.
A matching model of rumor propagation based on dynamic behavior was proposed [10].
[11,12] established a small-world network rumor propagation model and calculated a
propagation threshold. The dynamic mechanism of rumor propagation based on the scale-
free network model was established [13-15]. The MK model was applied to the complex
network model and described by the interactive Markov chain theory [16,17]. Furthermore, a
rumor-spreading model in the homogeneous network called 2STH2R was studied, in which
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there are both spreader 1 (people who spread the rumor) and spreader
2 (people who spread the truth) [18]. Considering the heterogeneity of
the network, a 2SIH2R model was studied with the mechanisms of
discernment and confrontation in a heterogeneous network to
examine the dissemination of the rumor and the truth [19]. Taking
the management and control of rumors by relevant departments in
real life into account, the SIDRQ rumor-spreading model with the
forgetting mechanism, immune mechanism, and suspicion
mechanism and guides on a uniform network was established [20].
A novel susceptible-exposed-infected-recovered (SEIR)-delayed
with
heterogeneous networks was devoted to investigation [21].

rumor propagation model saturation incidence on

The rumor propagation model with the forgetting mechanism on
the online social blog LiveJournal was considered [22]. The results
showed that there was an average threshold of influencing rumor
saturation in LiveJournal. A mechanism based on the thermal theory
was proposed to analyze the spread of rumors on large-scale social
networks [23]. The results showed that the initial rumor maker and the
probability of sending the rumor were greatly affected by the attraction
of the rumor. The influence of the network structure on rumor
studied [24]. The
propagation model based on two-way emotion was considered

[25]. A novel SIR susceptible-infected-removed (SIR) information

propagation was social reinforced rumor

propagation model based on the characteristics of the microblog was
constructed [26]. However, in the real online social network, due to the
influence of characteristics, educational background, personal legal
awareness, and some other factors, some people cannot determine the
authenticity of rumors when they are exposed to them. So, they will
not spread immediately, which is a hesitation state. The rumor
propagation model with the characteristics of the hesitation state
was discussed, yet the conversion of hesitant nodes to immune nodes
was not considered [27]. An SEIR rumor propagation model of
proposed
propagation dynamics of the microblog rumor [28]. In order to

heterogeneous networks was and analyzed for
study the influence of forcing silence on spreaders, a rumor
propagation model with a silence-forcing function in online social
networks was proposed [29]. By incorporating the dissemination of a
rumor through groups in social and mobile networks and by
considering the people’s cognitive factor (hesitate and forget), a
new model on the rumor spreading process was presented [30].

In recent years, considering the individual activity and refutation
mechanism simultaneously, a new multifactor model was proposed [31].
The structure of patches (nodes) is divided by connectivity distribution on
metapopulation networks. A lot of research results for the dynamics of the
infectious disease model among patches were invented based on the
reaction-diffusion process [32-34]. Many epidemic models with
demographic characteristics (such as birth and death) were considered
[35]. In addition, some research results also considered the prevention and
control strategies of rumor propagation [36,37].

WeChat, as a free application, is launched by Tencent to provide
instant messaging services for intelligent terminals, including public
platforms, circle of friends, message push, and other functions. As an
important and popular social form, WeChat groups are widely used by
the public. Therefore, WeChat groups have also become the hotbed of
rumor propagation, which has the characteristics of accurate infection
and rapid diffusion. Therefore, in this paper, an SIR rumor
propagation model with an interaction mechanism and population
dynamics on WeChat networks is proposed.
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TABLE 1 Description of symbols.

Symbol Description

psi(t) Density of ignorants with degree i in the patches at time ¢

ps(t) Density of ignorants in the whole all patch network at time ¢, then

ps(t) = Zi1p(i)psi(t), where p(i) is the probability of the patches with

degree i
pri(t) Density of spreaders with degree i in the patches at time ¢
pr(D) Density of spreaders in the whole all patch network at time ¢, then

pi(t) = Zio1p(i)p1i(t), where p(i) is the probability of the patches with

degree i
Pri(t) Density of stiflers with degree i in the patches at time ¢
pr(t) Density of stiflers in the whole all patch network at time ¢, then

pr(t) = Zi21p(i)pri(t), where p(i) is the probability of the patches with

degree i

In Section 2, an SIR rumor propagation model with an
interaction mechanism and population dynamics on WeChat
networks is proposed. In order to analyze the dynamic
characteristics of the system, the next-generation matrix method
is used to calculate the basic reproduction number of rumor
propagation. Then, the stability of a disease-free equilibrium
point and a positive equilibrium point of the system is analyzed
in detail. In Section 3, the accuracy of the analysis results is verified
by numerical simulation. In the last section, we discuss and
conclude the results of this paper.

2 Main content

In this section, an SIR rumor propagation model with an
interaction mechanism and population dynamics on WeChat
networks will be considered. Assume that each WeChat group is
regarded as a patch (node), in which the particles (group members)
construct a fully coupled network. From the perspective of rumor
audience, we can divide particles into three categories in the patches:
ignorants (S), spreaders (I), and stiflers (R). The symbols of population
classification are shown in Table 1.

In WeChat groups, people will spread rumors from one WeChat
group to other WeChat groups through forwarding and sharing,
which forms an interactive mechanism for rumor spreading. We
use a density symbol p, which means the proportion of particles in
a patch. Therefore, we consider the population dynamics and
interaction mechanism among patches, the rumor dynamics in the
ith patch is given by the following expression.

dpg; (t) D D i
# = B—Bpspy; — tps; — Dsps; + s<k>Ps’
dp; (t) D 12 i
) # = BpsiPri — BPy — VPuPr: — Dipy + I<k>pl’ W
dpg, (1) D D i
I;lt = YPuPri T BPri — PP TR PR
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FIGURE 1

Effect of different newly added rates on the stability of rumor spreading.

where B is the rate of newly added ignorants with degree i in WeChat
groups. 4 is the rate of ignorants, spreaders, and stiflers who exit from
WeChat group with degree i.  is the rate of conversion from ignorants
to spreaders. y is the rate of conversion from spreaders to stiflers. Dg is
the positive or negative interaction rate of ignorants in one WeChat
group with other WeChat groups. D; is the positive or negative
interaction rate of spreaders in one WeChat group with other
WeChat groups. Dy is the positive or negative interaction rate of
stiflers in one WeChat group with other WeChat groups. (k) is the
average degree of the whole WeChat group networks.

Next, we analyze the dynamic behavior of system (2.1). According
to system (2.1), we can obtain Eq. 2 as follows:

B - Bpspr; —ups — Dsps; + Dséps* =0,
i

Besipii = upi; = yiipis — Dipi; + Drgspr = 0, )
i
YPri Pri — UPRi — Drpg; + DR@PE =0.

The dynamic behavior analysis of rumor spreading is closely
related to the disease-free equilibrium. Let p}; =0 and pg =0,
then we obtain the equation as follows:

B—ppg ~ Ds(Ps*,- - <,1—>Ps* ) =0. ©)

Therefore, the disease-free equilibrium of model (2.1) can be
calculated and given by the following equation:
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where p° = pg + pf + pi = ﬁ.

Linearizing Eq. 1 around the disease-free equilibrium (pg;, 0,0), it
follows that the Jacobian matrix of Eq. 1 is a block matrix, which is
given as follows:

(4+Ds) (A= E) diag (fpg;) o
( o (4 + Di+y) (A= E) +diag (Bpg;) % )
o) o (4 +Dy)(A-E)

where each block is an N x N matrix with N being the number of
degrees in the metapopulation, O is the null matrix, E is the identity
matrix, diag(a;) denotes a diagonal matrix whose ith element is a;,
and A is the connectivity matrix. According to the eigenvalues of
matrix A, in order to ensure the stability of the disease-free
equilibrium point of system (2.1), the following inequality needs
to be satisfied:

1< &> (p+Ds)(u+y+Dy)(p+Dr) - BB
imaxPO ﬁDS '

Then, the basic reproduction number R, can be obtained as
follows:

R, = Z.maxpo ﬁDS
*" (k) (u+Ds)(u+y+Dy)(u+Dz)-pB

®)

where i,,,x represents the max degree of the particles.
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FIGURE 2
Effect of different infection rates on the stability of rumor spreading.

Theorem 2.1: If Ry < 1, system (2.1) has a unique disease-free
equilibrium, and it is globally asymptotically stable; if R, > 1, the
disease-free equilibrium is unstable.Proof. In order to determine the
global stability of the disease-free equilibrium point, we define the
Lyapunov function V = %pi ([38]). We have

v _,
ar Ph" dot
1
= <<,i—>ﬁDs +PBB~ (u+Ds)(u+y+ Dr))Pi
imax 0
< ( (kf BDs + BB — (u+Ds)’ (u+y+ DI))P?,-
= (Ro = Dpy;.

If Ry < 1, then (Ry — 1)p? <0.

Also, we have 2 <0 and 4 = 0 if and only if p;; = 0. By using the
principle of the LaSalle invariant set, we can see that the disease-free
equilibrium point of system (2.1) is globally asymptotically stable
when Ry, < 1. If Ry, > 1, the disease-free equilibrium is
unstable.Theorem 2.2: If Ry > 1, system (2.1) has a unique endemic

equilibrium  E* = {p},p5,...,pf,}, where E* is globally
asymptotically stable.Proof. We define a function using the second
equation of system (2.1) as follows: ff G — G, G=

{py; (DIt € R*, py; (£) >0} yields

i
fpi (1) = Bpsipyi = P = YPuPri — Dipyi + DI%/)I' (6)
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By using Corollary 3.2 of [39], we know that £ G — G is a
continuous differentiable function, and D f (p}; (t)) is irreducible for
any pr(t) > 0, pri(t) € G; then, for any 6 € (0, 1) and p;(t) > 0, we have

fopy; (1)) = Bpsiopy; = wopy; = yopypr — Diopy; + D1<IT> Py

i
= B(pxi = Pri = OP1;)OPy; — HOPy; = YOPyPy; — Diopy; + DI% opy
i
20B(pxi = Pai = Pri)Pri = OVPuPri — OD1py; + UDI%PI
=af(pp)-

Hence, f(pj;(t)) is sublinear. According to Lemma 2.1 and
Corollary 3.2 in (X.Q [40]), system (2.1) has a unique endemic
equilibrium E*, which is globally asymptotically stable.Theorem 2.3:
If Ry > 1, system (2.1) has a unique endemic equilibrium
Ex = {pg1> s>+ > Psus PI> Pla> -+ > Pl PR1>PR2> - + > PR J» Where Ex
is globally asymptotically stable.Proof. Set ¢(f): R* — R*; let it be a
solution semiflow of the third equation of system (2.1), and ¢() is a
finite set. Assume w is an internal propagation chain set of ¢(f) [40].

Obviously, there are only two equilibrium points for the system, if
Ry < 1, there is a disease-free equilibrium point E,. If Ry > 1, there is a
unique endemic equilibrium point E-.

Next, we prove that w has only one endemic equilibrium, that is,
w = {E.

If the aforementioned conclusion is not true, then w = {Ey}.
Therefore, there is
B+ DSL‘DO
. 3 . .
Hm ps, (1) = — > limpn (1) = 0. lim pyy (£) = 0. (7)
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Effect of different interaction rates on the stability of rumor spreading.

If Ry > 1, the spectral radius s(M;) is defined for the eigenmatrix
FV' of system (2.1) at E, [39]. Here, the expressions of F and V are
followed as

i
WPy + YPrPri + Dipy; — DI@PI

Bpsipy i
F={ O V= =B+ PBpgpy +tips + Dsps = Dsps
YPrLiPri

i
Upr; + Drpp; = DRWPR

Choose any one ¢ > 0 small enough to make s(M;+eM,) > 0, where
M, = diag(ay, 03, ..., 0,,). Then, there is 1¢', for any ¢ > t' so that

Bpni = Pri = Pri) > Bpi — & (8)
i 0
where pf, = Bl’i;gﬁp. Hence, we have

dp,; (t) i
# >B(pxi = €)pr (t) = ppy; = YPuPr: — Dipy; + DI%PI' )

Let v be a positive eigenvector of M;+eM, associated with
s(My+eM,), then choose an arbitrarily small number { satisfying
I > {v. According to the comparison theorem, we have

Pli(t)Zes(MHst)(tft’)v,tztl. (10)

Therefore, if t+ — oo, this is contrary to the hypothesis
lim;,oopsi(t) = 0, then the unique positive equilibrium solution E-
of the system is globally asymptotically stable.
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3 Numerical simulation

In this section, we present numerical simulations to support the
results obtained in previous sections. In order to simulate the solutions
of the system, we consider the case that the model with three patches.
Suppose that the average degree of interaction among each patch and
the other two patches is 1, 2, and 3, respectively, and the average degree
of the whole network is 10. First, the system with three patches is
considered by the following equation:

dpg, (t) 1
% =By = Bipsypny — P51 — Dsi (Pm ~ 10 (P TP Pss)>’
dpy, (1) !
G = BipaPn ~ 1P = 11P1Pw ~ D <Pn ~1o (Putpt Pn))>
dpy, (1) 1
P = 1Pupn = tPas = Do (s = 35 (o * )
dp, (1) 1
% =By = BrpsaPry ~ taPsz ~ Dbl(Psz 3 (psi +psy + Psa))'
dpp, (1) !
1 Pldzt = Bops:Pra _Pzplz_yzplzpkz_DH(Plz _E(Pn *Pn +Pl3)>’ an
dpy, (£) 1
G = V2PnPr =P~ Die (Pm —5 (Pt P Pm))v
dps; (1) 3
P = By~ Bipspiy — P ~ Dt (Pﬁ ~1g s tpnt Psz))’
dpy, (1) 3
% = BaPssPrs — HsPrs — VsPrsPrs — D'B(Pn T (Pr1 + P12 *PB))’
dpg, (t) 3
P:Z;t = Y3P13Prs ~ HsPrs ~ Drs (Pm T (Pri + P+ Pm))-

Next, we consider the effect of different parameters on the stability
of system (3.1), which is analyzed with two different cases of the initial
values and is given as follows.
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Effect of different recovery rates on the stability of rumor spreading.

Case 1: pg1(0), pr1(0), pr1(0), psi(0), p11(0), pri(0), ps1(0), prr(0),
and pg;(0) are, respectively, equal to 0.1, 0.02, 0.06, 0.2, 0.04, 0.08, 0.3,
0.06, and 0.14.

Case 2: pg1(0), pri(0), pr1(0), psi(0), pr1(0), pri(0), ps1(0), pr(0),
and pg;(0) are, respectively, equal to 0.25, 0.02, 0.06, 0.25, 0.02, 0.06,
0.25, 0.02, and 0.06.

Based on the aforementioned two cases of initial values, we
consider the stability of the system with the effect of different
factors, such as the newly added rate, infection rate, interaction
rate, and recovery rate. Then, assume

Dgy = Dy = Dpi = D1, Ds; = D13 = Dy = D3, Ds3 = Dy3 = Dps
= D3.

3.1 Different newly added rates

Here, the parameters B; = 0.01, B, =0.04, B3 =0.07, 81 =, =35 =
0.5, 41 = o =3 =0.02, Dy =D, = D3 =04, and y; = y, = y3 = 0.2.
According to Eq. 5, it can be calculated by R, = 0.9537 < 1. It can be
seen that the spread of rumors is also increasing with the growth of the
newly added rate, which is shown in Figure 1A and Figure 1B.
However, the rumor will eventually die out for a long time with
the growth of the newly added rate. When the parameters are set with
B, =0.3,B,=0.5,and B; = 0.7, it can be calculated by R, = 1.3636 > 1.
It can be seen that the spread of rumors formed the stable state of a
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local equilibrium point with the growth of the newly added rate, which
is shown in Figure 1C and Figure 1D.

3.2 Different infection rates

Here, the parameters B, = B, = B; =0.03, 8, =0.2, 5, =0.5, 35=0.8,
Y1 =ty =3 =002, Dy =D, =D; =04, and y; = y, = y3 = 0.2.
According to Eq. 5, it can be calculated by R, = 0.9537 < 1. It can be
seen that the spread of rumors also increased with the increase of the
infection rate, which is shown as Figure 2A and Figure 2B. However,
because of the existence of suppressors, the rumors will eventually die
out. When the parameters are set with B; = B, = B; = 0.5, 81 = 0.6, 5, =
0.5, and 85 = 0.4, it can be calculated by Ry = 1.9474 > 1. It can be seen
that the spread of rumors formed the stable state of a local equilibrium
point with the growth of the infection rate, which is shown in
Figure 2C and Figure 2D.

3.3 Different interaction rates

Here, the parameters By = B, =B3;=0.03, 1 =, =3=05, 1 = o =
y3=0.02,D; =04, D, =0.6,D;=0.8,and y; = y, = y; = 0.2. According to
Eq. 5, it can be seen that the spread of rumors also increased with the
increase of the interaction rate, which is shown in Figure 3A and
Figure 3B. However, because of the existence of suppressors, the
rumors will eventually die out. When the parameters are set with B; =
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Effect of the degree of patches on the stability of rumor spreading.

B, =B;=0.5,D; =04, D, =0.6,and D; = 0.8, it can be calculated by R, =
1.3636 > 1. It can be seen that the spread of rumors formed the stable state
of a local equilibrium point with the growth of the interaction rate, which
is shown in Figure 3C and Figure 3D.

3.4 Different recovery rates

Here, the parameters B; = B, = B; = 0.03, 5, =, =33 =0.5, y; =
Uz = U3 =0.02, Dy =D, = D5 =04, y; =02, y, = 0.5, and y; = 0.8.
According to Eq. 5, it can be seen that the spread of rumors also
increased with the increase of the recovery rate in a short term, which
is shown in Figure 4A and Figure 4B. However, with the increasing
number of suppressors, the rumors will eventually die out quickly.
When the parameters are set with B; = B, = B; = 0.5, y; = 0.3, y, = 0.5,
and y; = 0.7, it can be calculated by Ry = 2.160 > 1. It can be seen that
the spread of rumors formed the stable state of a local equilibrium
point with the growth of the recovery rate, which is shown in
Figure 4C and Figure 4D.

3.5 Increase in the degree of patches
Here, the parameters B; =B, =B3;=0.03, 3, =,=5=0.5, 4 =
Uz =p3=0.02, D; = D, = D3 = 0.4, and y, = y, = y3 = 0.2; it can be

seen that the spread of rumors also increased with the growth of the
degree of patches in a short term, which is shown in Figure 5A and
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Figure 5B. However, with the increasing number of suppressors,
the rumors will eventually die out quickly. When the degree of
patches is increased, namely, <IT> are 0.2, 0.3, and 0.4, respectively. It
can be seen from Figure 5C and Figure 5D that the stability of
rumor spreading changes from the disease-free equilibrium to the
local equilibrium.

4 Conclusion

The WeChat group is a very popular social platform and also an
important medium for spreading rumors. Based on the classic SIR
epidemic model, in this paper, an SIR rumor propagation model with
an interaction mechanism and population dynamics on WeChat
networks was proposed. In order to analyze the dynamic
characteristics of the system, the next-generation matrix method
is used to calculate the basic reproduction number of the system
model. When R, < 1, the disease-free equilibrium was gradually
stable. When R, > 1, the disease-free equilibrium was unstable. Then,
the stability of a disease-free equilibrium point and a positive
equilibrium point of the system is analyzed in detail. In
numerical simulation, the influence of different parameters (the
newly added rate, infection rate, interaction rate, recovery rate,
and the degree of patches) on the stability of the system was
considered. Meanwhile the accuracy of the analysis results was
verified. The results of this study had a certain reference for
controlling rumor spreading in the WeChat group.
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