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Simulation of quantum shortcuts to
adiabaticity by classical oscillators

Yang Liu%, Y. N. Zhang®?, H. D. Liu™ and H. Y. Sun**

!Center for Quantum Sciences and School of Physics, Northeast Normal University, Changchun, China,
2School of Science, Shenyang University of Technology, Shenyang, China

It is known that the dynamics and geometric phase of a quantum system can be
simulated by classical coupled oscillators using the quantum-—classical mapping
method without loss of physics. In this work, we show that this method can also
be used to simulate the schemes of quantum shortcuts to adiabaticity, which can
quickly achieve the adiabatic effect through a non-adiabatic process. By mapping
quantum systems by classical oscillators, two schemes, Berry's “transitionless
quantum driving” and the Lewis—Riesenfeld invariant method, are simulated by a
corresponding transitionless classical driving method, which keeps adiabatic phase
trajectories and acquires Hannay's angle and the classical Lewis—Riesenfeld invariant
method by manipulating the configurations of classical coupled oscillators. The
classical shortcuts to adiabaticity for the two coupled classical oscillators, which is
the classical version of a spin-1/2 in a magnetic field, is employed to illustrate our
results and compared with quantum shortcuts-to-adiabaticity methods.

KEYWORDS

shortcut to adiabaticity, quantum-classical mapping, transitionless quantum driving,
Lewis—Riesenfeld invariant, geometric phase

1 Introduction

Adiabatic processes of quantum systems have become a significant ingredient in
quantum information processing for various practical purposes in metrology,
interferometry, quantum computing, and control of chemical interaction [1-4].
Achieving state preparation or transferring the population with high fidelity versus
parameter fluctuations should take a long time [5-7]. However, there are many
instances where we need to speed these operations up to prevent them from suffering
decoherence, noise, or losses [8, 9]. Therefore, proposing a way to speed up the adiabatic
approaches has drawn considerable attention [10-13]. So far, a variety of techniques to
implement shortcuts to adiabaticity (STA) have been proposed [5, 8, 14-21]. Notably,
there is a shortcut passage algorithm proposed by Berry called “transitionless quantum
driving” (TQD) [10]. This method accelerates adiabatic evolution in a hurry by designing a
time-dependent interaction followed by the system exactly [10]. Moreover, Chen et al. put
forward another method to accelerate the adiabatic passage using the Lewis—Riesenfeld
(LR) invariant to keep the eigenstates of a Hamiltonian from a specified initial to the final
configuration in an arbitrary time [8].

Not only STA techniques are developed in quantum systems but there are also
dissipationless classical drivings in classical systems [20, 22-26]. Moreover, it is already
known that a quantum system in a Hilbert space possesses a mathematically canonical
classical Hamiltonian structure in the phase space [27-41]. For example, the structures of
their phase spaces are usually regarded as the same [42, 43]. Classical and quantum mechanics
can also be embedded in a unified formulation as a quantum-—classical hybrid system [44].
There is a way to devote elements of quantum mechanics to classical mechanics, in which we
can simulate the microscopic quantum behavior by a transition of the average value from a
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quantum system Hamiltonian into a classical system consisting of
oscillators without losing any physics [45-55]. Therefore, it is possible
to map and generalize adiabatic processes and STA for quantum
systems to classical systems by the quantum-classical mapping
method. As a matter of fact, we are inspired to ask if we can
simulate the STA in quantum systems by classical oscillators. Based
on this mapping and simulation, can it give specific classical schemes
for quantum schemes for the STA as the dissipationless classical
driving did? What is the relation between the quantum and
classical STA?

In this paper, we first introduce the quantum—classical mapping and
the relation between the Berry phase for the original quantum system and
Hannay’s angle for the mapped classical system in Section 2. In Section 3,
we generalize and simulate the two kinds of STA methods, TQD and LR
invariant-based methods, for quantum systems into the classical system
through the quantum-classical mapping and construct a complete
theoretical framework for both methods of achieving the STA in
classical systems. On one hand, the TQD method which implements
the STA by finding an additional Hamiltonian to drive the system can be
simulated by adding an additional driving Hamiltonian to keep adiabatic
phase trajectories and acquire Hannay’s angle [23, 24]. On the other hand,
the LR invariant method which keeps energy eigenstates from a specified
initial to the final configuration can also be simulated by manipulating the
configurations of classical coupled oscillators [20, 22]. To illustrate these
two classical methods, we study the quantum—classical mapping and the
two STA methods for a spin-1/2 in a magnetic field, which corresponds to
two coupled classical oscillators in Section 4. Finally, we give a conclusion
in Section 5.

2 Adiabatic evolution in
quantum-—classical mapping
We consider an N-level quantum system governed by
Hamiltonian H (£); its dynamical evolution can be described by the
following Schrodinger equation (see Appendix for details):
i dy/n (t) OHc

dt oy

(1)

with the probability amplitudes v, of the state |¥) = Y ,v,,()|y,,) on
the bare {ly.)} and the mean value energy
He (w,y*,t) = (VIH (0)|Y), where w(£) = (y, (8)s-., v, (0. yy ()
To study the adiabatic evolution of the system, it is convenient to
transform the bare basis {|y,,)} into the adiabatic basis {|Ex(f))}, which
consists of the time-dependent eigenstates |Ex(¢)) of the Hamiltonian
H(t). The amplitudes ¢ (t) = [¢, (t),...,(pn(t),...,(pN(t)]T on the
adiabatic basis are determined by |¥) = Y @i(t)|Ex(t)). These two
bases can be connected by the unitary transformation given as follows:

y () =U®)e(1), 2)

with Uy = (y,|Ex()). By the adiabatic theorem, the probability |x(f)[*
remains unchanged in the adiabatic limit. The phase of the amplitudes ¢
accumulated via evolution includes a dynamic phase IEk(t)dt and a Berry
phase yi = [CE(DIdEx(t)>dt [56].

This quantum adiabatic evolution can be equivalently mapped into

basis

a classical one without losing any physics [45, 46, 52]. If we decompose
V, into real and imaginary parts v, (t) = [g. (t) +ip, (t)]/ \2h, the
Schrodinger equation and its complex conjugate can be written as
Hamilton canonical Egs 46, 47, 53, shown as follows:
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The Hamiltonian Hc(y, ¥*, t) can be transformed into h(q, p, 1),
and the quantum dynamics in Eq. I can be represented by the classical
evolution of the “position variable q(¢)” and “momentum variable
p()” in Eq. 3.

The adiabatic evolution of adiabatic states can also be mapped to a
classical one. One can introduce a new pair of variables (6, I)
corresponding to the amplitudes on the adiabatic basis by

9 (1) = \]%e"‘ﬂk“) (4)

and the Hamiltonian changes into [52]

He(6,1,6) = ZEk(t)Ik/h+ aS(q,I S(g.Lt) )

where Ej(t) corresponds to the eigenvalues of the Hamiltonian H,with
corresponding eigenstates |Ex(£)). S(q, I, ) is the generating function

(6(2), I)

Pa(t) = Y V2T{cos BIm [U i (£)] - sin BRe U, ()]},
k

(1) = )" V2T{cos O;Re[U i (£)] + sin OIm Ui (1)1}
k

of the classical transformation (q(¢), p(t)) —
(6)

between the position—-momentum variable and action—angle variable,
which corresponds to the quantum unitary transformation |Ex(t)) =
Y 2Uni(t)| ) between the adiabatic basis and the bare basis. Under the
adiabatic evolution, it has been proved that the two new variables 6(t)
and I satisfy the same canonical equations as the angle—action
variables in classical mechanics [46], given as follows:
6 = B (ym - 2D g )
al, k
Like the Berry phase, the adiabatic evolution will accumulate a
dynamic angle IEk(t)/hdt and an additional angle onto the angle
variable called Hannay’s angle [57].

0
26D = 5 ]AH (L 1), ®)
where

Ay (I;t) = {p(0,1;1)0,4 (6, I;1))¢

©)
- G JdHan(e 1,1)9,9,(6.1;)

is the angle connection for Hannay’s angle [51]. The angular brackets
{-+* )gdenote the averaging over all angles 6 (this averaging process is
called the averaging principle, which can be treated as the classical
adiabatic approximation), and 0, is defined as 0,F (t) = ?. It can be
proved that Ay = Y (il Ap(k; t) [52]. We note that Ag(k; ) is nothing
but a one-form for the Berry phase [51], and this means that Hannay’s
angle is exactly equal to the minus Berry phase of the original quantum
system [48, 52], which is given as follows:
0 .
800 = 5 [an i) = =i [As ity = =y (10
So far, a quantum adiabatic evolution and its Berry phase can be
perfectly mapped to a classical one and its Hannay’s angle. Next, we
will show that the two different methods for the quantum STA can also
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FIGURE 1

(A) Initial phase trajectory (solid line) and initial phase points (blue dots). (B) Final adiabatic trajectory (solid line) and final phase points driven by Hc when t/
7=1,7=.5(red dot blanks) and 7 = 30 (blue dots). (C) Final adiabatic trajectory (solid line) and final phase points driven by Hc + Hc, whent/t = 1and 7 = .5 (blue
dots). (D) Final adiabatic trajectory (solid line) and final phase points driven by Hc + H¢;, when t/T = 2 and 7 = .5 (blue dots). (E) Final adiabatic trajectory (solid
line) and final phase points driven by H/e”, when t/T=1and 7 = .5 (blue dots). (F) Final adiabatic trajectory (solid line) and final phase points driven by H/e”,

when t/t = 2 and 7 = .5 (blue dots).

be mapped to classical systems. It will not only connect the current
methods for the classical STA to the quantum ones but also shed more
light on the classical methods.

3 Shortcut to adiabaticity: From a
quantum to classical system

3.1 Transitionless classical driving

We first discuss the transitionless tracking algorithm. For the non-
adiabatic quantum driving, the quantum evolution cannot be restricted to
an eigenstate, whatever the initial state is. According to the STA proposed
by Berry, for the Hamiltonian H (¢) we discussed in the previous section,
if we want to keep no transitions between the eigenstates

lg, (t)) = & B |E, (1)) (11)

of H(t) in the exact quantum evolution without the adiabatic
approximation with the dynamic phase 8, = -4 f (:E,, (7)d7 and the
geometric phase y, =i f 5 f {E,(1)|0:E,(1)ydt, we need an effective
TQD Hamiltonian [10], given as follows:

Hepp = Y 1E, ()Y E, ()<E, (1)

(12)

To drive state Eq. 11, the first sum in Eq. 12 is exactly the original
Hamiltonian H (t) represented by the adiabatic basis, and the second
sum contains two terms that cancel the transition between eigenstates
and generate the accumulated Berry phase, respectively.
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Similarly, for non-adiabatic classical driving, the evolution of the
canonical coordinates q and p will also fail to keep the action variable I
unchanged without the averaging principle, and their trajectories in the
phase space will not follow adiabatic trajectories (see Figure 1B).
Accordingly, the action variable I will be conserved in a classical
evolution as long as the additional effects caused by the time-
dependent canonical transformation are canceled. This means that if
we want the Hamiltonian function driving the canonical variables as Eq.
7 without the average principle, the transitionless classical driving (TCD,
no transition between action variables) Hamiltonian function can be
written as follows [25]:

HYT (I;1) = He (I;0;1) + Her (1;0:1)
= Hc(I;6;t) oF A (13)
= Hc\hL Yy ot H-

With the quantum-—classical mapping method we introduced in
the last section, we can derive a more explicit form of the TCD
Hamiltonian H, ecf 1 by averaging TQD Hamiltonian H, 7 Eq. 12. After
a straightforward derivation, we have

HeCff = <W|I:I6ff|1//>
=Y Elg, +ih Y ¢, EnldE,>

nm#n

=Y Liws = Y {pu(0,1;6)0,q, (6, I; 1))
+3 e (O1:00a,(0.1:1) - 4,(0.1:10,p, (0. 1)

=Zlnwn_Zat[Pn(o’Lt)Qn(o’I;t)]’ (14)

where w, = E,/h and the angular brackets {:-- ) denote the averaging

1 Hkajﬂko. Comparing Eq. 13 with Eq. 9,

over all angle variables i
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the terms canceling the non-adiabatic evolution and generating
Hannay’s angle can be written as follows:

OF

1
= =5 219 (0. 5:00,p.(0.1;6) - pa (8, 1:)0,9 (8, I; )],

(15)
Ay = Z {Pn(0,1;1)0:q, (0, I; 1))y,

respectively. Like the TQD, the choice of eigenfrequencies w, can be
arbitrary and the geometric angles can be dropped for keeping the
actions I conserved [10]. The simplest form of the Hamiltonian
driving the canonical coordinates g and p with the conserved
action I can be written as follows:

. 1
HY =2 3 [pa(6,1:)04, (6,1 1) = 4, (6,1;)0,p, (6, 1; )] (16)

3.2 LR invariant-based scheme

A different approach to realize the quantum STA is based on the
LR invariants [8, 58]. For the Hamiltonian H (£), a time-dependent
invariant can be determined by

in 210

=t [[(),H(®)] =0

(17)
The eigenvalues A, of I(t) remain constant over time, and the
time-dependent eigenstates [A,,(f)) will accumulate an LR phase
1t .0
0,0 =5 [ Qu(@lin 5.~ H@, ()de (18)
h, 0 aT

via the dynamical evolution. By using the time-dependent unitary
evolution operator

U= "IN, (1)) 0], (19)

the Hamiltonian can be written as follows [8]:

H, = ih(9,U) _—th (B> A (1) |+th|a)L O (B,

(20)

where the second term can be used to drive the eigenstates |A,(t)) of
I(t) and generate the LR phase. Without loss of generality, the
arbitrariness of choosing H,; can be fixed by the constrain
[1(0), H(0)] =0 and [I(t),H (1)] =
17 can also be derived by comparing Eq. 20 with the original form of

0 [8]. Invariant condition Eq.

H (t). Therefore, one can design an evolution path from the initial
Hamiltonian H (0) to the final one H (T) along one of the eigenstates
[Aa(t)) of I(t) to achieve the STA.

For a classical system, we can also find similar classical time-
dependent invariants that satisfy

. Ok (t
o= 2O g 0,1 (@ prt)) =0 e

By introducing a new pair of variables including the time-
dependent invariants (&, J) (hereafter referred to as LR variables),

we have the following canonical equations:
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oG (a,t) G (a, t)
08, ' oJk
where G(&,t) = Ho(&, J, t) + S(&, ], t) is the Hamiltonian after a classical

transformation (q(#), p(t)) — (&(1), J) with the generating function S(g,
L t). Since J; are invariants, the Hamiltonian G(&, t) does not contain

. . o
Jk=- & =

) (22)

the angle variables &. The changes of angles then can be rewritten as

follows:
OCHc (&1, 1))r  0CS(& ], 1))
A&, /dt< 3L, + 3, >, .
_/ dt aHC(I:t)_aALR(I)t)
/o ol ol
with Hc(J,t) = (He (& ],1))¢ and

Ar(Jt) = 2, Kpn (& ],1)0,q, (§,1,1))¢ which is similar to the
dynamical part and geometrical part in the angle changes of the
classical adiabatic evolution. The angular brackets {--- ) denote an
averaging over all LR angles & Note that these LR variables are
generally not action—angle variables of Hc. However, we can set
{J:(0), HA(0)} = {Ji(T), Ho(T)} = 0; the LR action variables J; can,
thus, be chosen as action variables that are related to the
eigenfrequencies at initial time t = 0 and final time t = T. Similar
to the quantum STA based on LR invariants, we can also design an
evolution path from H(0) to He(T) with the invariants Ji, in which
the initial action variables of H are equal to those in the final time.

To determine the specific form of the classical LR invariant-based
scheme, we define the probabilities amplitudes d. of |¥) = Y xdi|Ax) on

the LR basis {|A;)} as
J ] _i
K= f: e

using the quantum-—classical mapping method. The canonical

(29)

transformation (g, p) — (& J) between position—-momentum
variables and LR variables can correspond to the quantum unitary
> = Y . Uni(®)|w,,) between the adiabatic basis and
the bare basis given as follows:

Pa(t) = Y V2T{cos EIm[U ()] - sin &Re[Un (1)1},
k

Gn (1) = Y V2Ti{cos ERe[U,y ()] + sin & Im U ()]},
k

transformation |A(¢

(25)

Similar to the classical TQD scheme of the STA, the driving
Hamiltonian should cancel the effect of the time-dependent
transformation S and generate the angle A&;. By Eqs 13-23, we have

oS
Hy=Hc(J,t) - A (J,t) - P

- <HC (E:]’ t)>£ - Z <pn (£’I> t)atqn (E)]} t)>f

+3 Yoo 6100, (61:0) ~ 4 (E T30, p, (6.1 0]

26)
with
O Y P @004, €00 0, €100 0] @)

n

According to the quantum-—classical mapping, this classical
Hamiltonian of LR invariants method is just the mean value of the
quantum LR, given as follows:
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Hy = (y|Haly). (28)

Therefore, the form of LR variables can be determined by equating
H, and Hc, and the boundary conditions are as follows:

{7k (0), Hc (0)} = {Ji (T), Hc (T)} = 0. (29)

On the contrary, we can design the classical Hamiltonian H, from
the evolution of LR variables to realize the classical LR invariant-based
scheme.

4 Spin-1/2 in a magnetic field

To illustrate our results, we consider the adiabatic evolution and
STA scheme for a simple two-level quantum system, i.e., a spin-half
particle with the magnetic moment ¢ in an external magnetic field B =
B(sin awcos f3, sin asin f3, cos «). Its Hamiltonian reads

Y oA oo cosa sinae™?

H__‘MO-.B__HB<sinocem —cosoc)
= —uB[cosa(|+ )+ =1 =)~ +sina(e ™+ )~ +e?| - )(+1)],
(30)

where 6 = (0,07, 63) are Pauli matrices and |t) are the two spin
eigenstates.

4.1 Transitionless classical driving

As we introduced in the previous section, if the two spin
eigenstates |+) are chosen as the basis, the Hamiltonian in Eq. 30
can be mapped to the classical Hamiltonian of a coupled oscillator,
given as follows:

uB1
ho.a:B) =22 (53 + 43 - a)eose

+(p1g2 — p2qa)sinasinf + (qiq2 + pip2)sinacosfl,  (31)

with [y) = yi| =) + y| + > and y; = (q; + ip;)/V2h, (j = 1, 2). The
canonical variables (g, p) satisfy the normalization condition [46],
shown as follows:

2
(P2 +q) =2n. (32)
i=1

J

It is interesting to note that by defining a vector § = (S}, S5, S5) with

$1 =<0 = (192 + p1p2) [ s
S, =02) = (P1q2 — p2qi) /1 (33)
Sy =03y = (p3 + - Py —q1)/ (2h),
the Hamiltonian function can be written as follows:
h(S;B) = —uS-B, (34)

where the normalization condition of S is $? = S + 83 + 52 = 1, and
their Poisson bracket has a relation with the quantum commutator,
shown as follows [45]:

1 N
{Si»sj} = Zfijksk/h = <yl [Oi’ Uj]|1//>~ (35)
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We now move to calculate Hannay’s angle. Since the Hamiltonian
in Eq. 30 has two eigenstates,

|E;) = cos g| + ) + sin ge"ﬁl -,
24 20 (36)
|E;> = —sin El + ) + cos Ee’ﬁl -,

with eigenenergies —uB and pB, respectively. The canonical
transformation (g, p) — (0, I) and the mapped Hamiltonian
function can be written as follows:

q1 = V2T sin gcos(ﬂ - 0,) + 2I, cos gcos(ﬂ -6,),

o o
g2 = V2I, cos ECOS 6, — v/2I, sin ECOS 0,,

p1 = 2I sin gsin (B-6,) + v2I, cos gsin (B-6,), (37)
x . L
P> =—+/2I, cos Esm 0, + /21, sin Esm 0,,
h(I;B) = uB(I, - 1)) /h.
We can calculate the forms of variable I by the following:
h
IL=—(1+8-b),

7 (38)

h
IZZE(I_S'b)

with 4 = (q1, 42), p = (p1, p2), 0 = (61, 6), I = (I, 1), and b = BB.
Therefore, we obtain the angle one-form by Eq. 9, given as follows:

Ay = —% (1 - cos tx)/;II - % (1 + cos tx)/;lz. (39)

Hannay’s angles can, thus, be obtained by Eq. 10, given as follows:

AB, = ¢1 (1 - cos oc)Bdt,
? . (40)
A6, = 5155 (1 + cos a)fdt,

which differ from the Berry phases in the original quantum
Hamiltonian [58] only by a sign.
By Eq. 14, we have the following:

1
H =2
2

= g [(53 ~1)B+S, cos i — S, sinﬁd],

(=} = @)B+ (P1d2 — paai)cos B = (p1p2 + 4142 )sin fat]

(41)
Ag = —% (1 =cosa)l, —%(1 + cosa)l,
:—Z[(l—cosa)(l+$~b)+(1+coso¢)(1—S~b)] (42)
= —%(1 —cosaS-b).

Therefore, we can get the TCD Hamiltonian function

He (I;0;X) = ; [(83 - 1)[3+Sz cos fa — S, sinﬂo'c] +§(1 —cosocS-b)/?

_ g (5, OB
T 2B ot )

which takes a similar form as the counter-adiabatic driving
Hamiltonian for spin-1/2 system Eq. 30. This means that the TCD
scheme can be treated like a classical version of the TQD scheme by
representing coordinate—momentum variables by the classical “spin”
defined by Eq. 33.

(43)
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We illustrate the evolution of the states through their trajectories
in the phase space. The evolution of the points on phase trajectories
can be determined by the dynamic equation of classical “spin,” given
as follows:

2uB
§ = (8, He) = 2P0, (b, - biS). (44)

h

By defining 6 = arccos S, and ¢ = arctan S,/S;, the dynamics of the
original Hamiltonian H takes the following form:

0= “2uB sinasin (B - ¢),
- i - (45)
)= ZyB cos s1no¢ct;)lsl(£ ?) .

The parameters of the magnetic field B are chosen as

n m ., 7t n it
a=———sin— Pf=m——cos—,
2 24 T ) (46)
T it s T 7t
&=-—cos —, f=_—sin—,
4T T 2T T

and uB/h = -

As shown in Figure 1B, the evolution of the canonical coordinates
p and q will keep the action variable I almost unchanged, and their
trajectories in the phase space will follow adiabatic trajectories when
the frequency is slow.

For the TCD Hamiltonian Hc + Hcp, the effective magnetic field
changes into the following:

h .
mﬁ:szﬁbx@

oo P
B{[smacosﬁJrZ‘MB(sm,Bochsmacosacosﬁﬁ)]t
sinasing- 2 (cosfia—si i) |+ cos— =" i
sin o sin 8 B cos B — sin a cos e sin ) |j+| cos o 2MBsm af k.
(47)

The dynamics of the TCD Hamiltonian can, thus, be written as
follows:

6 = cos (B - ¢)d - sinasin (B - (/5)(@ + cos oc/;)

sin & cos (8 — ¢) (2uB/h + cos af) + sin (B — ¢)

. 2uB ;
é = 7% cos & + sin’ aff + tan @

(48)

To drive the eigenstates using Hc + H¢y, the evolution of the
canonical coordinates p and g will keep action variables I unchanged,
and their trajectories in the phase space will follow adiabatic
trajectories no matter how fast the frequency is (see Figures 1C,
D). By tracing the same phase points of the initial phase trajectory
(see Figure 1A) and the final adiabatic trajectory, we can find that there
is an angle of shift after an adiabatic evolution. Also, the angle of shift
after a whole period is double that after half a period.

Moreover, for the simplest Hamiltonian Eq. 41 [dropping the
constant term and the term generating the Hannay’s angle Eq. 42], the

dynamics of the simplest Hamiltonian H?f T is determined by the

following:
6 = cos (B - ¢)
. osin(B-¢)a (49)
p=F+ tanf

It is easy to find that the adiabatic trajectories will remain
unchanged after any period (see Figures 1E, F).
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4.2 Classical LR invariant

In the approach of the LR invariant, the eigenstates of the LR
invariant parallel to the eigenstates in Eq. 36 can be constructed as
follows [8]:

|)l>—cos— |+)+smze"§|—>

(50)
Ay = —sm - | + ) + cos 2e"sl -,
and the LR invariant can be expressed as follows:
) n -
It = 5%( oo ST ) (51)
sinne’® —cosy

In the classical expression of the adiabatic process, without loss of
generality, the time-dependent classical invariants can be designed by
classical spin Eq. 33 as follows:

h h
]1:5(1+S~b'), ]z=5(1—s'b’)- (52)

where b’ = (sin# cos 8, sin77sin 8, cos 1)) is the scaling factor with the

parameters (7, 6).
The canonical transformation between position—momentum
variables (g, p) and LR variables (&, J) can be written as follows:

= 2]y sin *COS((S &) + /2] cos *COS((S &),
q> = 2], cos gcosf1 — /2], sin gcosfz,

= +/2]; sin gsin((?— &) + /2] cos gsin(é -&,),

—+/2]| cos gsinE1 +

(53)
27, sin gsin g,
After this canonical transformation, the Hamiltonian h(q, p; B)
becomes
G(J;B) =Hc(J;B) - Ar (J; {3)
MB b (J,-T)+ []l(l—cosq)+]z(l+cos11)]6
(54)

We can calculate LR angles accumulated via the evolution process
by Eq. 23, given as follows:

—(atp. v -1 ]
Afl—Jdt[hB b 2(1+cosr1)6,

AE, = Jdt[—%B.b’—%(l—cosn)S]_ (55)

According to Eq. 26, the driving Hamiltonian of the LR invariant-
based scheme becomes
Hy=Hc(J,t) - A (J, 1) *g

= %B “b(Ja-J1) + [Sin(fl - Ez)ﬂ —cos (&, —¢&,) sin ’15] V2

h N h R
- S3|:_‘MB~ b’ cosy + 3 sin? 118] +Sl[—/,¢B~b’ sin 77cos & — E(Sin6t‘1+sinﬂcosr1cosé‘8)

+S, [—yB -b'sinysind + %(cos &1 — sin 7 cos 7 sin 56)]
=S§-By,
(56)

where B; = (B-b')b’ —%b' xb. Comparing it with Eq. 34, the
scaling factor b’ satisfies the following:

. 2
b = fb' % B. (57)
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(A—C) Evolution of the parameters  (solid blue line) and § (solid red line). (B—D) Time evolution of the action variables J; (solid red line), J, (solid blue line)
driven by Hg, and adiabatic approximate invariants Jf“ (dashed red line) and J‘;d (dashed blue line) when t/r = 1 and 7 = .5.

The system invariant boundary conditions in Eq. 29 become

b (0)=b'(T) =0, (58)

and the driving magnetic field in the Hamiltonian H can be chosen as

B:—Eb’ x b’

20 (59)

to realize the evolution from initial energy eigenstates |,,(0)) to final
energy eigenstates |1,,(T)).

By equating Hamiltonian H, Eq. 56 and H (J, t), we can calculate
these two pairs of parameters satisfying the following equation:

Fy— coszx+sinrxc9sncos(ﬂ—8) ,
2h 5 sinyg (60)
;7:_;; sinasin (B - 6).

In particular, there is still arbitrariness in the choice of parameters #
and §. To illustrate the adiabatic evolution driven by Eq. 56, we make the
invariants of the initial and final moments satisfy the boundary conditions
and Eq. 60. For example, to transfer the state from the first oscillator with
canonical variables g; and p; to the second oscillator with canonical
variables g, and p,, we can set #7(0) = 0, 1(0) = 0, and #(T) = 7 to satisfy
the boundary conditions and chose a different scheme for 4.

To illustrate this result, we choose two different configurations of
time-dependent parameters as shown in Figure 2. The first set of

parameters
7
=5t 5008
n° oat (61)
§=-=+sin —

in Figure 2A which implements the adiabatic invariance of action
variables can reproduce the evolution manipulated by the TQD
Hamiltonian Eq. 43 as shown in Figure 2B. The action variables J;
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exactly follow the adiabatic trajectories. The evolution of the phase
trajectory is just like that in Figures 1A, E driven by Hecf /. Similar to
the fact that the TQD can be seen as one of the schemes for the inverse
engineering based on the quantum LR invariant [59], the TCD which
keeps the evolution exactly on the adiabatic trajectories in phase space of
the classical Hamiltonian can be seen as one of the schemes for inverse
engineering based on the classical LR invariant, which only needs the
initial and final trajectories in the phase space matching adiabatic
trajectories in the phase space of the classical Hamiltonian. Therefore,
we can also design the classical Hamiltonian by different parameters to

realize the classical LR invariant scheme. For example, the parameters
n=m-3nt +2nt,

n w5

8=——+—t— "t +4nt®> - 2mt*
2 2 2

(62)

in Figure 2C can also realize the state transfer between the two
oscillators with a nearly unchanged 8. Thus, the optional form of
the parameters to implement the adiabatic invariance is not unique.
These results can be perfectly related to the LR invariant method for
the spin-1/2 system [59].

5 Conclusion

To sum up, we use the quantum-—classical mapping method to
simulate the two schemes of the STA, i.e., the TQD and quantum LR
invariant method, by the classical system consisting of coupled
oscillators. On one hand, for the TQD, which implements the STA
by finding an additional Hamiltonian to drive the system, we derived
the explicit form of an additional driving Hamiltonian to keep the
evolution of adiabatic phase trajectories and acquire the Hannay’s
phase. This TCD method can perfectly simulate and match the TQD
method. On the other hand, the Lewis—Riesenfeld invariant method,
which keeps the energy eigenstates from a specified initial to the final
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configuration, can also be simulated by manipulating the
Both of the

approaches can accelerate the adiabatic process effectively under

configurations of classical coupled oscillators.
different circumstances and matches the quantum methods of the
STA. These results prove that the protocol of the quantum—classical
mapping can be used to generalize quantum schemes of the STA into
the classical system. By this simulation, our theory could be expected
to find applications of the STA for classical systems.
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Appendix: Derivation of the Schrédinger
equation in the canonical form

The dynamical evolution of the N-level quantum system governed
by the Hamiltonian H(t) can be described by the following
Schrédinger equation:

ihd,|¥) = H (£)|'¥), (63)
which can be expanded by the quantum state |¥) = Y y,()|y,> as
follows:

ihd; (Z v/n(t)hm) = H(1)¥), (64)

Frontiers in Physics

10

10.3389/fphy.2022.1090973

with the probability amplitudes v, on the bare basis {|y,)}. Since
{ly.>} is a time-independent bare basis, Eq. 64 becomes

ihdyy, (Oly,) = H (DY) (65)
Multiplying Eq. 65 by {¥,,|, we have the following:
ihdyy,, () = <y, |[H (0¥, (66)

with He (y, y*,t) = CYIH ()Y = Y, v (m|H (£)|¥). Therefore, the
Schrodinger equation in the canonical form can be written as follows:
dy,, (t) O0Hc

h T Ay

(67)

which is just the same as Eq. 1.
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