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Thermoacoustic imaging is a crossbred approach taking advantages of electromagnetic and ultrasound disciplines, together. A significant number of current medical imaging strategies are based on reconstruction of source distribution from information collected by sensors over a surface covering the region to be imaged. Reconstruction in thermoacoustic imaging depends on the inverse solution of thermoacoustic wave equation. Homogeneous assumption of tissue to be imaged results in degradation of image quality. In our paper, inverse solution of the thermoacoustic wave equation using layered tissue model consisting of concentric annular layers on a cylindrical cross-section is investigated for cross-sectional thermoacustic imaging of breast and brain. By using Green’s functions and surface integral methods we derive an exact analytic inverse solution of thermoacoustic wave equation in frequency domain. Our inverse solution is an extension of conventional solution to layered cylindrical structures. By carrying out simulations, using numerical test phantoms consisting of thermoacoustic sources distributed in the layered model, our layered medium assumption solution was tested and benchmarked with conventional solutions based on homogeneous medium assumption in frequency domain. In thermoacoustic image reconstruction, where the medium is assumed as homogeneous medium, the solution of nonhomogeneous thermoacoustic wave equation results in geometrical distortions, artifacts and reduced image resolution due to inconvenient medium assumptions.
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1 INTRODUCTION
In thermoacoustic imaging, non-ionizing radio frequency or microwave pulses are delivered in to biological tissues. Some of the delivered energy is absorbed and converted into heat, leading to thermoelastic expansion, which in turn leads to ultrasonic emission. The generated ultrasonic waves are then detected by ultrasonic transducers located on the boundary of the object in order to form images of absorption properties of the object. Reconstruction of source distribution (absorption function) is based on the inverse solution of thermoacoustic wave equation. Most of the research studies reported in the literature were based on inverse solution of thermoacoustic wave equation using homogeneous medium assumption [1], [2]. The boundary conditions for thermoacoustic imaging have been investigated by Wang and Yang [3]. In a more recent study, Schoonover and Anastasio have presented an inverse solution based on piecewise homogeneous planar layers structure consisting source distribution only in one certain layer [4]. Also, there are other studies taking acoustic heterogeneties into account combining conventional methods and acoustic speed distribution as apriori information so that reducing effect of inhomogeneity and improving image quality [5–8]. Here our approach is based on the facts that two-dimensional cross-sections of many organs and tissue structures such as breast and brain can efficiently be modelled by piecewise homogeneous cylindrical layers and thermoacoustic sources are distributed over all layer structure. Thus, in this study, for cross-sectional two-dimensional thermoacustic imaging of breast and brain, we explore solution of the wave equation using layered tissue model consisting of concentric annular layers on a cylindrical cross-section. At first, we state the inverse source problem concerning thermoacoustic wave equation on a nonhomogeneous medium and describe the layered cylindrical medium; and then we derive the Green’s function of described media involving Bessel and Hankel functions to obtain the forward and inverse solutions of the nonhomogeneous thermoacoustic wave equation. The geometrical and acoustic parameters (densities and velocities) of layered media are utilized together with temporal initial condition, radiation conditions and continuity conditions on the layers’ boundaries. After, we give a forward solution and represent a key property of Green’s function resulting from initial condition of thermoacoustic wave propagation, and using this, we derive an exact analytic inverse solution of thermoacoustic wave equation for N-layered media. Lastly, to test and compare our layered solution with conventional solution based on homogeneous medium assumption, we performed simulations using numerical test phantoms consisting of sources distributed in the layered structure. The image reconstruction based on this approach involves the layer parameters as the apriori information which can be estimated from the acquired thermoacoustic data or additional transmission ultrasound scan.
2 PROBLEM STATEMENT
Consider a region having (N − 1) concentric annular cylindrical layers with different acoustic properties in the space [image: image] where its z-cross-section as depicted in the Figure 1. The interface of consecutive mth and (m + 1)th layers is a cylinder with center (0, 0) and radius r = rm, denoted by Sm (m = 1, … , N − 1). Suppose there is a cylindrical transducer in outside of layered cylindrical structure called SN closing the other regions as in the Figure 1. We call the volume covered by transducer SN as V. We want to determine the source distribution of the region covered by transducer.
[image: Figure 1]FIGURE 1 | Z-Cross section of N-Layered medium.
The acoustic waves are measured by the transducer for a sufficiently long time interval so that the waves emitted from every source location reach to the transducer. When the regions are different, there will be reflections and transmissions at the boundaries, Sm, for 1 ≤ m ≤ N − 1. Hence, the thermoacoustic wave propagation is governed by the non-homogeneous wave equation for the pressure
[image: image]
with 2(N − 1) boundary conditions
[image: image]
and
[image: image]
on each boundary Sm. Here, pm and pm+1 are the pressure representing acoustic waves, ρm and ρm+1 are the densities for Region m and Region m + 1, respectively, and − p0(r).δ′(t) is the source term emitting the thermoacoustic wave [9–13]. Also, the pressure function assures radiation condition. As the nature of the problem, thermoacoustic pressure function must satisfy the following initial conditions
[image: image]
[image: image]
In an inverse source problem, p0(r) is to be reconstructed given that acoustic field is measured by the transducer and is known on the surface SN.
To solve inverse problem, we firstly derive Green’s functions and state the forward solution of the problem by using Green’s function method. The Equation 1 in frequency domain corresponds to the nonhomogeneous three dimensional Helmholtz equation
[image: image]
where P(r, w) is the temporal Fourier Transform of p(r, t) and [image: image]. Through the following derivations, we consider that w > 0 and than, by definition of Fourier transform, we write P(r, − w) = P(r,w)∗ for w < 0 as complex conjugate of pressure function for positive frequency for the completeness in frequency domain.
The outgoing and incoming waves are represented by superscripts ‘out’ and ‘in’ for pressure function and we use the fact that [image: image].
3 GREEN’S FUNCTION OF MEDIUM
The Green’s function is the solution of homogeneous wave equation except the point r′ where the point source located:
[image: image]
where δ(.) is the Dirac delta function.
It is convenient to study in cylindrical coordinates for the N-layered cylindrical configuration. Before transforming the Helmholtz equation Eq. 7 to cylindrical system, we take the spatial Fourier transform in z-direction to derive forward solution. We represent the spatial transform with a tilde symbol above of a function name, that is
[image: image]
and from Eq. 7, we obtain two dimensional Helmholtz equation
[image: image]
where k = w/c is the wave number, kz is the spatial frequency. The wave equation given in Eq. 9 is expressed in cylindrical coordinates (r, ϕ, z) as
[image: image]
It is known that the solution of above equation has a series form consisting of Bessel’s functions and exponential functions [14]. When [image: image] is a real number, the solution includes first and second kind of Bessel functions [image: image], [image: image], respectively. On the other hand, when [image: image] is not a real number (in this case it is purely imaginary), the two independent solutions are first and second kind modified Bessel functions, [image: image] and [image: image], respectively. In this aspect, if we call terms [image: image] and [image: image], the solution of Eq. 7 can be written as
[image: image]
in which r = (r, ϕ, z) and r′ = (r′, ϕ′, z′).The Bessel functions Jn(.), Yn(.), In(.) and Kn(.) are real valued functions for positive real arguments. Hence all the terms in summations except unknown coefficients in Eq. 11 are all real. When ∥ k ∥≥∥ kz ∥ we apply Sommerfeld radiation condition and when ∥ k ∥ ≤ ∥ kz ∥ we choose evanescent waves for outer most layer, so that the waves will not grow to infinity. In light of these, the derivations made for the argument [image: image] are the same as the derivations made for the argument [image: image] in inverse solution proof. Therefore, we only show the case ∥ k ∥≥∥ kz ∥ in this paper.
When the point source r′ locates in Layer m, we denote Green’s function as Gm (1 ≤ m ≤ N). Each Green’s function Gm represents the unit impulse response of the layered medium and is partially defined with respect to observation point r:
[image: image]
[image: image]
We call the parts of Gm as Gmj for 1 ≤ j ≤ N when observation point r in Layer j. In the derivations of inverse problem, the observation points are on the transducer in Layer N so we need to calculate only the last parts GmN of Green’s function Gm wherever the source location m is
The coefficients in each Green’s function Gm are obtained by (2N + 2) equalities coming from the boundary conditions, Green’s functions conditions and radiation conditions: The given boundary conditions Eqs 2, 3 state that acoustic pressure function is continuous and its normal derivative is continuous with a scaling factor on the layer boundaries r = ri:
[image: image]
for 1 ≤ i ≤ m − 1,
[image: image]
for m ≤ i ≤ N − 1.
On the other hand, Green’s function is continuous and its normal derivative has jump discontinuity on a cylinder r = r′ where the point source locates [16]. Hence, these conditions give us
[image: image]
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Additionally, second kind of Bessel function Yn is undefined when r = 0. Therefore in Layer 1, Green’s function cannot include Yn implying
[image: image]
Lastly, the pressure function must satisfy Sommerfeld radiation condition
[image: image]
By writing Bessel functions Jn and Yn in a linear combination of Hankel functions [image: image] and [image: image] in Layer N, we apply this acoustic attenuation condition property which eliminates [image: image] and so we get
[image: image]
We can write the system of equations in the matrix form as follows:
[image: image]
in which Mn is the coefficient matrix (A.1) given in Supplementary Appendix. Here, when the point source location changes, the coefficient matrix of a system will differ. But, we show that for all possible matrix systems results from location of source point, the determinant of coefficient matrices are the same. (See Supplementary Appendix to find derivation of this fact). As a result, determinant of coefficient matrix Mn, say Mn, is independent of the source location and the same for all n (index set for Bessel functions’ order) and for all m (location of source point r′).
In the derivation of inverse solution, we need the last part of Green’s function Gm Eq. 12, that is GmN. The coefficient Dn(N) in GmN is obtained by Kramer’s rule as follows:
[image: image]
in which [image: image] is determinant expression (A.4) given in Supplementary Appendix. Here, the most important property of [image: image] used in inverse problem derivation is that all the terms contained in [image: image] are real, hence the determinant [image: image] is itself is real. At the end, GmN(r′, r, w) is written in the following form by using radiation condition result Eq. 18:
[image: image]
4 FORWARD SOLUTION AND INITIAL CONDITION YIELDS
If the source distribution in the medium is p0(r) and Green’s function of the medium is G(r, r′, w), then the forward solution of thermoacoustic wave equation in frequency domain can be written as [15], [16]
[image: image]
by make use of Green’s theorem and radiation conditions. Here, V is the support of source function. When we take the inverse Fourier transform of both sides of above forward solution at the discontinuity t = 0, we get
[image: image]
By the initial condition of the thermoacoustic wave equation, we obtain
[image: image]
Now, if we choose the source distribution p0(r) in the medium as point source function namely Dirac delta function δ(r − r∗) and substitute in above equation, we obtain
[image: image]
which implies
[image: image]
for any r and r∗. We use this result in the proof of the inverse solution.
5 INVERSE SOLUTION
Inverse source problem has been studied for homogeneous medium by Xu and Wang [2] for specific measurement geometries: two parallel planes, an infinitely long circular cylinder and a sphere, and this solution extended to the arbitrary measurement geometry by İdemen and Alkumru [1]. In these studies, in frequency domain, the source distribution inside the medium is determined by the following integral equation:
[image: image]
where S is a measurement surface and Gh is a free space Green’s function. In our study, for three dimensional N-layered configuration (see Figure 1) we extend the conventional solution and prove that the source distribution in each layer can be determined, by using corresponding Green’s function which describe the unit source distribution on the measurement surface:
[image: image]
where P(rs, w) is the acoustic pressure measured on the surface SN, GiN is the corresponding Green’s function for 1 ≤ i ≤ N and ρ(r) is a density function such that
[image: image]
For the proof of Eq. 28, let us write that equation as independent of index set and call the integral expression as q(r):
[image: image]
The acoustic pressure measured on the surface SN is given by forward solution of the wave equation Eq. 22:
[image: image]
where V′ is the volume covered by measurement surface. By substituting P(rs, w) in q(r), we get
[image: image]
in which ∇s means the gradient operator is applied with respect to variable rs. Now, we change the order of integration and use inner product properties, hence we obtain
[image: image]
Let call the term in outer integral as follows:
[image: image]
We know that the Green’s function is continuous on whole space. Also the normal derivative of Green’s function with a scaling factor (the density function) is continuous, too. Hence, the expression in the above integral is continuous which makes possible to apply the Divergence theorem as follows:
[image: image]
Since each layer is homogeneous in itself, the density function ρ(rs) is constant on each volume Vi for 1 ≤ i ≤ N. Therefore
[image: image]
The solutions Gin and Gout satisfy the Helmholtz equation:
[image: image]
[image: image]
in which ks = w/cs and cs is the acoustic speed in the region where rs in. If we multiply Eq. 37 by Gout(r′,rs, w) and Eq. 38 by Gin(r,rs, w) and subtract each other, we get
[image: image]
By adding the term [image: image] to both sides of Eq. 39, we obtain
[image: image]
When we substitute the last equality Eq. 40 instead of the integrand seen in the integral Eq. 36, P(r,r′) can be written as
[image: image]
[image: image]
By utilizing the Dirac delta function properties and using the result Eq. 26 obtained by the initial condition, we obtain
[image: image]
To explore the first term of P(r, r′), say P1(r, r′), we substitute the Green’s functions in the expression for all location combinations of r, r′ and rs in [image: image]. Through calculations, it is seen that the condition rs > r and rs > r′ make simpler to deal with the given integral. To satisfy these conditions, we again turn back to surface integral for the first part of P(r, r′) and use again the argument that is the density function is constant on each layer to derive the following:
[image: image]
since the normal derivative on a cylinder is equal to the derivative with respect to the variable rs in cylindrical coordinates and the partial derivative operator is independent of integral variable w. In the light of the definition of wave function P at negative frequency, that is P(−w) = P(w)∗, we induce the integral expression in P1(r, r′) as follows:
[image: image]
This result shows that the real part of the integrand appearing in Eq. 44 has no contribution to the integral. To examine this integrand term, we substitute Green’s functions Eq. 21 of layered media: On SN, the second variable rs in Gout and Gin is an element of Region N. But r and r′ are free to be in any region. Thus, depending on locations of points r and r′, we have N2 cases for the combination of product terms [image: image], for 1 ≤ i, j ≤ N:
[image: image]
The exponential functions [image: image] are orthogonal functions on the interval [0, 2π], hence
[image: image]
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by the properties of Dirac delta distribution. In the derivation of Green’s function, we prove that the functions [image: image] and [image: image] for any 1 ≤ i, j ≤ N are real and the modulus of any complex valued functions are real valued functions, therefore it can be proven that
[image: image]
by making substitutions in summation and integral operators. Hence the integrand term multiplied by iw of outer integral in Eq. 44 is purely real implying
[image: image]
by Eq. 45.
Consequently, we obtain the function P(r, r′) as follows
[image: image]
Hence,
[image: image]
where ρ(r) is a density function.
At the beginning in Eq. 30, we suppose
[image: image]
and therefore the source distribution p0(r) is given by
[image: image]
6 NUMERICAL SIMULATIONS
To test and compare our layered solution with conventional solution based on homogeneous medium assumption, we perform simulations using numerical test phantom a cross section of three layered cylindrical region depicted in Figures 2, 3. In Figure 2, first layer is the region 0 mm ≤ r ≤ 2.5 mm, second layer is the region 2.5 mm ≤ r ≤ 5 mm and third layer is the region r ≥ 5 mm. Densities and acoustic speeds for layers are choosen as 1.06 g/m3, 0.95 g/m3, 1 g/m3 and 1,000 m/s, 1,500 m/s, 2000 m/s from inner to outer. This phantom consists of thermoacoustic point sources at each layer, their polar coordinates are (1.25 mm, 0) (3.75 mm, 5π/4) and (6.25 mm, 2π/3). In Figure 3, we model breast as three main layers: Glandular tissue is the region 0 mm ≤ r ≤ 6.75 mm, fat tissue is the region 6.75 mm ≤ r ≤ 7.35 mm and skin is the region 7.35 mm ≤ r ≤ 7.5 mm considering ratios of actual thicknesses of these breast layers. Densities and acoustic speeds for breast layers are taken as 1 g/m3, 0.95 g/m3, 1.15 g/m3 and 1,480 m/s, 1,450 m/s, 1730 m/s respectively. This phantom consists of thermoacoustic point sources at glandular tissue layer, their polar coordinates are (3.4 mm, 0) and (5.4 mm, 0). In the simulations, we generate synthetic data by using layered medium Green’s function in forward solution Eq. 22 of thermoacoustic wave equation. For this purpose, we choose 3 MHz temporal frequency band between 1.5 and 4.5 MHz, and collect data by 512 element transducer located on a circle r = 7.5 mm in third layer. Then we reconstruct the thermoacoustic source distribution from this data using the existing homogeneous inverse solution Eq. 27 including free space Green’s functions and our layered inverse solution Eq. 28 including layered medium Green’s functions. Here we present an illustrative test result in the Figures 2, 3, where the numerical phantom and the reconstructed inverse source distributions (thermoacoustic images of point targets) are displayed. The middle panel show us that reflections and refractions on layer boundaries causes smearing and morphologically deformation of image because of homogeneous assumption in inversion algorithm. Hence, the test results ensure that the homogeneous medium assumption, as expected, produces incorrect source locations and poor point-spread-functions with severe side-lobes associated with the original point sources. Our layered solution produces source locations correctly and point-spread-functions with relatively narrower main-lobe and lower side-lobes.
[image: Figure 2]FIGURE 2 | (A): Test phantom (B): Numerical simulation obtained under homogeneous medium assumption (C): Numerical simulation obtained for layered medium, showing correct source locations.
[image: Figure 3]FIGURE 3 | (A): Breast phantom (B): Numerical simulation obtained under homogeneous medium assumption (C): Numerical simulation obtained for layered medium, showing correct source locations.
We also test our inverse solution for the capability in measuring the strength of sources by using same layer properties, frequency band and sampling rates with above simulation. We locate two point sources at coordinates (1.25 mm, 0) and (1.25 mm, π) with amplitude values 1 and 10, respectively. In the simulations, again, we generate synthetic data by using layered medium Green’s function in forward solution Eq. 22 of thermoacoustic wave equation and reconstruct the thermoacoustic source distribution from this data using layered inverse solution Eq. 28 including layered medium Green’s functions. The test phantom and numerical simulation results are depicted in Figure 4. Simulation results shows the inverse solution is accurate in distinguishing different source strengths.
[image: Figure 4]FIGURE 4 | (A): Test phantom (B): Numerical simulation obtained by layered medium inverse solution (C): Numerical simulation obtained for layered medium, showing correct source locations.
The limitation of the proposed inverse solution for thermoacoustic imaging is need of tissue properties and structures as apriori information. But, these informations can be obtained from acquired thermoacoustic data or additional transmission ultrasound scan. The error in apriori information of tissue structures will reduce the image quality but this effect can be minimized by some iterative methods.
7 CONCLUSION
In this study, we have considered the inverse source problem for thermoacoustic wave equation in layered cylindrical models. We have derived an exact analytic inverse solution in frequency domain under boundary conditions. Also, the derived solution was tested in a three-layer numerical tissue models. The solution presented here is a suitable approach for cross-sectional imaging of cylindrical and spherical structures (such as the breast and brain) to get better image quality.
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