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In this research, an impact reaction which was provoked far from its origins was

studied. Ametal box filled with sand was used to emulate a rigid body in which a

steel bar was embedded; these conditions simulated the fuselage and wing,

respectively, and the impact was applied to the rigid body and themeasurement

to the bar. For this, an optical technique was used to measure the relative

displacement of the steel bar, and the measurements are obtained by applying

digital image correlation; 2D images were obtained from the speckles

generated as a reflection of the beam on the material. The results were

studied through the modified Gauss–Newton analytical approach obtaining

a maximum standard error deviation of 0.144 from the experimental results.
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1 Introduction

Non-invasive tests are widely used in the aeronautic industry, mainly for maintenance

purposes, examples of which are visual inspection, microscopy, radiography, and

penetrating dyes, among others [1]. Optical tests have been used as a non-invasive

technique for measurement purposes, such as flow direction [2], particle image

velocimetry [3], and Doppler anemometry [4], among others. In this article, we used

an optical technique that helps to evaluate the displacement field on a surface, which could

be the fuselage; this technique helps to understand the interaction between an external

impact and the surface of a rigid body.

For this technique, we used a laser and two physical principles: propagation and

reflection; Snell’s law establishes that the reflection of light will occur at the same angle of

incidence [5], and there is a special case when light falls on a rough surface, which is why a

speckle pattern is generated [6]. Here we study the free propagation of light through the

air and the interaction with the surface of interest. Since the reflection is a speckled

pattern, we decided to study it using an image matching technique: digital image

correlation. Correlation is a well-developed technique used since Kuglin and Hines

analytically demonstrated that displacement information was found within images [7];

this technique is widely used in different mechanical measurements [8, 9]. Also, in-plane

displacement measurements were applied to understand the response of external forces
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through numerical approximation and modeling a reaction [10,

11], to measure vibrations [12], among others.

In this research, a soft impact induced on a rigid body is

studied. Such testings were developed using low-strength

projectiles impacting different materials [13]. Abrete studied

and developed an analytical model of aircraft-induced soft

impacts such as raindrops, hail, and bird collision [14].

Aircraft impacts have been studied through numerical

models using Lagrangian formulations and finite element

coupling different methodologies [15]. Experimental studies

have been carried out using strain gauges to measure the local

strain in the impacted area [16]. Composite materials have been

studied in the interaction of soft impacts using numerical

efficiency and prediction [17]. Reza demonstrated the

importance of the orientation of a bird using the

hydrodynamics of soft particles [18]. Kashfuddoja et al. used

correlation to evaluate the elastic properties of a carbon fiber

panel [19].

This article was written to study and understand the

quantitative and qualitative displacements in an idealized

wing. It is well known that both optical measurement

techniques and dynamic systems theory are not new and have

been applied in many fields. Using these two techniques as an

attempt to model the impact reaction in the idealized wing is

challenging for us. Let us clarify this. The formulation proposed

here can link real parameters with the simple model found, in this

case, the weight of the box filled with sand, length’s bar, etc. In

real airplanes, the fuselage, wings, and their interaction exist and

interact; however, analytically or even numerically, the linkage of

both structures generates severe problems in the huge system of

equations formed. This is due to the diversity of interacting

physical and mechanical properties and the size of both

structures. For this reason, we looked for and found a way to

solve this problem. The displacements found experimentally and

theoretically are close to each other and are adequately accurate.

In addition to this, we consider that this study can be useful for

readers. Finally, the simple formulation could be considered

useful information for designers.

2 Methodology

2.1 Optical measurement

In this research, we used a laser as a source to measure the

displacements caused on a surface, and we selected an optical

system as it is one of the most typical to develop a non-invasive

technique [20]. One of the properties of the laser relevant to this

study is the intensity since the beam used has a Gaussian

distribution [21], which can be written as follows:

I r( ) � I0e
− r2

ω2
0 (1)

where I0 and ω0 are the initial intensity and the beam waist at z =

0, respectively; and I depends on the distance r according to a

polar transformation r � (x2 + y2)1/2 [22]. The intensity of the

beam hits a rough material, and when this happens, the reflected

intensity results in the interference of scattered components that

form a granular pattern known as a speckle pattern [6]. When

this physical phenomenon occurs, the intensity changes to

P I( ) � 1
4πσ2

e−
I

2σ2 (2)

which is known as the probability density function of intensity

P(I), where σ is the average intensity of the speckle in the field. It

has a very large number of random variables, thus, the central

limit theorem is followed [23], as real and imaginary parts of the

field are asymptotically Gaussian.

2.2 Metrology system

When the laser hits the surface and is reflected back, the

speckles are digitized as 2D images, and thus, an image procedure

is followed. Digital image correlation is a well-known procedure,

and it is considered an optical technique applied to image data; it

comprises capturing consecutive images with a digital camera,

which has been used for stress, displacement, and vibration

measurements, among others [24–27]. The displacement field

(Df) is obtained through the correlation between images, where

two 2D images are needed: A and B; A is used as reference and B

is the deformed image. This process is followed by

FIGURE 1
Experimental setup, relative displacement measurement of
an impact far from its origins.
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Df � Re Cc( )
s12s22M

(3)

where Cc is the mathematical correlation which is carried out

according to [7–11, 24, 27]. Normalization is performed, where

M is the image size, and s1 and s2 are the standard deviation of the

images[11, 27].

2.3 Theoretical analysis

We have simulated harmonic motion with an impact generated

by a pendulum. Suchmotion can bemodeled as a damped oscillator,

which describes the forced damped motion in the impact direction.

Then, the general motion could be described as

m
d2x

dt2
+ c

dx

dt
+ kx � f t( ) (4)

where m, c, and k are the mass of the object, the damping

coefficient, and the spring constant, respectively. The external

force f(t) was proposed as a linear combination of harmonic and

linear functions. Hence, we can say that a function that fits (4)

looks like

x t( ) � eAt B sin Ct( ) +D cos Ct( )( ) + E sin Ft( ) + G cos Ft( )
+Ht + I

(5)
where the capital letters are constants. The terms multiplied by

the exponential function correspond to the homogeneous

solution and the other four terms to the particular solution of

(4). Hence, it is possible to apply the modified Gauss–Newton

method for fitting the measured values with a non-linear

regression function (5) by least squares [28]. Assuming the

relation

yi � x ti, A, B,// , I( ) + ei (6)
where yi is the measured values, x(ti, A, B, //, I) the

nonlinear function of the parameters (A, B, //, I), and ei
an error. The nonlinear model can be linearized using a Taylor

series around the parameters and curtailed after the first

derivative, that is,

x ti( )j+1 � x ti( )j +
zx ti( )j
zA

ΔA + zx ti( )j
zB

ΔB +// + zx ti( )j
zI

ΔI

(7)
Clearly, parameters (A, B, //, I) in the argument were

omitted. j is an initial value for the new estimate j + 1. Δ(p) =
(p)j+1 − (p)j. Hence, the model is now linearized with respect to

the parameters. The substitution of Eq. 7 into Eq. 6 yields

yi − x ti( )j � +zx ti( )j
zA

ΔA + zx ti( )j
zB

ΔB +// + zx ti( )j
zI

ΔI + ei

(8)
Using matrix notation, the last equation is rewritten as

Φ � ZjΘ + Σ (9)

where Zj is a matrix with the partial derivatives of function at

the initial value j. Vector Φ contains the difference between data

and function values, vector Θ represents parameter values, and Σ
the errors, that is,

FIGURE 2
Test 1, optical characterization (symbols) and analytical approach (dotted line).
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Zj �

zx t1( )j
zA

zx t1( )j
zB

//
zx t1( )j
zI

zx t2( )j
zA

zx t2( )j
zB

//
zx t2( )j
zI

..

. ..
.

1 ..
.

zx tn( )j
zA

zx tn( )j
zB

//
zx tn( )j
zI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
;

Φ �

y1 − x t1( )
y2 − x t2( )

..

.

yn − x tn( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦; Θ �

ΔA
ΔB
..
.

ΔI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10)

where n is the number of data. After applying the least square

method to Eq. 9, we obtain

ZT
j ZjΘ � ZT

jΦ (11)

Once (11) is solved for Θ, the sum of residuals can be

calculated as

Γ α( ) � ∑n
i

yi − x ti,Θ0 + αΘ( )[ ]2 (12)

where Θ0 is the initial estimate parameter vector, and will

have a minimum at [28]:

αmin � 1
2
+ 1
4

Γ 0( ) − Γ 1( )
Γ 1( ) − 2Γ 1

2( ) + Γ 0( )
⎡⎢⎣ ⎤⎥⎦ (13)

In this study, the standard error of the estimate was

calculated as

Error �







Γ αmin( )
n − 9

√
(14)

3 Experimental set-up and data
processing

A section of the fuselage as a rigid body is modeled through a

box (B) with dimensions of 40 × 40 × 40 cm; it was made from

galvanized smooth sheet caliber 12 [29], filled at 70% with G 0/

3 sand [30] reaching a total mass of 84 kg; this was used to measure

the interaction of a collision by means of impacting one of its sides,

where the collisions were induced using a 0.575 kgmass; all impacts

were done exactly on themid-point of the transversal area. A square

bar (b) with 0.81 cm2 of the transversal area was embedded into the

sand, the total height of this bar was 1 m and the displacement

measurements were done at 60 cm. The output of a diode-pumped

solid-state laser (L), with a wavelength of λ = 532 nm and power of

220 mW [31] was placed 21 cm far from the bar’s surface, and the

laser beam propagates through a converging lens (ℓ) with a focal

length of f = 7 cm which is placed 13 cm away from (B) to focus the

beam of light on a specific area. Subsequently, the scattering

generated is reflected in a screen (S), which is placed in front of

the box at 50 cm; it is assumed a rigid body (B) is completely still at

time t = 0, followed by a collision in the perpendicular face, as

shown in Figure 1. While this action is taking place, the speckles

generated are recorded with a video camera (C) which is placed in

front of the screen, slightly off from the propagation axis.

The camera used in this research can record 240 fps with

1080 × 1080. To depict the video, free software was used [32] that

FIGURE 3
Test 2, optical characterization (symbols) and analytical approach (dotted line).
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enables all the possible frames. Thus, a code was written in

OctaveⓇ to perform digital image correlation by following Eqs 5,

6. Those equations gave us a matrix-type result; thus, we define

logically the maximum amplitude point, which is part of the

intensity field I in Eq. 2, and it is related to the real and imaginary

part of the complex amplitude of each speckle [23]. As this is an

iterative process, from the second to the n image, those peak

amplitudes are plotted as scalar values measured in millimeters

according to [10, 11].

4 Results and discussion

In this section, the data were recorded experimentally and the

analytical approach is compared. The sampling time in all cases is

2.5 s, and during this period of time, 79 measurements were

taken. Data were plotted with symbols while analytical

approaches are shown in dotted lines. Clearly, the data show

that our experimental model oscillates rapidly, as a damped

mass-spring system. The first test is shown in Figure 2. At a

FIGURE 4
Test 3, optical characterization (symbols) and analytical approach (dotted line).

FIGURE 5
Test 4, optical characterization (symbols) and analytical approach (dotted line).
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glance, it is the worst analytical approach, most data show a gap

between them and the methodical approach. However, the

qualitative motion is totally reproduced by the proposed

model. The mass, damping coefficient, and spring constant of

an equivalent damped mass-spring system are 0.026 kg,

0.118 N s
m, and 42.308 N

m, respectively.

The second test is shown in Figure 3. As can be seen, the

analytical approach is closer to the data; in fact, there are just a few

points that our approach could not reach. According to this result,

the analytical approach corresponds to the optical measurement,

exhibiting the motion of the damped mass-spring system. In this

case, the equivalent mass, damping coefficient, and spring constant

are 0.024 kg, 0.084 N s
m, and 43.002 N

m, respectively. The best

approach was found in the third test, as shown in Figure 4. It is

evident that data and the analytical solution are consistent almost

everywhere. Once again, the damped motion is clearly reproduced.

The equivalent mass, damping coefficient, and spring constant

found were 0.024 kg, 0.096 N s
m, and 45.757 N

m, respectively.

Finally, Figure 5 shows the fourth test, showing that the analytical

approach proposed reflects the phenomena quantitative and

qualitative. The equivalent mass, damping coefficient, and spring

constant are 0.023 kg, 0.087 N s
m, and 42.428 N

m, respectively. The

Table 1 summarizes the results of the tests done. It can be seen how

all values keep in the same range, outstanding reproducibility. Mean

values for mass, damping coefficient, and spring constant are

0.02425 kg, 0.09625 N s
m, and 43.32825 N

m, respectively.

5 Conclusion

In this study, an idealization of an impact reaction to a

wing was characterized using a laser system coupled with an

image-matching procedure. To do that, we proposed the

classical model of a damped mass-spring system with linear

and harmonic excitation. Measured data were fitted applying

the modified Gauss–Newton method with the solution of the

mentioned system. In most cases, results show that our

analytical approach reproduced quantitative and qualitative

phenomena.
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