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On the fractional weibull process

Wujin Deng?, Wanqing Song?, Carlo Cattani®*, Jianxue Chen®
and Xiaolong Chen*

School of Electronic and Electrical Engineering, Shanghai University of Engineering Science, Shanghai,
China, ?Engineering School, DEIM, University of Tuscia, Viterbo, Italy

Engineering applications of the fractional Weibull distribution (fWd) are quite
limited because a corresponding stochastic process is not yet constituted and
completely analyzed of fundamental properties. In order to fill this gap, the
fractional Weibull process (fWp) is defined in this paper with the realization
algorithm. The self-similarity property as well as long range dependence (LRD)
are proven for the future research. The simulation is conducted by the actual
data. The fWd is utilized to fit the actual probability distribution and the
corresponding process is generated to reflect the stochasticity of the data.
The random walk based on the fWp expands the simulation to the planar space.
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1 Introduction

After the discovery of fractal geometry, there has been recently a growing interest for
the application of the fractional dimension processes in several fields. The fractional
process is often used in the modeling of the Internet traffic. An abstract model for
aggregated connectionless traffic, which is based on the fractional Brownian motion, is
presented in [1]. In [2], generalized fractional Gaussian noise is proposed and used in the
traffic modelling. The stochastic process with fractional dimension can also be used in the
field of remaining useful life prediction for the mechanical parts. The remaining useful life
is the remaining time for the mechanical parts before the next failure. The purpose of the
remaining useful life prediction is to schedule the maintenance of the system and improve
the reliability. The multi-modal fractional Lévy stable motion degradation model is
developed to predict the remaining useful life of a blast furnace [3].

The Weibull distribution was originally introduced for modeling the strength data of
material by Weibull in 1939, which is inspired by the works of the extreme value
distribution, and then extended to several fields [4]. The traditional applications of the
Weibull distribution is in the field of mechanical engineering, which is the lifetime
prediction. A new extended model is used in the lifetime prediction in [5]. The Weibull
distribution is combined with the artificial neural network to form a new predicting model
for the prediction of the remaining useful life of the bearing [6]. There are also a lot of

Abbreviations: fWd, Fractional weibull distribution; fWp, fractional Weibull process; LRD, long range
dependence; GoF, goodness of fitting; SSE, Sum of squared error; RMSE, Root mean square error.
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applications of Weibull distribution in the power system. The
combining modified Weibull distribution model is proposed for
the forecast of the power system reliability [7]. Based on simple
and complex Weibull distributions, a hypothesis of the power
system reliability has been confirmed [8]. In [9] the upper-
truncated Weibull distribution has been wused both for
modeling the wind speed data and estimating the wind power
density. Weibull distribution is combined with the artificial
neural network to establish an advanced wind speed
prediction model [10].

The versatility of Weibull distribution raises people’s
interests on the fractional transformation. In [11] the fWd
was proposed for modeling the wind speed data. The
researchers find out that the actual wind speed data contains
a lot of low wind speed values. By discarding the wind speed data
that is close to zero, the wind speed is fitted by the fWd with high
accuracy for the speed range suitable for wind power production.
The fractal parameter is the fraction of data extracted from the
wind speed data to make a better fit. Therefore, the essence of the
fWd is to improve the fitting results by an additional fractal
parameter.

In [12], the power load is modeled by the Weibull
distribution. The power load data resembles the wind speed
data because the power load is commonly be zero or approximate
to zero. In the power break, the load is zero. At night, the factories
are closed, therefore the total power load consumption in the area
is close to zero. Therefore, this paper proposes the fWd for the
modelling of the power load in wish of a better modelling result.

Probability distribution as fWd describes the time series in
the statistical sense. In order to express the temporal
characteristics of the time series conforming to fWd, the
corresponding stochastic process need to be defined and
studied. In this paper, the fWp is defined with respect to fWd.
At each of the time point, draw a value randomly from the fWd
will constitute the corresponding fWp temporally. If we count the
values of the fWp in a long enough time period, the frequency
distribution of the counted data will be the corresponding fWd.
the fWd and fWp are
mathematically.

Therefore, strongly connected

As a stochastic process is defined, some fundamental and
crucial property for the process need to be studied. Random walk
characteristics is a common stochastic behavior for a process,
which is beneficial in the optimization and graph machine
learning. The random walk can be useful for the optimization
to avoid the local maximum and the graph machine learning to
simplify the graph. A lot of stochastic time series in the
application conveys the properties of the self-similarity and
LRD, which is useful for the study. Stochastic process with
self-similarity and LRD can be employed in the modeling and
prediction of the time series with the same properties. Therefore,
in this paper, the random walk characteristics, self-similarity and
LRD of the fWd are studied and illustrated to facilitate the future
engineering application of the proposed process.
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A random walk is known as a random behavior, in which a
particle in space takes a succession of random steps to create a
trajectory of moving [13]. In each of the step, the direction is
random and the step length follows a certain distribution. If the
distribution is normal distribution, then the random walk is
called Rayleigh flight [14]. The random walk with the probability
distribution to be Lévy distribution is called the Lévy flight [15].
In this paper, the random walk based on the fWp is proposed, in
which the probability for the step length is the fWd.

Self-similarity means that the partial segment of the
stochastic  process the whole
stochastic process or distribution [16]. In [17], the Weibull
distribution is used in the modelling of the self-similar
Internet traffic and the
parameter is derived in [18]. The Hurst parameter of the
Weibull distribution belongs to (0.5,1), which can be
the [18]. the
mathematical definition of self-similarity contains the concept

or distribution resembles

formula of the self-similarity

confirmed from formula in Moreover,
of equality in distribution [19]. Two random variables X and Y
are said to be equal in distribution, if they have the same
probability distribution function. In [20] a proposition is
proven for the equivalent condition of the equality in
distribution. In this paper, the proposition is employed to
prove the self-similarity of the fWp.

LRD means that the value of the stochastic process is strongly
influenced by the previous values of the time series [21]. The
autocorrelation function of the long range dependent signal
cannot be integrated in the infinity range, instead it diverges
to infinity. The reason for the divergence is that the
autocorrelation decays to zero very slowly as the power
functional speed. In order to make the integration to
converge, the autocorrelation need to decay exponentially,
which corresponds to the short range dependence.

In [22] the following theorem about the connection between
the self-similarity and LRD has been proved so that we can prove
the LRD based on self-similarity:

If a process is self-similar with self-similarity parameter
belonging to the half unit interval of (0.5, 1) and the second
moments exist, then it can be shown that its incremental
stochastic process is characterized by LRD.

In this paper, fWp is defined with respect to the fWd and the
random walk characteristics is analyzed. The self-similarity
property and the existence of the second moments are proved,
therefore the incremental process of fWp is characterized by LRD
[22]. Furthermore, LRD of the fWp is derived. The simulation is
carried out with the real data.

The rest of the paper is arranged as follows: In Section 2, the
properties of fWd is elaborated and the corresponding fWp is
defined with the realization algorithm. In Section 3 and Section 4,
the self-similarity and LRD of the fWp are proven. In Section 5,
the simulation of the fWp is carried out with the analysis for the
corresponding random walk. The work of this paper is
summarized in the conclusion.
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FIGURE 1

The influence of the change of scale parameter.

2 The fWp as well as the
corresponding random walk

2.1 Data modeling with the fWd

The density function of the fWd is defined as:

fx(xla,b,c,8) = % (1- 6)(%)C_1 exp{ - (x ; a)c},xZa,
2.1)

where dis the fractal parameter, a is the location parameter, b is
the scale parameter and c is the shape parameter.

The location parameter ais the origin where the probability
of the physical values is above zero. Changing the value of awill
cause a shift of curve horizontally. The shape parameter cis the
key parameter of the distribution because it can change the shape
of the density function dramatically. The density curve of the
fWd is L-shaped when the value of parameter cis not larger than
1. Otherwise, the density curve is single-peaked.

Changing the scale parameter b while the other parameters
are hold constants will cause the curve to shift both vertically and
horizontally (see e. g., Figure 1). With the increase of the scale
parameter, the dispersion of the distribution is larger. and the
skewness of the data is smaller.

The skewness is very important for the modeling of the real
physical quantities. The maximum and minimum of the data is
confined by the application background of the data. Therefore,
the data area with high probability is relatively small and the
probability for other areas are close to zero. This common
phenomenon introduces skewness to the actual density
function with its admissible range between zero and positive
infinity. The skewness of fWd makes it easier to describe this sort
of data distribution.
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Comparing with the Weibull density function, the probability
density function of the fWd has a scaling factor (1 — §)which is
smaller than 1 representing the reserved proportion of the data.
Therefore, the fWd can be considered as the generalization of the
Weibull distribution with an additional fractal parameter. If fractal
parameter §is zero, then the fWd degenerates to Weibull distribution.
Changing dwhile the other parameters are kept invariant will cause
the peak of the curve to move vertically. In Figure 2, some fWds
corresponding to different fractal parameters are depicted.

The physical meaning of § is the discarding rate of the
original data. When the ratio of the low value samples is high,
a higher fractal parameter can reduce the modeling error. When
the fractal parameter is determined to be smaller, there will be
less of the original data to be discarded. The value of dcan
influence the accuracy of modeling, thus the fractal parameter
should be determined through experiment.

2.2 Definition and realization algorithm of
the fWp

Definition of the fWp:
The stochastic process is fWp if the following two conditions
are satisfied:

1. fWp(0)=0 (2.2)
2. The  increments of the fWp  are
independent (2.3)

3. For given t >s>0, the increment satisfies
fWp(t) - fWp(s) ~ fWd (2.4)

Set s to be 0 and combining Eq. 2.2 and Eq. 2.4, Eq. 2.5 can be
reached:
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The influence of the change of fractal parameter.
fWp(t) ~ fwd 2.5)
0= p(id), (2.10)

Derivation of the realization algorithm for fWp

Select a minimum calculation step lengthAin the interested
definition range of the distribution and then define the discrete
argument x;in the definition range.

x; = iA, (2.6)

where the argument iis the total number of the step lengths
pertaining to the value of the physical quantities.

Substitute the discrete argument to the density function of
the fWd:

p(xi) = p(id)
=(1- S)E(iAb_ a)c_l exp{ - (iAb_ a>c},iA2a 2.7)

The definition range of the stochastic time series is limited

by the physical law and there is only a proportion of the
definition range that can raise people’s research interests.
Therefore, the maximum value of the argument i, which is i*,
can be defined:

max x] 2.8)

1 =maxz=[ A

The maximum value of iis determined based on the types of
the physical values and the applications

Therefore, the finite valued and discretized density function
of the fWd:

A iA i'A

pdf (id) ~ gp(GA)...p(;A)...p(i*A) ,i=0,1,2,..,i" (2.9)
0

where
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i=1

The parameter 0is introduced to normalize the values in the
random variable Such that it can meet the basic requirements of a
discrete random variable.

Define another discrete random variable X;-

01
Xp~111wlel (2.11)

The discrete random variable X;- means that the integer value
i is equally distributed in the range of [0,i"].

The constitution of the stochastic process can be separated
into three steps. The.

First step is to draw an integer value of ifrom the discrete
random variable X;- with the uniform probability. The second
step is to calculate the probability value of pd f (iA). The third
step is to multiply the probability values of the two steps.

Therefore, we can define the fWp as follows:

A iA i'A

0
1pA)~1p@A) -1 p@i*s) > (212)
# 00 i* 00 i 6o

fWp(t) ~

where ¢is introduced to meet the basic requirement of the
discretized random variable:

1 1
o= ;ﬁp(m) = (2.13)

Substitute the value of oto the definition of the discrete
random variable:
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04 iA i"A
0 P(B) = p(id) - p(i"A) 1= 05 it (2.14)
6 0 6

fWp() ~

There are six different parameters in the fWp. Four of them
are the same as the fWd and are estimated by the actual data.
These four parameters can reflect the statistical characteristics of
the data. The other two parameters are determined based on the
physical background of the data. In this section, a trajectory of the
fWp and the corresponding random walk are depicted separately
in Figure 3 and Figure 4. The parameters are chosen randomly in
this section and in Section 5 the whole procedure for the
construction of the fWp as well as the corresponding random
walk is provided.
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3 Self-similarity property

3.1 Self-similarity criterion for a general
stochastic process

Let Xi be a stochastic process, and kis the argument. X is
self-similar with self-similarity parameterH € (0, 1) if and only if

X)) EATX (k) VA >0, (3.1)

where @ denotes equality in distribution, i. e., they have the same
probability distribution function.

In [20], the following proposition expressed by Eq. 3.2 and
Eq. 3.3 are proved. Equations 3.2 is the general form of the
equivalent condition for equality in distribution with respect to
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two different random variables. If the random variable is Weibull
distribution, then the specialized form is presented as Eq. 3.3.

Given two cumulative distribution functions F; (k)
andF, (k), and a fixed numberm, we have that F; (k) is equal
toF, (k) in distribution if and only if g4 (F,(k),m)is equal
togs (F; (k),m), where the function g4 (F(k),m)is called the
discriminant function and is defined as:

ga(E (k),m) = F' ((F (k) - F(m))mod 1), (3.2)

where Flis the inverse function of the cumulative function and
mod is the modular operation.

For the Weibull distribution, we can get the specialized
definition forg, (F (k), m):

1

Gu(E (), m) = ( flog[eXP{ - <k_7a>} - exp{ - (mz: a)”)

(3.3)

By combining the self-similarity definition (3.1) with Eq. 3.2,
we can get the criterion of the self-similarity for a general
stochastic process:

94 (F(Ak),m) = gy(F' (i), m) (3.4)

where F (k) is the cumulative distribution function of X,F' (k) is
the cumulative distribution function ofA™ X.

F'(k) = P(\" X <k) = P<Xk S%) = F(%) (3.5)

Substituting (3.5) into (3.4) we get

k
g4(F (Ak),m) = g4<F<A—H>,m>, (3.6)

which is a practical criterion for the self-similarity of a stochastic
process

On the left side of Eq. 3.6, it is the discriminant function
ga (F (k), m)with argument Ak, while on the right hand side, it is
the discriminant function g4 (F (k), m)with argument )L%

3.2 The discriminant function for the fWp
In the following, we will derive the discriminant function for

the fWp.
The following equations can be derived from the definitions:

frk)y=(1-9f(k), (3.7)
k k
F (k)= jf* (t)dt = J(l—é)f(t)dt: (1-8)F(k), (3.8)

F'™ (k) = ﬁrl (k), (3.9)

where f(x) and f”(x)are the density functions of the Weibull
distribution and the fWp. F(x) and F*(x) are the cumulative
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density functions of the Weibull distribution and the
fWp. F7'(x) and F'"(x) are the inverse cumulative density
functions of the Weibull distribution and the fWp.

From Eq. 3.2, we have:

gi(F(k),m) = F" ((F" (k) - F* (m))mod 1)
1

= mF’l (((1=6&)[F (k) — F(m)])mod 1) (3.10)

Besides the additional coefﬁcientﬁ, the only change between
(3.2) and (3.10) is the differenceF (k) — F (m), which is added by
a scaling factor(1-4). F(k)—F(m) in Eq. 3.2 results in a
exp{— (%)C} — exp{~ ("% }proportion of Eq. 3.3 specialized
for the Weibull distribution. Thus we can conclude that the
discriminant function specialized for the fWp is:

-l ofol (5
_exp{_(m;ay}H)% (3.11)

3.3 Self-similarity for the fWp

In this subsection we will show the self-similarity of
the fWp.

Theorem 1. The fWp is self-similar
Proof Combining Eq. 3.3 and Eq. 3.6, we can reach Eq. 3.12:

i (-] (251
o) (ol ()
ol (5] el 557

Eq. 3.12 can be simplified to be Eq. 3.13 by removing the

(3.12)

minus sign and the power.
ol (5] ot 590
= log[exp{—<%; a>CJ>—exp{ - (m; a>c}] (3.13)

By considering the self-similarity condition (3.6) and Eq.
3.11, we have to show that the following Eq. 3.14 and Eq. 3.15 are
equal to prove the self-similarity of the fWp.

g5 (F(k), m) = < - 1°g[ (1= ‘”{exP{ B (Akb_ “)C}
_exp{ i (m; a)C}H)% (3.14)
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) esl -5}

(3.15)

(e o) (ool 55

In fact (3.14) and (3.15) can be transformed into (3.16) and

(31; )s reSpeCthely, as f()ll()WS.
- ¢ { - ( ) }
p l
a

-l (557}
) ool ()]

Ak —
(3.16)

:log(1—8)+log{exp{—< b
H—a\ m—a\¢
log| (1 - 6)4expq- 7exp{ - (—) } (3.17)
b b
Therefore, the equality of (3.16) and 3.17 can be transformed
into the equality of (3.18) and 3.19:

lg{p{(%b)} ~en{ (%Y} e
e (557) ool (51}

According to Eq. 3.13, the two functions (3.18) and (3.19) are
equal if we select the same self-similar parameter with the
Weibull distribution. Therefore, the self-similarity of the fWp

is proven because there exists a self-similar parameter to make
Eq. 3.1 to hold, which is within the interval of (0.5,1).

(3.19)

4 The second moments and LRD
property

4.1 The second moments of the fWp exists

For simplicity we give here only one kind of second moment,
since the derivation of other moments are similar. The second
moment about zero of the fWp can be easily obtained by a direct
computation as follows:
E(fWb(t)?) = szf} (x 10,1, 0)dx = (1 - 5)Jx2fx (x 10,1, c)dx

0 o 0
=X, (1-9) szcx”'1 exp{—x‘}dx
0

= (1—6)Tu%e’“du: (1—5)F(§+1) (4.1)
0

Therefore, we have proven that the second moments of the
fWp exists.

4.2 The LRD of the fWp

The LRD means the slow decay of the auto-correlation
functionp (k), which also means that the auto-correlation in
the process remains strong as the time lag goes to infinity. The

Frontiers in Physics

07

10.3389/fphy.2022.790791

strong auto-correlation means that the value of the process is
influenced by other values of the process. With the slow decay
of the auto-correlation function, it cannot be integrated in the

infinite range.

p(k) ~ Bk as k — oo, (4.2)

where

p(k) = E(X (k)X (k- 1)) (4.3)

0O<a<1 and § is a given non-zero constant.

Eq. 4.2 summarizes the physical meaning of the LRD. The
slow decaying rate of the auto-correlation function does not
specify the exact decaying rate. By changing the values of constants
aandp, the decaying rate of the auto-correlation changes accordingly.
The slower the decaying is, the stronger is the LRD. Therefore, the
proof of the LRD focuses on the existence of the slow decaying auto-
correlation.

Let X (k)be the fWp, then its incremental processY (k)fulfills:

Y =Xk -X(k-1) , k=1,.n
{Y(O)fif)o , X(0)=0 (4.4)

Based on the theorem in [22], we can show the incremental
process Y (k)is of LRD, which means the auto-correlation
function ofY (k) decays as a power function. In the following,
we can show the fWp is of LRD.

Theorem 2. The fWp is of LRD

Proof: According to the definition (4-4), we can express X (k)
by the linear combinations ofY (k),k = 0, 1, ..., n. Moreover, the
auto-correlation function of X (k) can be expressed as the linear
combination of auto-correlation functions ofY (k), k =0, 1,...,n.

Xk)=Y(k)+Y(k-1)+..+Y(1)+Y(0)

k k-1
p(X (k) = E(X(R)X (k- 1)) = E((ZY(k))(ZY(i)))
i=0 j=0

k-1

k
=YY EXGOY () =Y p(Y(K)
i=0

Jj=0

(4.5)

(4.6)

From Eq. 4.6 and the law of infinitesimal substitution, there
follows that the auto-correlation function of X (k)decays in a
multinomial power law way. It also means that the auto-
correlation function of X (k) decays at the same speed as the
slowest decaying rate among auto-correlation functions ofY (k),
k=0,1,..,n
processes the slowest decaying rate is the biggest one, in other

The auto-correlation function of Y (k)that

words, the one with the smallest power.

pX(K) =Y p(Y (k) ~ ) Bk ~max(Bk“) = Bk™ ) (4.7)

Therefore, we have proven that the auto-correlation function
of X (k) is decaying as the power function, which proves the LRD
of the fWp.

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.790791

Deng et al. 10.3389/fphy.2022.790791
0.02 T T T T T T
0.018 - 1
0.016 |
0.014
>=0.012 - -
g
5 0.01 =1
= 0.008 - 4
0.006 —
0.004
0.002 AL
N —— 1]
400 450 500 550 600 650 700 750 800 850 900
power load kWh
FIGURE 5
The actual power load frequency distribution and density function.
-3
8 x10 T T T T T T
—actual density
7k |7—delta=0 N
——delta=0.05
delta=0.1
6 delta=0.15 7
23] i
£4
o
2
sl i
2 - -
1~ i
0 S 1 =
450 500 550 600 650 700 750 800 850 900

power load kWh

FIGURE 6
The fitting results of fWd with different fractal parameters.

5 Simulation on the fWp

5.1 Time series fitted with the fWd

In this paper, the power load data from the European
Network on Intelligent.

Technologies prediction contest is used in the validation of
the proposed process. In Figure 5, the actual power load
frequency distribution is plotted and the corresponding
probability density function is provided numerically

The power load data cannot be negative values, therefore
the Gaussian fit is not appropriate. Select fWd to fit the actual
power load distribution and can achieve a better fitting result
than the Weibull distribution because of the fractal
parameter. The location parameter a is set to be zero for
the power load are positive and the scale fractal parameter is
determined later through experiment. The scale parameter

Frontiers in Physics

and shape parameter are estimated by the maximum
similarity estimation.
The maximum likelihood function of the fWd:

L(x|b,c) = ljfx (xilb, c)
1] e-0G)G) el -G Y]
oGO e ()5}

i=1 i=1

(5.1)
The logarithmic maximum likelihood function of the fWd:
c\"/1 n(c-1) _n 1 1\¢ n
InL(x|b,c) :ln[ -] (= (x; exp{ —(= xf}j|
GG e er] ()2

=nln(1-90)+ nln(g) +n(c-1) ln(%) + (c— l)zn:lnx,- - (%)Cixf
in1

i=1

(5.2)
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TABLE 1 The evaluation of fitness for different fractal parameters.

delta =0 delta = 0.05 delta = 0.1 delta = 0.15
SSE 0.3812E-04  0.3309E-0.4 0.3455E-0.4 0.4250E-0.4
RMSE  0.6174E-03  0.5753E-03 0.5878E-03 0.6520E-03

Take the partial derivative of the logarithmic maximum
likelihood function with respect to the scale parameter b and
then make it equal to zero.

AL (1) - e-(3) re5(3) =0 63

Separate the scale parameter b and the shape parameter c:

X
o

B - i=1

(5.4)

Take the partial derivative of the logarithmic maximum
likelihood function with respect to the shape parameter ¢ and
then make it equal to zero.

S DR AV (b3
|25 )]
1) + iln x; — [(%)Cixf In x,]

(5.5)

Il
T
~—/
o=
—
+
S
=]
~—
S|

=0

After performing some algebraic calculation, the equivalent
equation can be derived

. Zn‘ixf ln(%)

1 I¢ c 1\“Z
ln(E) + ;lzzlln X+ ; - (E) —n =0 (5.6)
Substituting Eq. 5.4 to Eq. 5.6:
n%c(#n) [fo]( ) [nx,] - :7'1 =0 (5.7)
i=1 i=1 I’l|:

[1xi ”
i=1

Therefore, the estimation of the scale parameter b and the
shape parameter c is reached. The scale parameter b is estimated
to be 748.4289 and the shape parameter c is estimated to be
15.7742.

The fractal parameter needs to be evaluated chosen by
the fitting results. The density function of the fWd with
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different fractal parameters are depicted in Figure 6 as well as
the actual power load density function. The criterions of
goodness of fitting (GoF) are the sum of squared error (SSE)
and the root mean square error (RMSE) [23]. The formulas
are listed below. For both criterions, the smaller value means
better fitting results.

RMSE = %Z(pi - i) (5.8)
i=1
SSE = Z(p,- - fi)? (5.9)

The calculations of the SSE and RMSE are listed in Table 1.
The density function of fWd with zero fractal parameter is
Weibull distribution. As we can see from Table 1, the delta
value of 0.05 is chosen in the end because both the values of SSE
and RMSE are the smallest.

After the parameter estimation and the experiment, the
power load is fitted with the fractional Weibull distribution in
Figure 7.

5.2 The construction of the fWp

On the purpose of generating the fWp conveying the
stochasticity of the stochastic time series, the other parameters
in the fWp need to be calculated.

The step length Aof the modeling can set to be 1kWh
because the power load data are all positive integers. The
maximum value of the power load concerned in the research
is 900 kWh. Therefore, the maximum value of the argument i,
which is i*, can be calculated:

max X

i =maxi= [ ] =900 (5.10)
where xis the value of the power load series for research
and the square bracket represents the integer valued
function.

Therefore, the fWp with the stochasticity of the time series is

depicted in Figure 8.

5.3 The simulated path for the random
walk of the fWp

After the construction of the fWp, the corresponding random
walk path can be simulated. As depicted in Figure 9, the particle
in the random walk starts from the origin. At each of the
iteration, the jump direction is random and the jump length
follows the fWd with parameters estimated from the actual data.
The simulation path of the random walk expands the dimension
of the fWp to a planar space with the same stochasticity coming
from the actual data.
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The fractional Weibull fit of the data.
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The random walk characteristics of the fWp.
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6 The potential engineering
applications of the fWp

Wind power generation is very unreliable because it relies
solely on the wind speed. The historical wind speed data can
be used to construct the fWp for representing its stochasticity
and the statistical wind speed prediction model can be
constructed. Once the wind speed variation tendency is
predicted in advance, the wind power generation can be
predicted with accuracy and the power system reliability
can be improved [24].

The power load prediction is very important for the
reliability of the power system. If there is surplus
electricity according to the power load prediction results,
the maintenance of the power facilities can be scheduled. If
the power consumption is difficult to guarantee, the
dispatching of electricity need to be carried out [25].
With the fWp conveying the stochasticity of the power
load, the power load statistical prediction model can be
established the blackouts the high
temperature can be reduced.

and caused by

7 Conclusion

The fWd can be considered to be the generalization of the
Weibull distribution with a non-zero fractal parameter. In this
paper, the definition of the fWp is provided and the algorithm
of realization is derived. In order to facilitate the future
research, the self-similarity and LRD are proven. The actual
time series is employed for the simulation of the fWp. The
random walk characteristics for the fWp is analyzed in the
planar space. The future research can focus on the prediction
model for the potential engineering application areas of
the fWp.
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