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In order to draw a high-quality single-bounce capillary (SBC) to meet various
applications, there is an increasing demand for detailed simulations of the SBC. In
this study, a code based on the ray-tracing method was developed to simulate SBCs in
detail for various X-ray sources to optimize their performances by considering factors
such as attenuation of X-rays, coating, X-ray source characteristics (spot-size,
distribution of energy, and intensity), surface shape errors, centerline errors, surface
roughness, and absorption edges of X-rays. This code has monochrome and
polychrome modes which were usually used to simulate the monoenergetic and
polyenergetic performances of the SBC.
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1 INTRODUCTION

The capillary X-ray optics works on total external reflection. When the grazing incidence angle of
X-rays is less than the critical angle of total reflection θc, X-rays can be transmitted on the inner
surface of the wall of the capillary. This critical angle θc depends on the refraction attenuation of the
reflective material, and it can be described as follows:

θc �
��
2δ

√
, (1)

where δ is the real part of X-ray reflection n.
According to the number of capillaries, capillary X-ray optics is divided into poly-

capillary and mono-capillary X-ray optics. The poly-capillary X-ray optics is drawn from
tens of thousands to hundreds of thousands of hollow glass fibers, and each capillary points to
the same focal spot, as shown in Figure 1A. Generally, the focal spot size is in the range of tens
of microns to hundreds of microns, and the gain in power density can reach the order of 103 [1,
2]. The poly-capillary X-ray optics has been widely used in X-ray fluorescence
(XRF) [3], X-ray diffraction (XRD) [4, 5], and X-ray absorption fine structure spectroscopy
(XAFS) [6].

The mono-capillary X-ray optics drawn by a hollow glass tube can be divided into the multi-
bounce capillary (MBC) and single-bounce capillary (SBC) based on the number of total
reflections of X-rays on its inner surface. The MBC is often made into tapered surface
which is easier to manufacture than the SBC (e.g., parabolic and ellipsoidal capillaries), as
shown in Figure 1B. However, the tapered surface capillary has smaller transmission efficiency
due to the multiple reflections of X-rays on its inner wall. Compared with the tapered surface
capillary, the parabolic and ellipsoidal capillaries can obtain a transmission efficiency larger than
95% by a single X-ray reflection [7], as shown in Figures 1C, D. In addition, the SBC has the
advantages of long working distance and controllable divergence, and it is suitable for a larger
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variety of X-ray microbeam experiments such as X-ray
crystallographic analysis [7], X-ray fluorescence imaging [8],
and full-field transmission X-ray microscopy [9].

In practice, SBCs typically have centerline and surface
shape errors. The centerline errors are the deviations of the
actual centerline of the SBC from the theoretical centerline.
Also, the surface shape errors are the deviations of the actual
surface shape of the SBC from the theoretical surface shape. To
draw a high-quality SBC to meet an application, the SBC
should be designed specifically, and its various parameters,
such as focal spot size, transmission efficiency, working
distance, and divergence, should be optimized according to
the special requirement of the application. There are some
programs for simulating the SBC [10–12]; however, such
programs cannot simulate the properties of an SBC with
centerline and surface shape errors, and the attenuation of

X-rays and X-ray source characteristics is not considered in
their simulations. Therefore, a more detailed code should be
designed to simulate the properties of an SBC.

In this study, a code based on the ray-tracing method was
developed to simulate the SBC for various X-ray sources (e.g.,
synchrotron radiation source, laboratory source, and secondary
X-ray source with focusing optical devices) by considering factors
such as attenuation of X-rays, coating, X-ray source
characteristics (spot-size, distribution of energy, and intensity),
surface shape errors, centerline errors, surface roughness, and
absorption edges of X-rays. To adapt to different applications,
two working modes were designed. One was a monochrome
mode which was usually used to simulate the mono-energetic
performances of the SBC, and the other was a polychrome mode
for simulating the polyenergetic performances by importing a
primary spectrum of the X-ray source into the model.

FIGURE 1 | Sketches of capillary X-ray optics focusing X-rays. (A) is poly-capillary X-ray optics. (B), (C), and (D) are tapered, ellipsoidal, and parabolic capillaries,
respectively.

FIGURE 2 | X-ray reflection on a smooth surface.
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2 X-RAY TRANSMISSION THEORY

The smooth surface can totally reflect X-rays with a grazing
incidence angle that is smaller than the critical angle θc for total
external reflection (Figure 2).

For X-rays, the index of refraction can be written as follows:

n � 1 − δ − βi, (2)
where the real part δ is related to X-ray reflection and the
imaginary part β has relations with X-ray absorption.

Relations between the reflectivity R and the incident angle θ
can be given by the continuity conditions of the electric and
magnetic fields at the interface [13]. The reflectivity R can be
described as follows:

R � h − (θ/θc �������
2(h − 1)√ )

h + (θ/θc �������
2(h − 1)√ ), (3)

where

h � ( θ

θc
)2

+ {[( θ

θc
)2

− 1]
2

+ (β
δ
)2}

1
2

. (4)

The inner wall of the SBC is not completely smooth, and the
corrected reflectivity Rc by the roughness can be given by [14].

Rc � R · exp( − (4πσ sin θ)2
λ2

), (5)

where λ (nm) is the wavelength of incident X-rays and σ (nm) is
the standard deviation of roughness.

Because of the photoelectric interaction, Rayleigh scattering,
Compton scattering, and pair production (energy≥1.02 MeV, this
effect can be neglected for SBC simulation), the intensity of
X-rays passing through the air attenuates. When an X-ray
beam with intensity I0 propagates in the air, the intensity I of
the X-rays transmitted along a length t in the air can be expressed
as follows:

I � I0e
−μt, (6)

where μ is the linear attenuation coefficient of the air.

3 SIMULATION MODEL

The code is built using MATLAB software. The simulation
process is shown in Figure 3. First, the number N of X-ray
beams emitted to the SBC was set. Then, the position coordinates,
direction vectors, and the energy of the incident X-rays could be
sampled. Finally, a series of ray-tracing processes were carried
out. Since the ray-tracing method is a commonly used X-ray
optical simulation method, it will not be repeated. The detailed
description is given in reference [10].

FIGURE 3 | Flow chart for simulating the SBC.

FIGURE 4 | Schematic diagram of X-rays incident on the SBC. (A)
X-rays from the point source are incident on the SBC. (B) X-rays from the
planar source are incident on the SBC.
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This simulation model has two types of X-ray simulation
sources: point and planar X-ray sources (Figure 4). The planar
X-ray source is more in accordance with the actual X-ray source
than the point X-ray source. Therefore, elliptical and rectangular
planar X-ray sources were provided to meet different simulation
requirements. The model can utilize both uniform and Gaussian
X-ray intensity distributions.

This simulation model has two modes: monochromatic and
polychromatic. In the monochromatic mode, the mono-energetic
performances of the SBC were simulated. Compared with the
monochromatic mode, the primary spectrum of the X-ray source
could be imported into the model to simulate the X-ray
transmission in the polychromatic mode. In order to obtain
the reflected energy spectrum, the primary spectrum was
converted into a probability density distribution of energy E,
as shown in Figure 5. The distribution law of the discrete random
variable E can be given below:

P{E � xk} � pk, k � 1, 2,/, (7)
where xk is a possible value of E.

pk ≥ 0, k � 1, 2,/. (8)

∑
k

pk � 1. (9)

In practice, the centerline error is an important factor affecting
the simulation results of the SBC. The ideal centerline of the SBC
is a straight line along the y-axis; however, the actual centerline is
a three-dimensional space curve, as shown in Figure 6. We
assume that A(0, y0, 0) is the first centerline data point at the
entrance of the SBC and the centerline offsets along the x-axis and
z-axis are cx(y) and cz(y), respectively. Therefore, the centerline
errors of the SBC can be expressed as �C(y)� cx(y) · �x + cz(y) · �z.
Due to the complexity of the perturbation of the surface shape of
the SBC, we simplified the expression of surface shape errors and
assumed that the cross-section of the SBC at the coordinate y
could be expressed as follows:

(x − cx(y))2
(a + sx(y)2) +

(z − cz(y))2
(a + sz(y)2) � 1, (10)

where a was the semi-axis of the ideal ellipsoid in the x- and z-axis
directions.

Surface shape errors can be given by
�S(y)� sx(y) · �x + sz(y) · �z. In order to simplify the calculation
process, the centerline and surface shape perturbation of the SBC
can be fit by polynomial functions
f(y) � anyn + an−1y(n−1) +/ + a2y2 + a1y + a0. Then, the

FIGURE 5 | Probability density distribution of the X-ray source. Probability density distribution converted from the primary spectrum of the X-ray source.

FIGURE 6 | Schematic diagram of the SBC with centerline and surface
shape errors.

TABLE 1 | Parameters of the simulation X-ray sources.

X-ray source parameter S1 S2 S3

Type of planar source Elliptic Elliptic Circular
Spot size (mm) 0.50 × 2.00 0.50 × 4.00 0.05 × 0.05
Intensity distribution Gaussian Gaussian Gaussian
Energy distribution Monoenergetic Monoenergetic W-target
Energy range 0.1–1 keV 5–20 keV 5–120 keV
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model of the ellipsoid capillary with centerline and surface shape
errors can be expressed as follows:

(x − cx(y))2
(a + sx(y))2 +

(y)2
b2

+ (z − cz(y))2
(a + sz(y))2 � 1, (11)

where b is the semi-axis of the ideal ellipsoid in the y-axis
direction.

The model of the parabolic capillary with centerline and
surface shape errors is built as follows:

(x − cx(y))2
(a + sx(y))2 +

(z − cz(y))2
(a + sz(y))2 � y + d, (12)

where d is any real number.

4 SIMULATION

To verify the validity of the code, SBCs for three different X-ray
sources were simulated by using polychromatic and
monochromatic modes. We studied such parameters of the
SBCs, that is, transmission efficiency, focal spot size, and
divergence. The transmission efficiency η of X-rays through
the SBC can be defined as follows:

η � Iout
Iin

, (13)

where Iin is the beam flux entering the SBC with a beam stop
(Figures 1C, D) and Iout is the beam flux emitted from the outlet
of the SBC.

The parameters of the simulation X-ray sources are presented
in Table 1. Sources S1 and S2 are synchrotron X-ray sources with
focusing optical devices, and S3 is a W-target laboratory X-ray
source.

The design parameters of SBCs are shown in Table 2. The El1
is an ellipsoid capillary used for the synchrotron radiation soft
X-ray source S1, and Pa1 is a parabolic capillary for the
synchrotron radiation hard X-ray source S2 with a quasi-
parallel beam. The laboratory X-ray source has relatively less
beam flux than synchrotron radiation sources. The coated SBC
has a large solid angle for receiving incident X-rays than the
uncoated SBC, which improves the beam flux at the focal spot. El2
is an Ir-coated ellipsoidal capillary for the W-target laboratory
X-ray source S3, with an energy range of 5–120 keV.

5 RESULTS AND DISCUSSION

The simulated far-field image of the ellipsoid capillary El1 is
presented in Figure 7. The distortion of the focusing ring is
related to the centerline and the surface shape errors. If the
focusing ring of the SBC has larger distortion, the SBC is of low
quality and its parameters (transmission efficiency, focal spot size,
and divergence) will have a large deviation from the theoretical
design parameters.

The divergence angle and focal spot size of SBCs are shown in
Table 3. The focal spot size was obtained by fitting the simulated

TABLE 2 | Design parameters of SBCs.

Design parameter El1 Pa1 El2

Semi-major axis b (mm) 300.00 - 260.00
Semi-minor axis a (mm) 3.00 - 0.30
Semi-latus rectum (p) - 0.00022 -
Length (mm) 59.24 100 51.00
Input focal distance (mm) 523.59 34000 381.87
Working distance (mm) 17.14 50 88.03
Input diameter (mm) 4.00 0.5138 0.53
Output diameter (mm) 2.00 0.2966 0.45
Cut-off energy (keV) 1 20 60
Coating material - - Ir

FIGURE 7 | Simulated far-field image of the ellipsoid capillary El1. The
two red circles represent the inner and outer boundaries of the ideal
focusing ring. The two white irregular circles represent the inner and outer
boundaries of the ideal focusing ring with the centerline and the
surface shape errors.

TABLE 3 | Divergence angle and focal spot size of SBCs.

Parameter The types of SBC

El1 Pa1 El2

Minimum divergence angle (mrad) 53.21 3.50 3.78
Maximum divergence angle (mrad) 116.78 6.05 5.13
Focal spot size (μm) 30.01 ± 1.50 2.66 ± 0.51 11.98 ± 0.60
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FIGURE 8 | Evolution of the focal spot size with the distance to the focal spot. (A) and (C) are the ellipsoid capillaries El1 and El2, respectively. (B) is the parabolic
capillary Pa1.

FIGURE 9 | Energy dependence of the transmission efficiency. (A) and (B) are the transmission efficiency curves of the ellipsoid capillary El1 and parabolic capillary
Pa1, respectively.
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focal spot data with a Gaussian function, and it is the full width at
half maximum (FHWM) of the Gaussian fitting function. The
synchrotron radiation hard X-ray source S2 has high collimation
properties so that the focal spot size of the parabolic capillary Pa1
is smaller than that of the other two SBCs. Due to the large critical
total reflection angle θc of soft X-rays, the SBC used for soft
X-rays usually has large acceptance and divergence angles.
Therefore, the divergence angles of the ellipsoid capillary El1
are much larger than those of the other two SBCs.

Figure 8 shows the evolution of the focal spot size with the
distance to the focal spot. When the incident X-ray energy is less
than the cut-off energy, the focal spot characteristics are energy-
independent [15]. Therefore, it was only necessary to study the
focal spot characteristics of a certain energy. As shown in
Figure 8A, the X-ray beams exited from the ellipsoid capillary
El1 were first focused to a minimum focal spot size, and then they
were rapidly defocused so that the ellipsoid capillary El1 had a
shorter focal depth. The non-strictly parallel incident X-rays
resulted in an asymmetry in a focal spot size of the parabolic
capillary Pa1 between 0.0 and 1.0 mm and 0.0 and 1.0 mm, as
shown in Figure 8B.

Figure 9 shows the energy dependence of the transmission
efficiency for the ellipsoid capillary El1 and parabolic capillary
Pa1. Since the SBC is usually made of borosilicate glass with a
large amount of oxygen, X-rays at the absorption edge of oxygen
are strongly absorbed, which can lead to lower transmission
efficiency of the ellipsoid capillary El1 at an energy of
0.543 keV, as shown in Figure 9A. The transmission efficiency
of the parabolic capillary Pa1 was greater than 95% in the energy
range of 5–20 keV, as shown in Figure 9B. Therefore, it is
necessary to consider the absorption edge effect in the
simulation of the SBC for soft X-rays.

Figure 10 shows normalized spectrums of the reflected X-rays
of the ellipsoid capillary El2. We compared the polyenergetic
performances of the Ir-coated ellipsoid capillary and uncoated
ones for the W-target laboratory X-ray source S3. The
transmission efficiency of the uncoated ellipsoid capillary El2
rapidly decreased to zero at the energy of 20 keV. The critical
angle of total reflection θc of the Ir-coated capillary was increased
by 1.77 times. Hence, in the energy range greater than 20 keV, the
transmission efficiency of the Ir-coated ellipsoid capillary El2 had
a significant increase compared to that of the uncoated ones. In
addition, when the energy is greater than 60 keV, the incident
angle of the Ir-coated capillary was smaller than the critical angle
of total reflection θc, which leads to the transmission efficiency
decreasing to zero quickly. Therefore, the coating could enhance
the performance of the SBC to reflect high-energy X-rays.

6 CONCLUSION

To meet the rapid development of the SBC, a code for various
types of X-ray sources was proposed to optimize their
performance by considering such factors (e.g., attenuation of
X-rays, roughness, coating, X-ray source characteristics, surface
shape error, centerline error, surface roughness, and absorption
edges of X-ray). Also, we have given two different modes:
monochrome and polychrome modes. The monochromatic
mode is usually used for the simulation of the SBC of the
synchrotron radiation source. For the polychrome mode, the
primary spectrum of the practical X-ray source can be imported
into the program to simulate the SBC parameters, which is more
in accordance with reality. In addition, the reflected energy
spectrum can be obtained in the polychromatic mode, which

FIGURE 10 | Normalized spectrums of the reflected X-rays of the ellipsoid capillary El2. The gray curve is the W-target primary normalized spectrum. The red and
blue curves are the normalized reflected energy spectrums of the uncoated and Ir-coated ellipsoid capillaries, respectively.
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can help scientists design the SBC that is most suitable for their
application.

Although only the ellipsoid and parabolic capillary models are
established in Sec.3, they can be easily extended to other types of
capillaries, such as hyperbolic, double parabolic, and Walter-1.
Relevant investigations on these topics will be carried out in the
near future.
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