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The quantum Hall effect (QHE) associated with Chern insulators reveals the non-trivial topological properties of two-dimensional electronic systems subject to strong magnetic field, which features finite Chern number [image: image] and chiral edge states. The latter promise robust electron transport and have received tremendous attention in both the condensed matter physics and classical systems including photonics and acoustics. In acoustics, circulating air flow has been introduced to create an effective gauge magnetic field, which breaks the time-reversal symmetry and leads to chiral edge states for acoustic waves. While the robust edge states may offer possible routes towards acoustic devices yielding unidirectional sound propagation, e.g., acoustic diodes, the mode density at the interfaces is limited by small Chern numbers of [image: image]. Here, we realize acoustic Chern insulators with large Chern numbers, i.e., [image: image] 1 ([image: image] = 1, 2, 3, 4). The system is based on circulating air flow in a sonic crystal (SC) with fourfold rotational symmetry. The large Chern numbers are obtained by breaking multiple accidental degeneracies at (non-)high-symmetric points. Based on these Chern insulators, acoustic diodes are realized by joining structures of different Chern numbers. Up to eight propagation modes are supported on the interfaces, greatly improving the mode density and hence the propagation efficiency. Our design offers possible routes towards high-efficient and topologically robust acoustic diodes, which may further inspire acoustic non-reciprocal devices based on topological Chern insulators. Experimentally, our proposals can be realized based on angular-momentum-biased resonator arrays.
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INTRODUCTION
The concept of topology has generated great research interest in the last few decades [1–10]. It was first introduced into the field of condensed matter physics to explain many phenomena beyond the scope of the traditional Landau symmetry breaking theory [11], for example, the QHE with broken time-reversal symmetry [12–15] and the quantum spin Hall effect based on spin-orbit coupling [16–19]. Thouless et al. found that band structures of certain materials, determined by the wave vector k in momentum space, have nontrivial topological properties, and materials in different topological phases cannot change smoothly into one another [20]. At their interfaces, topological interface states emerge where the electrons can only propagate at the interfaces and do not enter the bulk [21]. Such interface states exhibit the characteristics of robustness, immunity to defects, and one-way transport, and therefore promise unprecedented applications in dissipationless electronics [22]. Later, the band topology theory was introduced into the fields of photonics and phononics, and quickly became a hot topic in recent years [23–36]. In electronics and photonics, external magnetic fields are applied to break the time-reversal symmetry. However, in acoustics, due to the lack of interactions between sound waves and magnetic fields, breaking the time-reversal symmetry faces considerable challenges. Recently, it was proposed that circulating air flow can act as an equivalent magnetic field for sound and therefore provides an effective technique to break the time-reversal symmetry in acoustics [37]. By using this technique, acoustic Chen insulators are realized, as an analogy of the QHE, supporting robust and unidirectional interface states for sound [27, 28, 30, 31].
The Chern number (denoted as [image: image]), a type of topological invariants, is often used to describe the topological properties of the QHE systems [38, 39]. When the Chern number is non-zero, the system is topologically nontrivial and can be referred to as a Chern insulator. The value of the Chen number determines the number of the one-way edge modes. In the previous studies for QHE, the Chern number has been limited to [image: image] 1, while realizing large Chern numbers has many practical meanings, such as increasing the mode density to reduce the contact resistance of circuit interconnections and to improve the coupling efficiency, in a similar way as reducing the potential for traffic congestion by expanding the roadways. In acoustics, similar properties are required for unidirectional sound control with large mode density and high efficiency. However, Chern insulators with Chern number lager than one were only discussed in electronic materials [40–45] and photonic crystals [46–48]. In acoustics, such an advance has been absent.
In this work, we realize acoustic Chern insulators with large Chern numbers up to four in a SC with circulating air flow. Our system has a fourfold rotational symmetry. Such a reduced symmetry from the previously adopted [image: image] symmetry of the graphene-like honeycomb lattices [28] offers a more efficient way to construct multiple linear (Dirac) and quadratic degeneracies. By applying air flow, these degeneracies can be simultaneously lifted, leading to band gaps with large Chern numbers. By tuning the geometric parameters, we realize multiple Chern insulators with [image: image] 1 ([image: image] 2, 3, 4). Based on these Chern insulators, acoustic diodes with large mode density are realized by joining structures of different Chern numbers, forming a diode network, where up to eight unidirectional sound “roadways” are obtained for each diode channel.
DESIGNS AND RESULTS
Acoustic Chern Insulators With Circulating Air Flow
The proposed SC is schematically shown in Figure 1A. Each unit cell with a lattice constant [image: image] consists of a rigid cylinder of radius [image: image] at its center. A ring cavity of [image: image] is filled with an anticlockwise circulating air flow and outside the cavity (i.e., [image: image]) is the stationary air. The ring cavity and the outside region are separated by a thin impedance-matched layer at radius [image: image]. This layer has two functions. One is to avoid the interaction between fluids in different regions, and the other is to guarantee full sound transmission from the cavity to the outside region and vice versa [30].
[image: Figure 1]FIGURE 1 | An acoustic Chern insulator with [image: image] = 1. (A) Schematics of the proposed SC with [image: image] symmetry. The anticlockwise air flow is depicted by red arrows in each unit cell. The inset in the lower right corner is the first Brillion zone (BZ). Geometric parameters for the SC are also listed. (B) Bulk band structure of the SC without air flow, showing one quadratic degeneracy at the M point (marked by a red triangle). (C) The same as (B), only with a non-zero anticlockwise air flow ([image: image] m/s). The quadratic degeneracy is lifted and a full band gap is opened ranging from 982.5 to 997.75 Hz, as indicated by the grey shading. (D) Projected band structure of a ribbon supercell of the SC enclosed in the lower and upper directions by rigid boundaries. (E) Pressure field distributions of the lower and upper edge modes at 996.7 Hz, corresponding to those marked in (D). Note that for the sake of clarity, only partial of the supercell is presented. The red and blue arrows indicate the opposite directions of the energy flow for these two edge modes. (F) The intensity field distributions of the one-way edge modes excited at 996.7 Hz by a point source. The red star indicates the position of the source and the red arrows indicate the propagation direction. (G) The same as (F), only with local perturbations deliberately introduced on the edges (as highlighted by the red dashed boxes).
As discussed above, in electronics and photonics, external magnetic fields break the time-reversal symmetry, while in acoustics, circulating air flow acts as an equivalent magnetic field to break the time-reversal symmetry for sound, which leads to band gaps of non-zero Chern numbers. To see this, we first present in Figure 1B the band structure of the SC in Figure 1A (here, we refer to it as SC1), without air flow. A quadratic degeneracy is observed at the high symmetric point M (marked by a red triangle), which, upon introducing the air flow with a velocity of [image: image] m/s, is lifted and a full band gap is opened, as shown by the grey shading in Figure 1C. This gap carries a Chern number of [image: image] = 1 (as will be further discussed later). The non-zero Chern number promises robust one-way edge states at interfaces between materials of different topological phases, i.e., materials with different Chern numbers. As shown in Figure 1D, the projected band structures of a ribbon supercell of SC1 consisting of [image: image] unit cells are presented. The upper and lower boundaries of the supercell are enclosed by hard boundaries which can be considered as topologically trivial with [image: image] = 0. It can be seen from the figure that two dispersion curves emerge in the band gap, connecting the lower and upper bulk states. These dispersion curves correspond to the one-way edge states, which counter-propagate at the bottom (blue) and upper (red) boundaries, as exemplified by the pressure field distributions for two marked modes (Figure 1E).
A smoking-gun feature of the edge states in QHE systems is their unidirectionality and topologically protection. In Figure 1F, we conduct simulations on the propagation of the edge states in a finite structure made of [image: image] SC1 unit cells, which are enclosed by hard boundaries in the lower, upper and right directions while the left boundary is imposed by an absorbing boundary. The excitation is launched by a point source at the center of the lower boundary (denoted by the red star) with a frequency of 996.7 Hz (the same frequency as the marked eigen-states in Figure 1D). It is seen that despite the central position, the point source only excites the rightward edge states, which travel anticlockwise, consistent with the unidirectionality identified in Figures 1D,E. To further see the robustness of the one-way edge states, some local perturbations, including defects with several missing cells and disorders of reversed air flow, are deliberately introduced on the propagation route of the edge states. Surprisingly, it is shown that the edge states can go around these perturbations, as well as the sharp bends of [image: image], and maintain their propagation without backscattering (Figure 1G).
Multiple Degeneracies at Non-High-Symmetric Points and Large Chern Numbers
The calculation of Chern numbers relies on the integration of Berry curvature over the entire BZ and has been a well-developed technique in studying the QHE systems [49–51]. Here, instead of conducting such a calculation, we can obtain the Chern numbers for each acoustic band gap intuitively from the bulk band structures. Specifically, for the linear degeneracies (i.e., the Dirac points), each of the two upper and lower bands connecting a pair of Dirac points can acquire a non-zero quantized Berry flux when gapped by breaking the time-reversal symmetry, i.e., one Dirac point contributes a [image: image] Berry flux and a pair sums to [image: image] [38, 47]. A [image: image] Berry flux change across the band gap indicates a Chern number of [image: image]. This means when [image: image] ([image: image]) pairs of Dirac degeneracies are gapped by the circulating air flow, the Chern numbers of the target gap is [image: image] or [image: image], depending on the air flow direction (an anticlockwise air flow induces positive Chern numbers while the clockwise air flow induces negative Chern numbers). For the quadratic degeneracies, since each quadratic point consists of two Dirac points [52], it singly contributes a Chern number of [image: image]. Take the example in Figures 1B,C, where a quadratic point at the high-symmetric point M (at the BZ corner) is gapped by the air flow. Considering its distribution over the entire BZ, four [image: image]-quadratic points count to one complete quadratic point, giving rise to [image: image] = 1 for anticlockwise air flow and [image: image] for clockwise air flow.
From above analyses, it is seen that in order to obtain large Chern numbers, a straightforward way is to construct as many degenerate points as possible. In the following, we demonstrate that this can be realized in our system by tuning the geometric parameters, which can help to construct degenerate points not only at high-symmetric points but also at non-high-symmetric points. In Figure 2, we show the Chern insulator with [image: image]. The SC (referred to in the following as SC2) still has the same design as that in Figure 1A, only the geometric parameters are slightly changed. As a result, a linear Dirac point on the XM line is formed, as shown in Figure 2A where the Dirac point is marked by a red circle. After introducing air flow, this degeneracy is lifted and a full band gap is opened (Figure 2B). Applying the rule that we discussed above, eight [image: image]-Dirac points on the BZ boundary count to four complete Dirac points, suggesting a Chern number of [image: image]. The projected band structures for a ribbon supercell enclosed in the lower and upper directions by rigid walls indeed provide evidence. As shown in Figure 2C, there are two pairs of edge states emerging in the band gap, with each corresponding to the lower or upper edge. The mode profiles of the pressure field distributions in Figure 2D further show that one of the two pairs is localized on the lower boundary with an energy flow in the forward direction while the other pair is localized on the upper boundary with an energy flow in the backward direction, consistent with the predictions.
[image: Figure 2]FIGURE 2 | Band structures and one-way edge modes in SC2 with [image: image]. SC2 has the same design as SC1, only that the geometric parameters are slightly changed (as listed in the figure). (A,B) Bulk band structures of the SC2 with and without air flow. The red circle marks a Dirac point on the XM line. The grey region indicates the band gap for SC2, ranging from 994.25 to 997.5 Hz. (C) Projected band structure of a ribbon supercell of SC2 enclosed in the lower and upper directions by rigid boundaries. (D) Mode profiles for the eigen-states marked in (C) at 996.7 Hz. (E) The intensity field distributions of the one-way edge modes for [image: image] excited at 996.7 Hz. (F) The same as (E), only with local perturbations. (G,H) Edge modes propagation in structures joined by SC1 with [image: image] and SC2 with [image: image].
We also conduct simulations to verify the one-way propagation for the edge states and their robustness against local perturbations. As shown in Figure 2E, a finite structure made of SC2 with [image: image] unit cells and enclosed by rigid walls is constructed where a point source is placed at the center of the lower boundary. The excitation is launched at 996.7 Hz. Similar as the edge states for [image: image], only the rightward propagation is excited, indicating the unidirectional properties. Differently, in this structure, due to the increased Chern number, each edge supports two edge modes with a broader “roadway” than that in Figure 1F. This can be seen from the apparently widened mode profiles in the perpendicular (to the propagation direction) direction. Further simulations on the edge state propagation with the presence of local perturbations also confirm that the edge modes for [image: image] are robust (Figure 2F).
As mentioned above, the number of edge states on an interface made of different materials is determined by the difference between their Chern numbers. This, combined with the unidirectionality, suggests by joining different Chern insulators, the edge modes can be effectively controlled for how many edge modes can be supported and which direction the edge modes propagate. For example, when we join a Chern insulator with [image: image] to the one with [image: image], at their interface, there will be [image: image] edge mode. Depending on different joining directions, the edge mode also propagates in different directions. As shown in Figures 2G,H, where two Chern insulators with [image: image] and 2 are glued respectively in the y-direction and in the x-direction, they present interesting propagation behaviors. When the gluing is in the y-direction (Figure 2G), a point source from the upper-left port-entrance launches downward edge modes carrying two sound channels. Upon reaching to the gluing interface, these two channels are split into two directions, with one continuous in the downward direction while the other propagating in the rightward direction. When the gluing is in the x-direction (Figure 2H), signals from the lower-left port-entrance initially travel in the two rightward “roadways” and after a distance, they partially continue travelling rightward with the rest split into the upward “roadway”.
The above results demonstrate that using insulators with large Chern numbers, versatile unidirectional sound control can be realized, which motivates us to search for even larger Chern numbers. In the following, we report the realization of Chern insulators of [image: image] (referred to as SC3) and [image: image] (referred to as SC4). Figure 3A presents the bulk band structure for SC3 without air flow, showing a quadratic point (red triangle) at the high symmetric point M and a linear Dirac point (red circle) on the M [image: image] line, which are simultaneously gapped upon introduction of air flow (Figure 3B). According to the rule to determine the Chern number, these degenerate points lead to [image: image]. The projected band structures for the ribbon supercell in Figure 3C and the corresponding mode profiles in Figure 3D indicate that indeed a Chern insulator with three edge states on each boundary is realized. In Figures 3E–H, similar studies as that in Figures 3A–D are conducted, only the geometric parameters are again modulated, giving rise to two Dirac points (red circles in Figure 3E) at the BZ boundaries, which contribute a Chern number of [image: image] in SC4. The projected band structures for the ribbon supercell and the associated mode profiles verify the existence of four one-way edge modes on each boundary in this type of Chern insulator.
[image: Figure 3]FIGURE 3 | Band structures and one-way edge modes in SC3 with [image: image] and SC4 with [image: image]. (A–D) Respectively the bulk band structures for SC3 without air flow, with air flow, the projected band structure of the ribbon supercell and the associated mode profiles of the one-way edge modes. The geometric parameters for SC3 are listed in (A). (E–H) The same as that in (A–D), only for SC4 with [image: image]. The geometric parameters of SC4 are listed in (E). All marked edge modes are at 996.7 Hz.
Here, we briefly discuss the non-Hermitian properties in the systems with circulating air flow. In general, there are two sources that can introduce non-Hermiticity into the system. One is the viscous dissipation induced by the friction between the acoustic waves and the high-speed circulating air flow. The other comes from the energy exchange between the system and the environment that drives the circulating motions [53]. In our studies, we neglect the viscous dissipation for simplicity (which essentially is another form of energy exchange, i.e., that of sound and heat). For the latter source, the aerodynamics is adopted to characterize the energy exchange, which is implemented by the Aeroacoustics module in the commercial finite element software COMSOL. We find that the one-way edge states exhibit interesting behaviors. It is shown that the edge-state bands can be folded and consequently the edge states within the same band can have two opposite propagation directions (Figure 3C). Such a band folding, according to Ref. [53], is resulted from the anti-resonances induced by the circulating air flow. This phenomenon becomes especially visible when the filling fraction of the air flow gets larger and the edge states can be folded more than once, as shown in Figure 3G. These results offer an interesting perspective on active non-Hermiticity (i.e., non-Hermiticity induced by sources, external fields, external motions, etc.,) and its possible novel phenomena, yielding further explorations.
Acoustic Diodes Created by Joining Structures of Different Chern Numbers
As discussed above, the sign of [image: image] can be changed when the air flow is reversed. This means with our designs, there are up to eight types of Chern insulators with [image: image], where the four positive numbers are enabled by the anticlockwise air flow while the four negative numbers are induced by the clockwise air flow. By joining these Chern insulators, we realize an acoustic diode network containing multiple interface channels and ports that support various types of “roadways” with different “lanes”. As schematically illustrated in Figures 4A,B, the diode network consists of a Sudoku-like structure with the outer eight sections filled with the Chern insulators with [image: image] while the center section is a rigid void offering rigid walls for the outer sections (the rigid walls are highlighted by the thick red lines). The number labeled in each section represents the corresponding Chern number and the green numbers on the interfaces indicate the “lane” numbers. Eight output ports are created, which provide versatile unidirectionalities with different channel directions and up to 8 “lanes” (as indicated by the diode nodes and the red thick numbers labeled in each diode).
[image: Figure 4]FIGURE 4 | Acoustic diode networks constructed by joining structures of different [image: image]. (A,B) Schematics of the acoustic diode networks. Numbers in black indicate the Chern number for each Sudoku section and the green numbers illustrate the number of edge modes in each channel. Black arrows depict the unidirectionality for the sound propagation. Thick red lines represent rigid walls while the rest boundaries are imposed by absorbing boundaries. The output ports are marked by the diode icons with the red thick numbers inside them indicating how many modes are outputted from the corresponding port. (C,D) Acoustic intensity field distributions for point source excitations in the diode networks shown in (A,B). The source locations are marked by red stars and the excitation frequency is chosen as 996.25 Hz (E,F) The same as (C,D), only that the excitations are launched by two outside-coming signals (indicated by red stars).
To visualize how this diode network works, we conduct excitation simulations. In Figure 4C, a point source is placed at the interface between [image: image] and [image: image] (indicated by a red star), which excites both leftward and rightward edge modes. The leftward one directly goes to the Port 1 while the energy carried by the rightward edge mode splits into two directions upon reaching to the interface between [image: image] and [image: image], with a substantial amount of energy flowing into the downward output channel (to Port 3) as it supports three edge modes and can carry more energy. The upward energy continuously flows, eventually going out from Port 5 when reaching to the interface between [image: image] and [image: image] and from Port 7 when reaching to the interface between [image: image] and [image: image]. When we reverse the air flow direction, on the other hand, different functions can be obtained. As shown in Figure 4D, the point source is located at the lower-right corner of the section with [image: image]. Its excitation now travels upwards and sends substantial amount of energy into the output channel of Port 8 which carries 8 “lanes” and is a considerably wide “roadway” for energy flowing. The rest energy is split into the rightward direction and successively goes out from Port 6, Port 4 and Port 2.
In addition to the excitations from a point source inside the network, these eight unidirectional sound channels can be launched from outside signals. As shown in Figures 4E,F, the input signals from the bottom of the [image: image] interface (Figure 4E) and from the top of the [image: image] interface (Figure 4F) also excite similar unidirectional one-way edge modes as that in Figures 4C,D, which eventually also go out from the Port 1 to Port 8. By further controlling the input signals, we can also turn off certain output ports. For example, if we have an input signal from the right of the [image: image] interface in Figure 4A, the Port 1 will be disabled as no energy is allowed in the left direction due to the unidirectionality. Similarly, if the input signal is from the right of the [image: image] interface in Figure 4B (with reversed air flow), the Port 8 will be disabled. Using similar ways, a flexible topological switch for these unidirectional diodes can be realized.
It should be pointed out that within each port, the multiple one-way edge transport suffers certain mode beating effect, i.e., different modes can crosstalk with each other via interferences. A direct evidence is the change of modal pattern. As shown in Figure 2E, when the launched edge states from the bottom edge go across the lower-right [image: image] bend into the right edge, the modal pattern changes. When the edge states go into the upper edge, the modal pattern changes again. This is different from the single edge state propagation shown in Figure 1F where the modal pattern maintains the same across the bottom, right and upper edges. This beating effect also exists in the acoustic diodes with multiple propagation channels, as shown in Figures 4C–F. This is a common phenomenon when multi-modes are travelling in close proximity to each other [54]. While the mode beating analysis is out the scope of this work, it can be performed using several methods, e.g., interferometry [55], correlation filtering [56] and spectral imaging [57]. By implementing these methods, how each mode in a multiple-modal system contributes to its neighbors in terms of profiles and weights, as well as their relative phases that determine the output focal spots, can be determined.
CONCLUSION AND DISCUSSION
In conclusion, we have realized acoustic Chern insulators with large Chern numbers in SCs based on circulating air flow. We identify a simple rule to obtain large Chern numbers, which relies on the number and type of dispersion degeneracies in the bulk bands. More degenerate points suggest larger Chern number. Based on such a rule, we tune the geometric parameters of our SCs to construct multiple degenerate points, which accordingly give rise to large Chern numbers up to 4. This rule is universal in QHE systems and therefore can guide the designs of large Chern numbers in other systems. By joining structures of different Chern numbers, we design an acoustic diode network, which, further facilitated by controlling air flows, exhibits robust and versatile unidirectionalities with controllable directions and up to 8 flowing “lanes” that can carry great amount of energy due to the high mode density. Our results demonstrate the high potential of Chern insulators with large Chern numbers, which can inspire a wide range of applications in nonreciprocal (integrated) acoustics and photonics, such as diodes, unidirectional sound/light control and directional topological lasing. These results can be experimentally tested in angular-momentum-biased resonator arrays, which recently are found to be experimentally feasible [58].
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