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The nature and origin of electronic nematicity remains a significant challenge in our understanding of the iron-based superconductors. This is particularly evident in the iron chalcogenide, FeSe, where it is currently unclear how the experimentally determined Fermi surface near the M point evolves from having two electron pockets in the tetragonal state, to exhibiting just a single electron pocket in the nematic state. This has posed a major theoretical challenge, which has become known as the missing electron pocket problem of FeSe, and is of central importance if we wish to uncover the secrets behind nematicity and superconductivity in the wider iron-based superconductors. Here, we review the recent experimental work uncovering this nematic Fermi surface of FeSe from both ARPES and STM measurements, as well as current theoretical attempts to explain this missing electron pocket of FeSe, with a particular focus on the emerging importance of incorporating the dxy orbital into theoretical descriptions of the nematic state. Furthermore, we will discuss the consequence this missing electron pocket has on the theoretical understanding of superconductivity in this system and present several remaining open questions and avenues for future research.
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1 INTRODUCTION
One of the reasons for the huge interest in FeSe over the past decade has been the sense that it holds the key to the wider understanding of the whole Fe-based superconductor family [1–3]. With its minimalistic crystal structure and alluringly simple band structure in the tetragonal phase, alongside the prevalence of high-quality single crystals, it seemed like the ideal test bed to examine in detail the themes that were emerging in the field: strong orbital-dependent correlations [4–6], spin fluctuation pairing [7, 8], and most pertinently for this review, the so-called “nematic” phase [9–11], where C4 rotational symmetry is spontaneously broken below 90 K.
Spontaneous breaking of rotational symmetry of the underlying lattice due to electronic correlations, the signature of nematic order, is known to occur via many mechanisms, such as via a high field FFLO state, which has been proposed for various materials including FeSe [12–14]. However, whereas a clear theory for FFLO order exists, the precise microscopic origin of the zero field nematicity in FeSe is still an important open question. Part of the challenging in understanding this nematic state arises due to the formation of antiferromagnetism that often accompanies the onset of the nematic state in many systems, although not FeSe. FeSe is therefore the perfect candidate to uncover the origin of the nematic state, as well as elucidate the effect nematicity has on the superconducting properties of the iron-based superconductors.
The measurement of the momentum-dependence of the superconducting gap in FeSe, between 2016 and 2018, was a particular experimental triumph. The data from both scanning tunneling microscopy (STM) [15] and multiple angle-resolved photoemission spectroscopy (ARPES) measurements [16–20] revealed a clear conclusion: the gap structure is extremely anisotropic, and broadly follows the dyz orbital weight around the Fermi surface. While a twofold-symmetric gap is of course symmetry-allowed in an orthorhombic system, the fact that such a strong anisotropy was observed implied that the nematic state must also induce a profound anistropic effect on the Fermi surface of FeSe. However due to significant uncertainty as to the correct description of the low-temperature electronic structure, multiple theoretical explanations for the anisotropic gap structure were proposed [15, 19, 21–24].
A critical question required to understand this anisotropic superconducting gap is how does the nematic state influence the low temperature Fermi surface and electronic structure of FeSe? Given that we have a second-order phase transition [25], and that the lattice distortion [image: image] is only ∼0.2%, the natural assumption, from an ab-initio perspective [26], would be that nematicity should only weakly distort the established Fermi surface of the high-temperature tetragonal phase, which ARPES measurements have shown contains two hole pockets and two electron pockets [26–33]. Yet ARPES measurements in the nematic state have revealed sizeable band shifts, of the order of 10–50 meV [33], much larger that what would be predicted from ab-initio calculations [26].
Unfortunately, the precise identification of specific parts of the band structure, the nematic energy scales and even the Fermi surface of FeSe has been complicated by the formation of orthorhombic domains upon entering the nematic state. In an orthorhombic crystal, conventional ARPES experiments measure a superposition of two perpendicularly orientated crystallographic domains, which doubles the number of bands observed in the experimental data and creates ambiguity about which bands arise from which domain. For this reason, a recent focal point of research has involved overcoming this technical challenge of orthorhombic domains, for example by applying uniaxial strain [28, 34–40] or using NanoARPES [41] or scanning tunneling microscopy [14, 15, 42, 43]. The conclusion from these measurements have been unanimous, and have revealed that within the nematic state the Fermi surface of FeSe consists of one hole pocket and one electron pocket.
This finding, however, is very surprising and presents a fundamental theoretical conundrum that is at the heart of understanding the nematic and superconducting properties of FeSe. The bands that generate the two electron pockets observed in the tetragonal state form saddle points at the high symmetry M point close to the Fermi level. It is therefore not trivial to deform or shift these saddle points to lift one of these electron pockets away from the Fermi level upon entering the nematic state. This current theoretical challenge has become known as the “missing electron pocket problem” of FeSe and resolving this problem promises deeper insight into the nematic state, and a wider understanding of superconductivity in the iron-based superconductors.
In this review we will overview the recent experimental and theoretical work uncovering the Fermi surface of FeSe in the nematic state and tackling the missing electron pocket problem. In Section 2 we will briefly introduce the experimental electronic structure of FeSe in the tetragonal state, to use as the foundation for understanding the nematic electronic structure. In Section 3 we will discuss the recent experimental data uncovering the electronic structure in the nematic state, in particular focusing on measurements which overcome the technical problems associated with orthorhombic crystals, including ARPES measurements under uniaxial strain, NanoARPES measurements and Scanning tunneling microscopy (STM) measurements. In Section 4 we will review the latest theoretical attempts to resolve this missing electron pocket problem, highlighting the necessity of considering the dxy orbital in the phenomenological description of the nematic state. And in Section 5 we will discuss the consequence the updated Fermi surface has on the understanding of the superconducting properties of FeSe. A summary of the electronic structure and missing electron pocket problem of FeSe is presented in Figure 1.
[image: Figure 1]FIGURE 1 | Summary of the Fermi surface of FeSe and photoemission measurements of a single electron pocket. (A) Crystal structure of FeSe, Fe (black), Se (grey). (B) Sketch of the temperature evolution of the lattice constants in FeSe, as described in Ref. [44], highlighting the evolution from a tetragonal (dark grey surface) to orthorhombic system with differently orientated domains (red and blue striped surface). (C) Sketch of the experimentally determined Fermi surface of FeSe in the tetragonal state and (D) in the nematic state. (E–J) Summary of the Fermi surface of FeSe measured around the M/A point via different photoemission techniques. (E) Measurement in the tetragonal state (100 K, LV hν = 56 eV [32]) showing two electron pockets, (F) ARPES Measurement in the nematic state (10 K, LV, hν = 56 eV [32]) arising from a superposition of two orthorhombic domain orientations (red and blue regions), referred to as a “twinned” measurement. (G,H) ARPES measurement of a detwinned crystal in the nematic state (10 K, hν = 56 eV [34], where tensile strain is applied either along the a or b crystallographic axis and predominately probes a single domain orientation. (I,J) NanoARPES measurement using a photon beamspot of [image: image] μm (30 K, hν = 56 eV [41]) in individual orthorhombic domains.
2 ELECTRONIC STRUCTURE IN THE TETRAGONAL STATE
From both a theoretical and experimental point of view, the electronic structure of the tetragonal state is relatively well understood. Prior to the onset of nematicity at Ts = 90 K, FeSe exhibits tetragonal symmetry with a P4/nmm crystal structure [44]. This structure consists of layers of Fe atoms, in a 2D square lattice configuration, bridged by staggered out-of-plane Se atoms, giving rise to a crystallographic unit cell containing two Fe atoms and two Se atoms. The two Fe atoms are related by a glide-mirror symmetry, which can theoretically half the number of bands and allows for an unfolding to a 1-Fe Brillouin zone used by some authors [45], but here we use the 2-Fe unit cell notation for comparison with ARPES measurements.
The low energy electronic properties are governed by the partially-filled 3dxz, 3dyz and 3dxy orbitals of the two Fe atoms, which in momentum space gives rise to three hole bands around the Γ point and two symmetry-protected saddle point van-Hove singularities around the M point [46] as shown in Figure 2A.
[image: Figure 2]FIGURE 2 | Electronic structure in the tetragonal state of FeSe. (A) Sketch of the low-energy band structure of a typical P4/nmm Fe-based superconductor along the Γ − M (kz = 0) or Z − A (kz = π) high symmetry points. The colours indicate the dominant orbital character of the bands. (B) Fermi surface in the tetragonal state measured at 100 K close to kz = π (hν = 56 eV). (C) Cut along the Z − A direction (equivalent to Γ − M but at kz = π) direction for the hole bands around the Z point for the same photon energy (hν = 56 eV). (D) Cut along the Z − A direction for the electron bands around the A point. Figures adapted from [29, 32].
Of the three hole bands, two exist as a C4 symmetric pair exhibiting predominantly dxz and dyz orbital weight (labelled h1 and h2 in Figure 2A) and the third is dominated by dxy orbital character (h3). h1 and h2 would be energy degenerate at the high symmetry point, however spin orbit coupling lifts this degeneracy [47]. As for the van-Hove singularities around the M point, one is a saddle point connecting bands of majority dxz and dyz weight (vH1) and the other is a saddle point connecting two dxy dominated bands (vH2). This general structure is broadly applicable to all P4/nmm Fe-based superconductors (e.g., Fe(Te,Se,S), LiFeAs, NaFeAs, LaFeAsO), with some modifications for the 122 family due to the I-centering of the lattice.
The experimentally measured Fermi surface of FeSe at 100 K (or more precisely, a map of the experimental spectral function at the chemical potential) at approximately kz = π is shown in Figure 2B, revealing a two-hole pocket and two electron pocket Fermi surface. Measurements around the center of the Brillouin zone show that both h1 and h2 cross the chemical potential at 100 K, as shown in Figure 2C. Their band maximas are separated by ∼20 meV due to spin-orbit coupling [47–49]. At kz = 0 these bands have a maxima at approximately h2 = −13 meV and h1 = + 7 meV [48], and at kz = π (shown in Figure 2C) the bands have maxima of approximately h2 = + 5 meV and h1 = + 30 meV. The second smaller hole pocket of FeSe is thus only present at finite kz, which highlights an important property of this system. Even though FeSe has a “quasi-2D” structure, i.e. the energy shift of the bands as a function of kz is only on the order of 20 meV, this energy scale is actually on the same order of magnitude as the total Fermi energy of this system, and therefore is non-negligible in quantitative descriptions of the physical properties of FeSe. We note in passing that, due to the small Fermi energy of this system, the electronic structure is subject to substantial temperature-dependence of the chemical potential, and the appearance of the “Fermi surface” changes substantially between 100 and 300 K [50], although without any change of the symmetry.
The third dxy hole band, h3, is observed to be much flatter and cross both h1 and h2 at an energy of approximately −50 meV. In most ARPES data sets, this band has a much lower intensity than the h1 and h2 bands, which is a consequence of photoemission-based matrix element effects, which ensures the intensity of photoelectrons originating from dxy states with momentum near |k| = 0 will be suppressed [51]. Nevertheless, h3 can be identified most clearly near where it hybridises with h1 and h2, and thus acquires some dxz and dyz orbital weight as shown in Figure 2C.
Near the corner of the Brillouin zone, both the dxy dominated electron band, connected to vH2, and the dxz/dyz electron band, connecting to vH1, are observed to cross the Fermi level. Here the outer four-fold symmetric electron pocket is dominated by dxy orbital character while the inner pocket is dominated by dxz and dyz orbital weight [52]. As this is a compensated system, the total Fermi volume of these electron pockets should be equal to that of the hole pockets [29].
These two sets of electron bands connect to the saddle points which have an energy of approximately vH1 = − 20 meV and vH2 = − 40 meV at the high symmetry point. The exact position of these stationary points, however, are masked by the presence of self-energy interactions which give rise to a broadening of the electronic states around the M point. This broadening is also captured in theoretical simulations involving spin and charge fluctuations [53].
The ARPES data presented in Figure 2 is taken from our own works [29, 32], however multiple data sets are available in the literature and are all consistent with the interpretation presented here [26–28, 30, 33, 54]. Indeed, the electronic structure must be constrained by the symmetry based arguments of Figure 2A [46, 52, 55] and each of the bands observed in the measurements can be mapped to corresponding bands calculated from ab-initio techniques such as density functional theory (DFT) [26, 29, 52] of the paramagnetic tetragonal phase.
There are, however, serious quantitative issues with DFT-based calculations, which severely limit its use in describing the low energy properties of FeSe. First, DFT-based calculations overestimate the bandwidth of the Fe 3d-bands by a factor of ∼3 [29, 56]. This is a generic finding across all Fe-based superconductors [57], and derives from the fact that electronic correlations are inadequately treated in DFT. It has been often argued that the correlation effects are orbital-dependent and particularly strong for the dxy orbital [29, 57, 58]. More advanced theoretical simulations, such as DFT + DMFT [59] and QSGW + DMFT [53], have had some success in capturing the global electronic structure on the eV scale [59, 60], finding strongly incoherent spectral weight at 1–3 eV below EF and sharp quasiparticles only in the near vicinity of EF. However ab-initio efforts still usually overestimate the size of the hole and electron Fermi surfaces, which are much smaller in experiment [29, 59]. Most DFT-based simulations additionally predict that the dxy hole band also crosses the Fermi level, suggesting a three hole pocket and two electron pocket Fermi surface [29, 52]. Finally, typical DFT-based calculations also suggest that a stripe or staggered-stripe antiferromagnetic ground state is the most stable configuration [57, 61], when in reality FeSe remains paramagnetic (albeit with strong antiferromagnetic fluctuations [62–64]). Current research is attempting to resolve this discrepancy from a pure ab-initio perspective. Wang. et. al. [64] were able to reproduce the band structure around the Gamma point using a polymorphus network of local structural distortions. The use of hybrid exchange correlation functionals and Hubbard-Hund correlations have recently been shown to also produce a substantial improvement on the tetragonal structure [65].
Due to the current limitations in ab-initio modelling however, a substantial amount of work has gone into developing quantitatively accurate tight binding models of FeSe [8, 50, 52, 66, 67]. These models bypass the limitations in our current ab-initio theories, allowing for an accurate, albeit phenomenological, description of the single-particle electronic structure to be defined, which we can compare with experimental measurements. Several hopping parameters sets have been developed, which have been obtained by directly comparing the numerical band dispersion with experimental ARPES data in the tetragonal state [21, 50, 66, 67]. These models have been shown to reproduce the single-particle electronic properties of tetragonal FeSe much better than conventional DFT-based approaches [50, 52, 66]. In particular these models accurately capture the small Fermi energy of FeSe, which has been shown to lead to strong chemical potential renormalising effects as a function of temperature and nematic ordering [33, 50, 68–70]. By construction, such models allow for a quantitative description of the band positions of the hole and electron bands such that a comparison of the electronic structure in the nematic state can take place.
3 EXPERIMENTAL EVIDENCE FOR A MISSING ELECTRON POCKET IN THE NEMATIC STATE
We now focus on the electronic structure in the nematic state. Here experimental measurements encounter a major challenge. The nematic state is accompanied by a tetragonal to orthorhombic structural transition, at which point multiple orthorhombic domains form in the crystal. It has been identified that these domains are typically on the order of 1–5 μm in size [41, 71–73], which is much smaller than the cross section of the photon beam used in most high resolution synchrotron-based ARPES measurements ([image: image]m [74]), as sketched in Figure 3A. Most of the initial photoemission data of FeSe in the nematic phase was collected on “twinned” crystals. In such measurements, the band dispersion measured along the experimental kx axis contains contributions from domains with the orthorhombic a axis both along, or perpendicular to, this direction, i.e. one measures a superposition of the spectral function arising from both domains. This creates an apparent C4 symmetry in the measurements even at low temperatures (in the sense that the measured spectra are invariant under 90° rotation of the sample; the as-measured spectra are not generally fourfold-symmetric due to the ARPES matrix elements [75, 76]). This can lead to ambiguity about which band arises from which domain.
[image: Figure 3]FIGURE 3 | Summary of ARPES measurements on FeSe in the nematic state. (A) Sketch of a photoemission setup on a twinned crystal, showing equal coverage of both red and blue orthorhombic domains. (B) Fermi surface measured from a measurement on a twinned crystal (hν = 56 eV). Taken from Watson et. al. [34] (C) Close up of the electron pocket near the A point from Watson et. al. [32] (hν = 56 eV). (D–F) Equivalent sketch and measurement for a detwinned crystal of FeSe, which probes a majority of orthorhombic domains aligned in one direction. (G) Band dispersion of a detwinned crystal centered at the electron pocket. The insert shows the band path, from Watson et. al. [34]. (H) Second derivative band dispersions of a detwinned crystal along the same path as (G) but extended from Z to A, taken from Yi. et. al. [35]. (I) Band dispersion of a detwinned crystal along the same path as (G) from Huh. et. al. [36]. (J–L) Equivalent measurements but taken along the length of the electron pocket. (H,K) reproduced from Ref. [35] under the Creative Commons Attribution 4.0 International License. (I,J) reproduced from Ref. [36] under the Creative Commons Attribution 4.0 International License.
3.1 ARPES Measurements on Twinned Crystals
Multiple ARPES measurements on twinned crystals of FeSe have been reported [19, 20, 26–32, 54, 68, 77] and have been extensively reviewed [1, 10, 33, 78]. We present a representative Fermi surface obtained from a twinned crystal in Figure 3B from Ref. [32]. The hole pockets appear as two overlapping ellipses. Meanwhile, at the corner of the Brillouin zone, measurements reveal two electron pockets, which have been pinched in to produce what looks like two overlapping “peanuts”.
The challenge now lies in identifying which of these pockets, comes from which domain. The two hole pockets can be easily understood as one ellipse from each orthorhombic domain. Measurements of the band dispersion around the hole pocket reveal that the inner hole band (h2) undergoes a Lifshitz transition as a function of temperature and resides below the Fermi level at 10 K, whilst the outer hole band (h1) elongates into an elliptical shape. As all three hole bands can be tracked as a function of temperature from the tetragonal to nematic state, there is little ambiguity about the shape of the hole pocket Fermi surface at low temperatures. However, it is not possible to identify the orientation of the elliptical hole pocket from a single domain, i.e. to identify whether it elongates along the orthorhombic a or b axis simply from these twinned measurements.
For the electron pocket, however, the understanding was less clear, and historically several distinct band structures have been interpreted from nearly identical data sets [19, 20, 29, 30, 32]. As can be seen in Figure 3C, two electron pockets can be observed which look like overlapping “peanuts” in the twinned data. As the tetragonal state also exhibits two electron pockets, this may not appear that surprising. Indeed one interpretation was that the two oval shaped electron pockets in the tetragonal state simply pinched in at the sides, due to raising the binding energy of vH1 [26, 32]. In other words, the electron pockets could retain approximate fourfold symmetry around the M point, and the pockets from each domain simply overlapped in twinned data sets [20]. However, other interpretations, particularly those attempting to understand the nematic band shifts from theoretical grounds, believed that the nematic state should have two differently shaped electron pockets [29, 30]. It was also equally plausible, experimentally at least, that only one electron pocket existed per domain [19, 28, 34]. Distinguishing between these scenarios was particularly challenging due to the broadness of the spectral weight around the M point in the tetragonal state (see Figure 2D), which made a precise interpretation of the temperature evolution of the two van-Hove singularities ambiguous.
3.2 ARPES Measurements on Detwinned Crystals
Compared to the measurements on twinned data, a much more preferable method to study the Fermi surface of FeSe would be to experimentally overcome the limitation imposed by these orthorhombic domains, and directly measure the electronic structure from a single crystallographic orientation. There are two strategies to overcome the twinning issue faced by ARPES measurements. Either 1) generate a sample with macroscopic ordering of the orthorhombic domains on length scales larger than the photon beam cross section, or 2) make the photon beam much smaller than the size of an orthorhombic domain. It has been known from earlier work on the 122 family of Fe-based superconductors that upon the application of “uniaxial” strain along the Fe-Fe direction, it becomes energetically favourable for a majority of the orthorhombic domains to align along that axis [79]. While the resulting domain population is unlikely to be 100% pure, measurements on strained, or “detwinned”, samples, as sketched in Figure 3D, allows one to distinguish between the intense spectral weight arising from the majority domain and the weak spectral weight arising from the 90° rotated minority domain.
The first ARPES measurements on uniaxial strained samples of FeSe were performed in 2014 by Shimojima et. al. [28], where it was shown that the single hole pocket was elongated along the ky axis. Later, in 2017, Watson et. al. [34] was additionally able to resolve the detail of the electron pockets, as shown in Figure 3E. These measurements on detwinned crystals confirmed that the Fermi surface consisted of one elliptical hole-pocket, as expected from interpretation of the twinned measurements, but additionally revealed only one electron-pocket around the M point. This is shown in Figure 3F, where the majority of the spectral weight intensity now comes from one domain, and only a weak residual intensity comes from the minority domain. Unlike in the tetragonal state, at low temperatures, the electronic band structure around the M point produces sharp quasiparticle bands, a saddle point can be observed at −5 meV, which is electron like along the minor length of the electron pocket (as shown in Figure 3G), but hole-like when rotated by 90° (Figure 3J). Additionally, along the major length of the electron pocket, a deeper electron band and saddle point at ∼ − 60 meV can be observed. This gap between the upper and lower saddle points, is approximately 50 meV, and has been previously quoted as a “nematic energy scale” [29, 35, 39]. However, as we will discuss in the theoretical section below, the exact energy scale of nematic shifts and splittings is slightly more complex and requires a linear combination of order parameters of different energy scales [67].
This finding of only a single electron pocket at the Fermi level was not the expected theoretical result [66], but nevertheless Yi et. al. [35] and Huh et. al. [36] have since then reported additional measurements on detwinned crystals of FeSe, with a slightly larger degree of detwinning than what was achieved by Watson et. al.. These measurements further confirmed that the residual intensity observed in Figure 3G was due to the minority orthorhombic domain, which is nearly absent in Figures 3H,I. Further measurements on sulphur doped FeSe1−xSx crystals under uniaxial strain by Cai et. al. [37, 38] have also reported very similar Fermi surfaces.
Polarised light analysis of the matrix elements of FeSe has also been used to identify the orbital content of the bands. If one uses Linear Vertical polarised light (LV also known as odd, or s-polarised light) and measures through the M point parallel to ky as in Figures 3G–I, only bands with orbital character symmetric to the yz plane of the crystal should be detected [51]. Hence the electron-like dispersion with a very small kF (i.e., the narrow part of the peanut-shaped pocket) is identified as having dyz orbital character. Similarly, if one uses the same LV polarised light but with the sample rotated by 90°, as was performed Figures 3J–l), the orbital characters that will be detected will be antisymmetric with respect to the xz plane, which along the momentum dispersion shown in Figures 3J–l) is true for both the dyz orbital and the dxy orbital [51]. From this logic, the larger deeper electron dispersion that has a minima around − 50 meV, is attributed to dxy orbital character. Equally the hole-like dispersion that has a maxima near the Fermi level and is a saddle point connecting to the electron-like dispersion in Figures 3G–I has been identified as having dyz orbital weight. In both orientations, the most intense contribution is a broad feature located at − 60 meV. From comparison with theoretical models, this band is likely to have a mixture of dxz and dxy orbital character, although the precise identification remains challenging. As well as these polarisation-based arguments, one can also assign the orbital character of the bands based on comparison to DFT or tight-binding calculations, at least in the tetragonal phase.
3.3 Temperature Dependence ARPES Measurements of the Electron Pocket
So far we have only discussed the electronic structure of FeSe at either high temperature (e.g., 100 K, where two electron pockets exists) or low temperature (e.g., 10 K, where only one electron pocket exists). However, a natural question to ask is how does the electronic structure of the electron pockets evolve as a function of temperature? In principle, this data should be able to identify the mechanism responsible for the removal of an electron pocket at the Fermi level. Many temperature dependent studies on twinned samples exist (e.g., [26–32, 54, 68, 77] and reviewed e.g., by Coldea and Watson [33]), but due to the complication of orthorhombic domains as well as the broadness of the spectral weight around the M point at high temperatures, there was no obvious signature of the disappearance of an electron pocket in such data sets. To illustrate this, we present a representative temperature-dependent data set on twinned crystals, taken from Ref. [32], in Figures 4A–D. The evolution of these bands from twinned data has been interpreted in different ways by different groups over the years, with a key feature being the appearance of a 50 meV energy scale at the M point, emerging from a broadened “blob” at higher temperatures. Some manuscripts have claimed that the 50 meV energy scale directly corresponds to lifting of the dxz/dyz degeneracy [27–30], which was claimed to be consistent with earlier theoretical interpretations [9]. However other analysis [26, 32, 33] instead found an increase in the separation of the two van Hove singularities, from 20 to 50 meV, in which case the 50 meV scale is linked to nematicity but not a direct probe of dxz − dyz splitting. However both of these interpretations would imply a ground stat Fermi surface consisting of two electron pockets, in disagreement with the experimental results.
[image: Figure 4]FIGURE 4 | Summary of the temperature dependent ARPES measurements of the electron pocket of FeSe (A–D) measurements from twinned crystals of the electron bands near the A point (hν = 56 eV), as a function of temperature, taken from Watson et. al. [32]. (E,F) Spectral intensity at the Fermi energy (E) and 10 meV above the Fermi energy (F), as a function of temperature on a detwinned crystal of FeSe, taken from Yi et. al. [35]. (G) Temperature dependence of the bands near the A point (hν = 56 eV) for a detwinned crystal of FeSe, taken from Huh et. al. [36]. (H) Fermi surface maps as a function of temperature on detwinned crystals of 9% Sulphur doped FeSe, taken from Cai et. al. [38]. (E,F) reproduced from Ref. [35] under the Creative Commons Attribution 4.0 International License. (G) reproduced from Ref. [36] under the Creative Commons Attribution 4.0 International License. (H) Reproduced from Ref. [38] with permission from Chinese Physics B.
More recently, technically challenging temperature dependent measurements on detwinned crystals have been accomplished. This highly necessary data ensures that the bands are easier to track than those taken on twinned samples. Huh et. al. [36] have measured the temperature dependent evolution of the detwinned ARPES measurements around the A point (Figure 4G), which shows the formation of clear sharp quasiparticle bands corresponding to one electron pocket, emerging from the high temperature phase with two electron pockets and much broader features. It was argued that this data was consistent with a Lifshitz transition of a second electron pocket as a function of temperature.
Yi et. al, [35] performed a detailed analysis of the momentum distribution curves along the major axis of the electron pocket as a function of temperature, both at the Fermi level and 10 meV above it (Figures 4E,F). In principle, this analysis enables the identification of any Lifshitz transitions as a function of temperature. Focusing on the data at + 10 meV in Figure 4F, they observe a reduction in the kF for an inner electron band, which appears to close at around 60 K, indicating that this band becomes completely unoccupied and therefore not observed at low temperatures. This is the most compelling data so far in support of a Lifshitz transition of the electron pocket as a function of temperature.
This evidence for a Lifshitz transition has however been challenged by Cai et. al. [38] who reported temperature dependent Fermi surface measurements of the electron pocket for detwinned crystals of 9% sulphur-substituted FeSe, as shown in Figure 4H. They claim that the spectral weight of the second electron pocket simply decreases in intensity, rather than moving above the Fermi level. This would be indicative of a more complex, self energy evolution, rather than a single-particle Lifshitz transition.
We conclude by noting that the analysis of data, even for detwinned samples, remains challenging. The kF magnitudes and energy separation of bands are small, challenging the resolution of ARPES instrumentation, and the spectral broadening at high temperatures and deeper energies frustrates the clear identification of the bands at around the M point. While performing the temperature-dependent measurements on detwinned samples, such measurements come with numerous complications, such as temperature-dependent domain populations and spectral contribution from the minority domain. Moreover it is known that samples with over 90% detwinning may experience changes to the underlying electronic properties [80, 81], which may be a concern if strain is altered as a function of temperature. However in our view the results obtained by Yi et. al, [35] make an important contribution by detecting a Lifshitz transition, which would be impossible to determine from twinned data alone, and which provides a plausible route between the two-electron Fermi surface at high temperature and the one-electron pocket Fermi surface in the ground state.
3.4 NanoARPES
There are experimental complications with performing ARPES measurements on uniaxially strained crystals, which may leave doubt as to the validity of the conclusions presented above. First, it is hard to fully exclude if the application of uniaxial strain has actually perturbed the underlying electronic structure of the crystal you are measuring. For example in the tetragonal material Sr2RuO4, uniaxial strain on the order of 1% shifts the position of the vHs by nearly 20 meV [83]. In order to fully support the conclusions from these ARPES measurements on detwinned crystals, complementary techniques must be employed and their results compared. To this end, nanoARPES has also been performed on crystals of FeSe. In these technically demanding measurements, the photon beam is focused to sub-micrometer spatial resolution using a focusing optic close to the sample [84]. The reduction of the spot size comes at the cost of dramatically reducing the photon flux, and thus the energy and angular resolutions are typically relaxed (compared to the earlier high-resolution results presented) in order to have a reasonable signal of photoelectrons. Nevertheless, the technique has been improved over the past 10 years to allow for energy resolution better than 20 meV [85]. This sub-micrometer spot size is smaller than a single orthorhombic domain, allowing for a spatial map of the sample from which the two orthorhombic domains can be distinguished by analysing their differing ARPES spectra, shown as red and blue stripes in Figures 5A,B. Measurements of the Fermi surface and band dispersion around the electron pocket in both domains (Figures 5C–F) reveal an electronic structure totally consistent with that extracted from the ARPES measurements under uniaxial strain. In summary, the nanoARPES results fully support the conclusion of a Fermi surface in the nematic state consisting of a single hole pocket and a single electron pocket.
[image: Figure 5]FIGURE 5 | Electronic structure within a single domain without the application of uniaxial strain. (A) Sketch of a NanoARPES measurement, where the beam is focused to have a cross section [image: image]m. (B) Experimental spatial map of FeSe where the colour corresponds to the orthorhombic domains of FeSe, reproduced from Ref. [41]. (C,D) Fermi surface around the electron pocket (hν = 56 eV, 30 K) and Ay − Z cut taken within a single orthorhombic domain [41]. (E,F) Fermi surface around the electron pocket and Ay − Z cut taken in an adjacent orthorhombic domain [41]. (G) Sketch of the Fermi surface scattering vectors inferred from STM measurements, as suggested by Ref. [42]. (H,I) STM measurements of the QPI scattering dispersions as a function of energy along the qx and qy high symmetry axes respectively, reproduced from Ref. [42]. (J,K) Simulated QPI scattering dispersion from a model of FeSe which described the band structure shown in Figure 3, from Ref. [82]. (G–I) are reproduced under the Creative Commons Attribution 4.0 International License.
3.5 STM Measurements
An entirely independent method to study the momentum resolved electronic structure within a single domain is to use scanning tunneling microscopy (STM). STM utilises quantum tunnelling, between the surface of a material and an atomically sharp tip, to study the electronic structure on the sub-nanometer scale. Information about the electronic structure can then be extracted in two ways. The first is by studying the differential conductance (dI/dV) to obtain a quantity proportional to the local density of states of the system. The second is to measure quasiparticle interference (QPI), to measure the perturbations to the local density of states generated by the presence of defects such as impurities or atomic vacancies. The wavelength associated with this perturbation contains direct information about the allowed momentum dependent scattering vectors associated with an electronic structure at a constant energy via q = k − k′.
Multiple STM measurements have been reported for FeSe, and information regarding the nematic [14, 15, 43] and superconducting state [14, 15, 42, 86] have been determined, tetragonal state information has also been obtained from studies of isoelectronic sulphur doped crystals [42]. These measurements all contain a plethora of information regarding the local structure of the surface of FeSe, as well as information on defects [87, 88]. Here, however, we focus on what the STM measurements can tell us about the low energy electronic structure in the nematic state, and whether this is consistent with the ARPES measurements discussed above. Although measuring QPI is an indirect method to measuring the electronic structure of a material, it is particularly powerful in determining band minimas and maximas, especially above the Fermi level, as well identifying whether bands have hole or electron scattering characteristics within a certain energy range.
The scattering vector vs. energy dispersion along the qx and qy directions, taken from Ref. [42], are presented in Figures 5H,I. In agreement with other data sets [14, 43], several hole-like scattering vectors can be observed predominately along the qx axis, with a narrower hole-like dispersion along the qy direction. Also along the qy axis, one very clear electron-like scattering vector can be detected, which has a minima at ∼ − 5 meV, and has been identified as a scattering vector that connects the dyz parts of the electron pocket in FeSe (Figure 5G) [14, 42, 43, 82]. No corresponding electron-like dispersion can be observed along the qx direction, which should be the case in a two electron pocket scenario where all bands scatter equally. This was therefore interpreted as further evidence, from an independent technique to ARPES, that the Fermi surface of FeSe only consists of one hole pocket and one electron pocket, as sketched in Figure 5G.
We note that due to the indirect nature of QPI measurements, there is a degree of interpretation and uncertainty about the assignment of the electronic states and often it is necessary to directly simulate the QPI dispersion from a theoretical assumption of the electronic structure and compare the agreement. Due to the intrinsic broadness of the experimentally measured scattering vectors, this can lead to differing conclusions based on initial assumptions. For example, Kostin et. al. [43], assuming that two electron pockets must be present at the Fermi level, interpreted a weak spectral feature as evidence for a second electron pocket, with a greatly reduced scattering intensity. Whereas Rhodes et. al. [82], assuming that only one electron pocket was present at the Fermi level, interpreted this weak feature as an artifact of the Feenstra function, used in the experimental processing [89]. Importantly however, both theoretical simulations agree that a Fermi surface consisting of one hole pocket and two electron pockets can not independently reproduce the observed data without some additional form of anisotropy, which implies that ARPES and STM are probing the same underlying electronic structure. We present the numerical simulations from Ref. [82] in Figures 5J,K.
As an aside, it is interesting to note that the hole band maxima in 5(h) extends to + 25 meV [42]. It is known from ARPES that only one hole-like scattering vector at this energy can exist, and specifically must be generated by the kz = π states [33]. This reveals that QPI measurements are sensitive to states with different kz. From arguments about the group velocity of electrons scattering off of defects [90, 91], and the short range nature of quantum tunneling, it actually implies that QPI measurements will exhibit a kz-selectivity rule [82], such that all stationary points along the kz axis will contribute to scattering vectors that will be detected by STM measurements, this has recently been realised in the fully 3D system, PbS [92].
3.6 Points of Contention
While we have so far presented a unified picture of the electronic structure of FeSe and have focused on points where broad agreement is found in the recent literature, historically there have been many points of disagreement surrounding the identification of bands and the nature of the Fermi surface, and there remain some points of contention.
Regarding the hole pockets, an outlying report is a recent claim from laser-ARPES measurements that there is additional splitting, most prominently resulting in two hole pockets at the Fermi level instead of one [93]. The implication is that the Kramer’s degeneracy of the bands is lifted, i.e., that either time-reversal or inversion symmetry is broken. However, it is worth noting that at low photon energies used the kz is not well-defined as the final states are not free electron-like, and the two Fermi contours identified appear to be fairly close to the known Fermi contours at kz = 0 and kz = π. Moreover, synchrotron-ARPES measurements with equally high energy resolution and better angular resolution (due to better definition of kz) do not identify any additional splitting either in the Γ or Z planes [19], and neither has any comparable splitting been observed for the electron pockets. Finally, there is no supporting evidence for time-reversal symmetry breaking from other techniques. Thus it remains our view that the Kramer’s degeneracy holds for all states and that there is only one hole pocket crossing EF, which is significantly warped along the kz axis.
Regarding the electron pockets, while several groups have now coalesced around the one electron pocket scenario, it has previously been claimed that the ARPES data on twinned crystals is consistent with four features in the EDC at the M point [26] such that there are two electron pockets per domain, with each domain contributing a pair of crossed peanuts with slightly differing shapes [20]. This scenario is perhaps the most natural, as it is based on DFT predictions, and comes down to somewhat technical questions of whether asymmetric lineshapes at the M point contain one or two peaks, and whether the proposed small splittings can be resolved. Some of this groups data on twinned samples does indeed seem to show a splitting, which at face value would support their scenario. However, neither our group nor other groups have observed these claimed features and peak splittings in comparable data on twinned samples. Moreover, the detwinned data shows a complete absence of any spectral weight aside from the peanut along the a direction, in multiple experimental geometries, which cannot easily be explained away by matrix element effects in ARPES (and similarly in QPI). We encourage all groups to continue to push for higher resolution data which could finally settle the controversy, especially on detwinned samples.
4 THEORETICAL EXPLANATIONS FOR THE MISSING ELECTRON POCKET
As we have discussed, the low energy electronic structure of the tetragonal state of FeSe can be qualitatively understood just from symmetry based arguments regarding the crystal structure and the dxz, dyz and dxy orbitals of the Fe atoms. This band structure can be explained both from the framework of tight-binding modelling [8, 50, 52, 66] as well as DFT-based simulations. All of this implies that, although a true quantitative explanation describing the renormalisation of the band structure from correlation effects may be missing, our understanding of the single-particle physics is complete.
Within the nematic state, however, this is not the case. Following the previous logic, it would be assumed that the orthorhombic distortion produces a negligible change to the electronic structure, such that two hole pockets and two electron pockets should be present in the nematic state, which as the experimental data has revealed is clearly not the case. It is for this reason that the nematic state is believed to be of electronic or magnetic origin, yet the microscopic details still remain unclear. To address this, there has been a great deal of focus on trying to model how the nematic state evolves the electronic structure of a tetragonal-based model of FeSe, such as that shown in Figures 6A–C originally presented in Ref. [67]. Specifically, theoretical research has attempted to develop a nematic order parameter which.
• Lowers the symmetry from C4 to C2 whilst still preserving mirror symmetry.
• Generates an elliptical hole pocket dominated by dxz orbital weight.
• Removes one of the two electron pockets from the Fermi surface.
[image: Figure 6]FIGURE 6 | Limitations of dxz/dyz nematic ordering and origin of the missing electron pocket problem. (A,B,C) Fermi surface and band dispersions around the Z and A point, for a tetragonal state model of the electronic structure from Ref. [67] in quantitative agreement with ARPES measurements. (D,E,F) The individual effect of the three symmetry breaking dxz/yz nematic order terms on the Fermi surface of the tetragonal state model. (D) Ferro orbital order (Φ1 = 26 meV) (E) d-wave bond order (Φ2 = −26 meV) (F) Extended s-wave bond order (Φ3 = 15 meV). (G,H,I) Fermi surface and band dispersions around the Z and A point, using a combination of Φ1, Φ2 and Φ3 as is often used in the literature. No matter what linear combination of these order parameters are used, a Fermi surface in agreement with the experimental data can not be produced.
Historically, the first attempt to describe such a mechanism assumed that the C4 symmetry breaking was governed by a lifting of the energy degeneracy of the dxz and dyz orbitals [94].
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where [image: image] is the number operator for the xz or yz orbital respectively on atom A and B in a two atom unit cell model of FeSe, and Φ1 is a scalar value used to describe the magnitude of the nematic order, which can in principle be fit to experiment.
This term, referred to in the literature as ferro-orbital ordering, is the simplest form of C4 symmetry breaking possible in this system. It acts in a momentum independent fashion to raise the binding energy of the dxz bands and lower the binding energy of the dyz band, similar to a Jahn-teller distortion [95]. In this scenario, the electronic structure would evolve to produce a Fermi surface as shown in Figure 6D, which despite producing the correct elliptical hole pocket, does not generate the one-electron-pocket Fermi surface determined from experiment.
Following the train of thought that the phenomenology of the nematic state may be captured by a degeneracy breaking of the dxz and dyz states, it was also noted that there are two additional B1g symmetry breaking terms that can be defined and are equally valid in the nematic state [55, 66].
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Here, [image: image] describes a hopping from an xz or yz orbital on atom A (B) to a xz or yz orbital on atom B (A). These two terms, referred to as d-wave nematic bond order (Φ2) and extended-s wave bond order (Φ3) respectively, in combination with the ferro orbital order (Φ1) are the only possible nematic order parameters that can be defined for the dxz and dyz orbitals up to nearest neighbour hopping [55], and have been extensively used in previous theoretical descriptions of the nematic state of FeSe [15, 18, 19, 23, 24, 32, 43, 82, 96–104]. The individual consequences of these order parameters are shown in Figures 6E,F.
However, despite this vast amount of literature assuming these three dxz/dyz nematic order parameters as the starting point for theoretical analysis, there lies one big problem. No matter what values of Φ1, Φ2 and Φ3 are chosen, a Fermi surface consisting of one hole pocket and a single electron pocket can not be produced, at least not starting from a quantitatively accurate ARPES-based model of FeSe in the tetragonal state [67]. The best attempts to describe the ARPES data within this limitation result in a Fermi surface consisting of the correct elliptical hole pocket, a first electron pocket, of correct shape and size, and a second large electron pocket, dominated by dxy orbital character, as shown in Figures 6G–I.
There is no experimental evidence for this large second electron pocket in the nematic state, and this discrepancy between theory and experiment has posed a major challenge for our theoretical understanding of nematicity. This is the central origin of the missing electron pocket problem. It has now become clear that a theory of nematicity only involving the physics captured in Eqs 1–3, i.e., nematicity derived solely from dxz and dyz orbital ordering, is insufficient to reproduce our experimental measurements, and additional explanations for this discrepancy have had to be developed.
4.1 Orbital Selective Quasiparticle Weights
The earliest attempt to explain this discrepancy came from attempts to understand local spin fluctuations in tetragonal FeSe, such as those incorporated by DFT + dynamic mean field theory (DMFT). Within this framework it has been shown that the self-consistently determined quasiparticle weight (Z) of the dxy orbital was significantly smaller than the quasiparticle weight of the dxz/yz orbitals [53, 57, 105], approximately half. As the spectral function intensity measured by ARPES is directly proportional to the quasiparticle weight, the contribution of dxy dominated bands should be significantly reduced, compared to the dxz and dyz dominated bands in ARPES measurements. It was thus argued that ARPES measurements may not be able to observe the dxy orbital, and thus would not detect the second dxy dominated electron pocket in the nematic state, e.g., in Ref. [100], shown in Figures 7A,B.
[image: Figure 7]FIGURE 7 | Theoretical attempts to resolve the missing electron pocket problem. (A) Fermi surface of the electron pockets in the nematic state proposed by Christensen et. al. [100]. The spectral function is argued to have an increased decoherence of dxy weight, which is argued would not be observed by experiment and is simulated in (B). (C) Slave-spin calculations from Yu et. al. [24], revealing the possibility of highly anisotropic quasiparticle weights with local Coulomb repulsion. (D,E) Spectral function of the 1-Fe unit cell tight binding model from Kreisel et. al. [21], with and without orbital-selective quasiparticle weights, highlighting the possible suppression of the second electron pocket via incoherent dxz and dxy spectral weight. (F) Band dispersion of FeSe obtained from a DFT + U calculation with symmetry preconditioned wavefunctions from Long et. al. [106], highlighting the band hybridisation obtained if an E-type nematic order parameter is considered. (G) Fermi surface of the 1-Fe unit cell model from Steffensen et. al. [108] taking into account a self consistently obtained E-type nematic order parameter. (H) Band dispersion from the model used by Steffensen et. al. [108] showing a band hybridisation of the dxz (red) and dxy (blue) bands around the Y point (1-Fe unit cell), gapping out the second electron pocket. (I) Fermi surface obtained from the 2-Fe unit cell tetragonal model from Figure 6A assuming dominant dxy nematic ordering, as suggested by Rhodes et. al. [67]. (J) Equivalent Fermi surface including all four symmetry allowed nematic order parameters of FeSe and a symmetry allowed Hartree shift. (K) Mean-field temperature evolution of the electronic states at the high symmetry M point, highlighting a Lifshitz transition of the dxy band and removal of the second electron pocket as proposed by Rhodes. et. al. [67]. (A,B) Reproduced from Ref. [100] under the Creative Commons Attribution 4.0 International License. (C) Reproduced from Ref. [24] with permission from the American Physical Society. (D,E) Reproduced from Ref. [21] with permission from the American Physical Society. (F) Reproduced from Ref. [106] under the Creative Commons Attribution 4.0 International License.
This argument, however, is not supported by experimental measurements. Both in the tetragonal and nematic state, bands of dxy orbital character have been identified, particularly around the M point [33]. And although it is true that the dxy orbital appears to exhibit a larger effective mass renormalisation than the dxz and dyz orbitals [29], this extra renormalisation appears to not be enough to mask dxy spectral weight from ARPES-based measurements.
A similar, more phenomenological, approach was later employed by Kreisel et. al. [21] and popularised by Sprau et. al. [15]. Here the values of the nematic order parameters (Φ1 − Φ3) were adjusted such that two similar shaped electron pockets were generated (Figure 7D), one dominated by dxz orbital weight and one dominated by dyz orbital weight, with the tips retaining significant dxy orbital character. Specifically, starting from an ARPES-based tetragonal model of FeSe [21] values of Φ1 = 9.6 meV, Φ2 = − 8.9 meV and Φ3 = 0 meV were used. It was then assumed that the nematic state could exhibit a significant reduction in the dxz quasiparticle weight compared to the dyz weight and, following the same argument as before, hidden from ARPES measurements of the spectral function. This is shown in Figure 7E. Following this logic, Sprau et. al. attempted to determine which values of Z by fitting them to experimental measurements of the angular dependence of the superconducting gap (discussed in Section 5) and the quasiparticle weight values chosen were Zxy = 0.1 Zxz = 0.2 and Zyz = 0.8, which in a later study was refined to Zxy = 0.073, Zxz = 0.16 and Zyz = 0.86 [43]. In order to reproduce experimental data, it was also necessary to strongly suppress the quasiparticle weight of the dxy orbital, which as a consequence effectively fully suppressed one of the two electron pockets at the Fermi level. Slave-spin calculations, starting from a DFT-based tight binding model and varying the contributions of Φ1 − Φ3 have also been performed and found that similar anisotropic ratios of the quasiparticle weights can be obtained [24], as shown in Figure 7C. A review of the slave-spin approach can be found in Ref. [98].
This formalism of “orbital selective quasiparticle weights”, i.e., suppressing the contribution of electronic states with dxz and dxy orbital character in the nematic state, has received the most traction out of the potential theories of the missing electron pocket of FeSe. It has been claimed to be in agreement with STM and QPI measurements of the electronic structure [43], the superconducting gap properties [15], the spin susceptibility measured by inelastic neutron scattering [63], μSR measurements of spin relaxations [102] and thermodynamic based-measurements [99]. A recent review on the topic can be found in Ref. [1].
In our view, however, the success of this approach is due to accurately generating a Fermi surface of FeSe that has the correct one hole pocket and one electron pocket structure, and not necessarily due to the underlying assumptions behind the ansatz of highly anisotropic quasiparticle weights. Indeed, a change in spectral weight, on the order of magnitude as proposed by this theory, is something that should be directly observable with ARPES based measurements. In the tetragonal state, the quasiparticle weight of the dxz and dyz orbitals must be equivalent by symmetry, and thus, under this assumption, there would be a strong sudden suppression of the dxz dominated bands upon entering the nematic state. This is not what is observed in experimental measurements, bands of dxz dominated weight are detected at all temperatures within the nematic state, with no obvious reduction to the spectral intensity [17–20, 30, 40]. It is also not clear how this interpretation would account for the observed band shifts as shown in Figure 4E [35], and Figure 4G [36]. Additionally, alternate explanations of the STM data and superconducting gap data, that do not rely on the assumption of orbital-selective quasiparticle weights, have been presented [19, 22, 42, 82].
4.2 E-Type Order Parameters
More recent attempts to explain the missing electron pocket have gone back to studying the single-particle physics of FeSe. A recent DFT + U calculation by Long et. al. [106], involving symmetry preconditioned wavefunctions, found a lower energy configuration of FeSe by breaking the E symmetry via a multipole nematic order, as shown in Figure 7F. This has been further studied by Yamada et. al. [107]. This symmetry breaking essentially generates a tetragonal to monolclinic distortion by generating an overlap between a dxy orbital and either dxz or dyz orbital, which as a bi-product also breaks C4 symmetry. This consequentially generates a hybridisation between the dxy dominated electron band and either the dxz or dyz dominated electron band and was shown to produce a one-electron pocket Fermi surface within a certain parameter regime.
A stable E-type nematic order parameter was equally identified, within a tight-binding framework using parameters extracted from LDA-based calculations, by Steffensen et. al. [108]. Here it was shown that including nearest-neighbour Coloumbic repulsion, the self consistently calculated mean-field nematic order parameter that had the largest magnitude was an inter-orbital term hybridising the dxz and dxy orbitals (or dyz and dxy). This order parameter was equally able to generate a one-electron pocket Fermi surface, via a similar hybridisation mechanism as the DFT-based calculation as shown in Figures 7G,H.
This appears to suggest that long-range Coulomb repulsion can stabilise a C4 symmetry breaking ground state in FeSe. However, in this scenario, the E-type order parameter would also reduce the crystal symmetry of FeSe from tetragonal to monoclinic. Currently, the experimental evidence suggesting a tetragonal to monoclinic structural distortion in FeSe is lacking. However, upon [image: image]% Te doping of the Se sites, a tetragonal to monoclinic transition has been realised [109]. This could hint that the known monoclinic structure of FeTe is actually stabilised by electron interactions [110], however whether this mechanism can describe the physics of FeSe will require further experimental investigation.
4.3 Non-Local dxy Nematic Order Parameter
When considering the relevant dxz, dyz and dxy orbitals of tetragonal FeSe within a tight binding framework, there are only four order parameters that can be defined which break the B1g rotational symmetry of the material within a single unit cell. The first three, described in Eqs 1–3, involve breaking the degeneracy of the dxz and dyz orbitals. However, a fourth equally valid order parameter involving the dxy orbital can also be defined as,
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This term acts as a hopping anisotropy for nearest neighbour dxy orbitals, in a similar manner as Eq. 2 for the dxz and dyz orbitals. It was initially defined by Fernandes et. al. [55], however in subsequent works it was assumed that this dxy nematic term would be much smaller, or negligible, compared to Eqs 1–3 [55]. Renormalisation group theory [111–113] additionally found, that whilst Eq. 4 was symmetry allowed, nematic symmetry breaking only had stable RG flow in either the dxz/dyz channel or the dxy channel, implying that finite Φ1 − Φ3 and Φ4 would not both be present simultaneously [111]. However a weakly unstable trajectory suggested that this may not be the case [112].
In Ref. [67] Rhodes et. al. looked at the qualitative effect Φ4 has on the electronic structure. They showed that a one-electron pocket Fermi surface could be generated from a ARPES-based tight binding model of FeSe solely using the Φ4 term, as shown in Figure 7I. It was shown that Φ4 has the effect of breaking the degeneracy of the dxy vHs (vH2 in Figure 2A), which if made large enough (∼50 meV) would induce a Lifshitz transition of the dxy band, and thus reduce the total number of electron pockets crossing the Fermi level to one. This is shown in Figure 7K. In combination with Φ1 to Φ3, the addition of Φ4 made it possible to generate a Fermi surface in agreement with the ARPES measurements, as shown in Figure 7J. One recent study has also found this ordering to be consistent with specific heat measurements [114], and a second independent study has found that this order parameter can explain the dc resistivity anisotropy within the framework of elastic scattering at low temperatures [115].
However, in order to get quantitative agreement with the Fermi surface and low-energy electronic structure using Eqs 1–4, it was observed that the splitting of the dxy van-Hove singularity must be asymmetric. Specifically, ARPES measurements as a function of temperature find that the lower part of the dxy vHs around the M point remains approximately at the same energy [30, 32, 35]. This is not captured by the Φ4 term that assumes a symmetric splitting of the bands. To account for this, Rhodes et. al. [67] included a dxy-specific Hartree shift, a constant energy shift of the dxy orbital at the M point, that although allowed by symmetry, did not have an obvious origin. Additionally, in order to generate a Lifshitz transition of the electron pocket, and obtain quantitative agreement with experimental data as a function of temperature both dxy terms, Φ4 and the Hartree shift, had to be significantly larger than the dxz/dyz terms (Φ1 − Φ3). Specifically, in order to reproduce the ARPES measurements Φ1 + Φ3 = 15 meV, Φ1 + Φ2 = − 26 meV and Φ4 = ΔHartree = 45 meV [67]. It is also worth noting that the mean-field analysis by Steffensen et. al. [108] equally found that the Φ4 nematic order parameter should be finite, but found it to be of approximately equal magnitude as Φ1-Φ3 rather than twice as large, as suggested by Rhodes et. al. [67].
4.4 Importance of the dxy Orbital in Theories of Nematicity
Each theory proposed to describe the low-energy electronic structure of the nematic state of FeSe has it is relative strengths and weaknesses. Nevertheless a common theme in these different attempts has begun to emerge. In all methods used to theoretically remove an electron pocket from the Fermi level, it has been necessary to modify the dxy orbital in some way. Whether that’s suppressing its contribution via quasiparticle weights, gapping out the dxy band via hybridisation, or rigidly shifting the dxy band above the Fermi level. What we can gleam from this analysis therefore, is that we should view the nematic state in a new light, not originating from a specific orbital ordering mechanism of dxz and dyz states, but rather as a symmetry breaking phenomena which couples to every orbital at the Fermi level. Further theoretical investigations are required in order to elucidate the origin of the nematic state. The importance of the dxy orbital has also been recently noted from NMR measurements [116] and angular dependent magnetoresistance [117].
5 CONSEQUENCES FOR THE SUPERCONDUCTING GAP SYMMETRY
One of the most striking properties of FeSe is it is highly tuneable superconducting transition temperature, ranging from 8 K in bulk crystals [44], 36.7 K under pressure [118], and up to 65 K when a monolayer is placed on SrTiO3 [119], and hence the nature of superconductivity in FeSe is an important question that attracted a lot of attention.
From an experimental point of view, the momentum dependence of the superconducting gap of bulk FeSe, has been extensively determined from ARPES [16–20], STM [15, 42, 86], Spectific heat [120, 121] and muSR measurements [102], with surprisingly near unanimous agreement as to the angular dependence of the gap structure around both the hole and electron pocket. This achievement provided the perfect opportunity to directly compare theories of superconductivity with experimental measurements.
In this section, we will review the experimental data of the momentum dependence of the superconducting gap, particularly from ARPES measurements, and discuss the theoretical consequence the updated Fermi surface topology has on the theoretical understanding of superconductivity in FeSe.
5.1 Experimental Measurements of the Superconducting Gap
The key findings from the multiple ARPES and QPI measurements are presented in Figure 8. For the gap situated on the hole pocket, a highly two-fold anisotropic momentum dependence of the gap was measured, as shown from QPI analysis by Sprau et. al. in Figure 8A. The angular dependence of the hole pocket using ARPES was first reported in 2016 by Xu et. al. [16] on 7% sulphur doped FeSe measured at 6.3 K, as shown in Figure 8F. It was found that the angular dependence at both kz = 0 (using a photon energy of hν = 37 eV) and kz = π (hν = 21 eV) produced near identical momentum distributions. This sulphur doped system has a very similar electronic structure to undoped FeSe, albeit with a slightly reduced nematic transition temperature [122] and slightly higher superconducting transition temperature (9.8 K [16]). Later, in 2018, Liu et. al. [18] and Hashimoto et. al. [17] used laser ARPES, with hν = 6.994 eV, on FeSe at 1.6 K and observed the same highly anistropic angular dependence of the gap at the hole pocket, as shown in Figures 8B,C. By using such a low photon energy and temperature these authors ensured the greatest possible energy resolution for resolving the gap of the hole pocket. However the trade-off here is that information about states with large angular momentum, e.g., the electron pockets, as well as the kz-dependence of the hole pocket, can not be obtained. Kushnirenko et. al. [20], as well as Rhodes et. al. [19], were able to resolve the three dimensional gap structure of both the hole and electron pockets using synchrotron radiation, as shown in Figures 8D,E. In these manuscripts, it was again confirmed that the gap structure of the hole pocket at both kz = 0 and kz = π exhibited the same highly anisotropic two-fold angular dependence of the gap as determined in the Sulphur doped sample of Xu. et. al. [16]. Kushnirenko et. al. claimed that the superconducting gap that was larger at kz = π and smaller at kz = 0, however Rhodes et. al. suggested the opposite: the gap was observed to be larger at kz = 0 and smaller at kz = π. We note that in order to reach the kz = 0 hole pocket, a higher photon energy of 37 eV is required, which makes the measurement of the gap at the Γ point exceedingly challenging, and the measurements are at the cutting edge of what is currently achievable by synchrotron-based ARPES measurements.
[image: Figure 8]FIGURE 8 | Experimental measurements of the superconducting gap of FeSe. (A) Angular dependence of the gap around the hole pocket as extracted from BQPI measurements from Sprau et. al. [15]. (B) Angular dependence of the gap around the hole pocket as extracted from Laser ARPES measurements from Liu et. al [18]. (C) Angular dependence of the gap around the hole pocket from Hashimoto et. al. [17]. Red dots are data from a twinned sample, whereas green data was measured on an accidentally strained sample. (D) Band dispersion of the kz = 0 hole band (hν = 37 eV) from Rhodes et. al. [19] taken along the direction where the hole band gap is largest, above and below Tc. (E) Equivalent band dispersion of the kz = π hole band (hν = 21 eV) below Tc from Kushnirenko et. al. [20]. (F) Angular dependence of the hole band of FeSe0.93S0.07 from Xu et. al. [16], showing equivalent momentum dependence as the undoped sample. (G) Angular dependence of the gap around the electron pocket as extracted from BQPI measurements from Sprau et. al. [15]. (H,I) Band dispersion along the minor length of the electron pocket above and below Tc, along the high symmetry axis from Rhodes et. al. [19]. (J) Comparison of the gap magnitude (Leading Edge Gap - LEG) and the intensity of the spectral weight from Linear Vertical polarised light as a function of kx, which is directly correlated to the amplitude of dyz orbital weight. The gap is observed to decrease with decreasing dyz weight. Taken from Rhodes et. al. [19]. (K) Sketch of the angular dependence of the electron pocket at kz = 0 (bottom) [image: image] (middle) and kz = π (top) from Kushirenko et. al. [20]. (A,G) Reproduced from Ref. [15] with permission from the AAAS. (B) Reproduced from Ref. [18] under the Creative Commons Attribution 4.0 International License. (C) b) Reproduced from Ref. [17] under the Creative Commons Attribution 4.0 International License. (F) Reproduced from Ref. [16] with permission from the American Physical Society. (E,K) Reproduced from Ref. [20] with permission from the American Physical Society.
Hashimoto et. al. additionally claimed that the gap structure produced a different behaviour with and without the presence of uniaxial strain. Without strain, they observed a cos (8θ) behaviour [17], which when accidentally detwinned via uniaxial strain, yielded a gap structure that is consistent with the other measurements. So far this cos (8θ) dependence of the gap has not been reproduced.
As for the electron pocket, the angular dependence of the gap from QPI measurements is presented in Figure 8G. Revealing a particularly constant gap magnitude across the length of the ellipse, which quickly decays towards zero at the tips of the pocket. This is where the orbital character of the pocket transforms from predominantly dyz weight to dxy weight. ARPES measurements by Kushnirenko et. al [20], and Rhodes et. al. [19], were also able to resolve the angular dependence of the superconducting gap at the electron pocket. ARPES measurements along the minor length of the electron pocket, above and below Tc, are shown in Figures 8H,I. Thanks to the orbital sensitivity of ARPES-based measurements, Rhodes et. al. found a direct correlation between the intensity of dyz orbital weight and the size of the superconducting gap, establishing a direct link between orbital character and gap magnitude (Figure 7J). Kushnirenko et. al. [20] also observed that the rate that the gap decreased as a function of momentum was slightly different for intermediate kz values (Figure 8K).
This extremely aniostropic gap structure for both the hole and electron pocket raises a question as to whether FeSe is a nodal or nodeless superconductor, which could have a profound effect on our understanding of the gap symmetry in this system. For example, neglecting the electron pocket, it was argued by Hashimoto et. al. that a nodal gap structure of the hole pocket would be consistent with p-wave superconductivity [17] (This is not consistent once the gap structure of the electron pocket is additionally taken into account). It is not possible to clearly distinguish between a nodal gap or a very small gap in ARPES measurements, due to the limitations of energy resolution arising from thermal broadening and the choice of photon energy. Alternate techniques, such as STM and specific heat measurements, do have sufficient energy and thermal resolution to tackle this issue, but here STM measurements of the density of states by Sprau et. al. [15] suggest a fully gapped, nodeless, superconducting ground state, whereas specific heat measurements have argued that the measured data is consistent with a nodal superconducting gap [120]. It is still unclear whether FeSe exhibits nodes or very small superconducting gaps, however as we will discuss below, theoretical arguments appear to suggest that if any nodes do exist, they would be accidental in nature.
5.2 Theoretical Understanding of the Superconducting Gap
The most striking result from the experimentally determined gap structure of FeSe, is the clear realisation that the size of the superconducting gap at the Fermi level is correlated with the magnitude of dyz orbital weight. This tells us that the superconducting pairing mechanism is sensitive to orbital character, and is evidence for superconductivity mediated by Coulomb interactions, such as via a spin-fluctuation mechanism of superconductivity.
Although the idea that spin fluctuations govern the Cooper pairing in the iron-based superconductors, was originally proposed back when superconductivity in these materials were first discovered [7], the evidence for this has often been inferred from gap symmetry arguments, such as a sign-changing s± order parameter [15], or from the general argument that FeSe is close to a magnetic instability. FeSe, being such a clean system, has enabled a direct comparison between theoretical simulations and experimental data.
Indeed many theoretical simulations of the angular dependence of the superconducting gap in FeSe have been performed [15, 19, 21–24, 67, 108]. However, as the formation of Cooper pairs are directly sensitive to the states at the Fermi level, the starting model used to describe FeSe is very important. Numerical simulations have shown that models of FeSe which do not account for the missing electron pocket of the nematic state, i.e. a model Fermi surface which describes two electron pockets around the M point, can not reproduce the experimentally observed gap structure [15, 19, 22, 23].
Initially, this was a confusing result, but with hindsight it is not that surprising. The presence of an extra electron pocket in the simulations would naturally influence the superconducting pairing. Due to the local nature of Coulomb repulsion, the pairing between electrons in real space will be largest for electrons located on the same atom in the same orbital. It follows from this argument, that the pairing of electrons in momentum space would be favoured if a spin scattering process occurs which couples electronic states of the same orbital character. In the nematic state of FeSe, spin-fluctuations are strongest when connecting the hole and electron pocket [63, 123, 124]. In a one-electron pocket scenario, the only common orbital content between the two pockets are the dyz orbital weight, as shown in Figures 9A–D, and thus this would dominate the superconducting gap magnitude. This would not be the case in a two-electron pocket scenario, where scattering with dxz electrons between the hole and electron pocket would also contribute.
[image: Figure 9]FIGURE 9 | Theoretical simulation of the momentum dependence of the superconducting gap from Rhodes et. al. [19]. Here, a Fermi surface consisting of one hole pocket a single electron pocket were considered and a spin fluctuation pairing mechanism was assumed. (A,B) Fermi surface of the hole pocket and angular dependence of the orbital content of the hole pocket. (C,D) Fermi surface of the one electron pocket and angular dependence of the orbital content of the electron pocket. The colour labels are red dxz, green dyz and blue dxy. (E) Simulated angular dependence of the superconducting gap for the hole pocket (red) and electron pocket (blue), revealing a direct correlation with the dyz weight shown in (B) and (D). The crosses and dots are experimental data extracted from STM [15] and ARPES [19] measurements respectively.
It has now been shown that irregardless of the theoretical mechanism employed to remove this second electron pocket from the superconducting calculation, whether that’s orbital selective quasiparticle weights [15, 21, 24], orbital selective spin fluctuations [22], E-type nematic ordering [108], a non-local dxy nematic order parameter [67] or simply ignoring it from simulations of the superconducting pairing outright [19] (as shown in Figure 9), the correct momentum dependence of the gap structure can be naturally captured assuming weak-coupling spin fluctuation mediated pairing.
This is a remarkable finding, not only does it further support the theory of spin-fluctuation mediated superconductivity in the iron-based superconductors, but it provides another independent piece of evidence for a single electron pocket around the M point in the nematic state of FeSe. This result highlights the incredible importance of correctly accounting for the missing electron pocket in the nematic state, as without it we can not begin to understand the superconducting properties of this material.
6 DISCUSSION
This review has been wholly focused on what at first glance might appear to be an esoteric point of discussion, namely, the characterisation and modelling of the Fermi surface of FeSe in the nematic state. However, we propose that after the hundreds of papers and many years of debate and controversy on the subject, that there are very important conclusions to be drawn, which have wider implications for our understanding of both nematic ordering and superconductivity across the wider family of Fe-based superconductors.
The first conclusions surround nematic ordering, where the results establish.
• That nematic ordering affects all bands at the Fermi level, with the dxy derived bands playing as significant a role as the dxz and dyz derived bands.
• That nematic order manifests in the band structure through a combination of all allowed symmetry-breaking terms, primarily anisotropic hopping terms, and cannot be exclusively treated by on-site orbital ordering.
• That nematic ordering does not cause a minor perturbation of the electronic structure, but can lift an entire electron pocket away from the Fermi level.
We believe that these conclusions should be widely applicable across other Fe-based superconductors. While these conclusions do not yet constitute a self-consistent microscopic mechanism of nematic order, they do present strong constraints to any proposed microscopic models.
The second set of conclusions relate to the superconductivity:
• The superconducting gap of FeSe is remarkably anisotropic.
• The fact that the gap follows the dyz orbital character is strong experimental evidence that the pairing mechanism is sensitive to local orbital degrees of freedom, i.e., for spin-fluctuation pairing.
• The superconducting gap of FeSe can be naturally reproduced by spin-fluctuation calculations assuming only one electron pocket at the Fermi level.
There has long been a consensus that the superconductivity in the Fe-based systems is mediated by spin-fluctuation pairing, but we argue that FeSe provides some of the most direct experimental support for this. As long as one starts with the one-electron pocket Fermi surface, the further details of the calculation are not critical, because in this scenario the only orbital component which is present on both the hole and electron pockets is the dyz character, and so this channel dominates the structure of the gap. The success of this result justifies the use of similar spin-fluctuation pairing calculations on other Fe-based superconductors, although we emphasize the importance of starting with an experimentally accurate Fermi surface.
Importantly this insight has only been unlocked once we understand that the true Fermi surface of FeSe consists of one hole pocket and a single electron pocket, rather than one hole pocket and two electron pockets as was initially believed. However, despite us emphasizing how the one electron pocket scenario is key to the understanding of the unusual properties of FeSe, we believe it is still an open question as to what mechanism really drives this modification of the electronic structure. The models of describing the electronic structure in the nematic state have grown more accurate and more sophisticated, yet there is a lack of intuition about what is the real driving force for the evolution of the electronic structure that we observe. In our opinion it remains a delicate and important open question, but solving it in the case of FeSe could unlock a wider understanding of nematicity in the iron-based superconductors.
Additionally, whilst the experimental challenge imposed by measuring the electronic structure of orthorhombic crystals has always been present, the focus on an answer to the origin of nematicity in FeSe has particularly emphasised the continued development of detwinning methods in ARPES [28, 34–40, 85, 125], as well as showcasing the potential of NanoARPES for strongly correlated materials with local domain structures [67, 85].
The anisotropic Fermi surface of the nematic state also has important consequences for the understanding of the spin excitation spectrum of FeSe, which has also been shown to be highly anisotropic [63], revealing a dominant scattering vector at (π, 0) in the nematic state but not (0, π). From an itinerant magnetism perspective, this can be intuitively understood, the only allowed scattering vectors at the Fermi level are the one hole pocket and one electron pocket, seperated by (0, π), thus the imaginary part of the spin susceptibility should also be highly anisotropic [67, 97, 108]. This has so far mainly been discussed within the weak coupling- RPA approximation for the spin fluctuation, within the concext of orbital selective quasiparticle weights [97, 126], however it would be interesting to explore how well this weak coupling calculations agrees with the inelastic neutron scattering data applied the other descriptions of the missing electron pocket.
7 OUTLOOK AND CONCLUSION
With an outlook to the future, there are still multiple open questions regarding the missing electron pocket problem, nematicity and superconductivity in FeSe. Firstly, can we experimentally identify the exact conditions when one of the electron pockets in the tetragaonal state appears or disappears from the Fermi level? So far, this has remained slightly ambiguous, with some experiments claiming a gradual disappearance of the electron pocket [37] and others claiming a Lifshitz transition around 70 K [35, 36, 67].
Another open question is how the missing electron pocket scenario can be reconciled with the QPI measurements as a function of sulphur doping [42] or Tellurium doping [2], each providing an isoelectronic tuning parameter to control the evolution of the Fermi surface. The systematic evolution of the Fermi surface has been studied by Quantum Oscillations [127], however due to the tiny size of the Fermi energy in this system, the unambiguous assignment of the quantum oscillation frequencies is challenging [67]. Equally, twinned ARPES measurements on sulphur doped FeSe have already been performed [54, 77], as well as several studies on detwinned crystals for 9% sulphur doping [37, 38]. So far it is unclear when the missing electron pocket reappears, and so further measurements of detwinned FeSe1−xSx are desirable, although by 18% the system is tetragonal once more and two electron pockets are certainly observed [77].
Finally, an important avenue of research is how does the momentum-dependence of the superconducting gap change as nematicity is supressed, e.g., as a function of sulphur doping. The momentum dependence of the superconducting gap for undoped FeSe has now been extensively characterised, and theoretical predictions of how the gap should evolve as nematicity is suppressed have been proposed [67]. This much needed experimental data would again place important constraints on our theories of nematicity and superconductivity in these systems.
As the study of the Fe-based superconductors has matured since they exploded onto the scene in 2008, the emphasis has shifted from basic characterisation of a wide variety of superconducting families, to detailed examination of particular cases. FeSe has been the subject of particularly focused attention, and the effort has been worthwhile, with two remarkable results emerging: the one electron pocket Fermi surface, and the highly anisotropic superconducting gap structure. We have argued that these two, taken together, provide strong evidence for spin-fluctuation pairing in FeSe, which is presumably applicable to the wider family of Fe-based superconductors. However, the extent to which the one electron pocket phenomenology may be applicable to the nematic phase of other material systems is a large open question; as well as FeSe1−xSx and FeSe1−xTex, we propose NaFeAs [125] as a candidate worthy of re-examination. Thus as this review of FeSe concludes, we propose it is time to take the experimental and theoretical tools developed for case of FeSe, and apply them with renewed vigour to the wider field of Fe-based superconductors.
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