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Optical analog computing and spatial differentiation have received great
attention in many fields. In the field of biology and medicine, it is important
to get the high contrast of phase images on a subwavelength scale. Compared
with other methods, the optical methods based on the photonic spin Hall effect
(PSHE) have the advantages of low costs and detailed detections, but this
method also has the disadvantages of lower contrasts. Our work is aimed to
improve the contrasts for the edges. In the study, we explore the spin Hall effect
of light (SHEL) based on uniaxial crystals and investigate the effects of these
crystals on spatial differentiation. It can be seen that in the elliptic—hyperbolic
crystal, the PSHE can be enhanced significantly and the spatial differentiation
contrasts are consistent with the enhancement of PSHE, which implies that this
kind of medium would provide more possibilities in micro imaging.
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Introduction

Nowadays, information technology has changed people’s daily life, and people
create more and more calculation methods to improve the life quality. Optical analog
computing is a widely used method to analyze the field distribution through an optical
system, which has the advantages of real-time imaging, energy conservation, and
simple principle [1-8]. Therefore, it is widely applied in spatial differentiation. Spatial
differentiation is an important way to get information by extracting the edges from
the figure, which can save the amount of information preservation and make the
images clear for observation, especially in the biological and medical fields. For
example, doctors can diagnose the physical condition of patients by observing the
outline of red blood cells, and biologists can also use the method to explore the
characteristics of plant cells [9].

There are many research studies on spatial differentiation at the subwavelength
scale. Edge detections could be realized by optical systems [10, 11], such as
metasurfaces [12], excited surface plasmon polaritons (SPPs) [13], or the optical
bulky systems of Fourier lenses and filters [14, 15]. Methods based on SPPs or optical
metasurfaces have the disadvantages of high price [16], and the preparations before
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the experiments are very complex [17]. In addition, the
minimum width of slots that can be distinguished based on
SPPs is 2.4 ym [13], while the detection precision based on
SHEL is 1.6 um [18]. In this case, spatial differentiation
methods based on PSHE have the potential for wide
application for the advantages of detailed detections and
low costs.

PSHE or the SHEL is a phenomenon that photons with
opposite spins would drift in opposite directions
perpendicular to the refractive index gradient [19-21]. The
reason for the phenomenon is that when photons encounter
media with the refractive index gradient during the process of
transmission, the orbital angular momentum would interact
with spin angular momentum, and then the photons with
opposite spins would split. In other words, the reason for the
PSHE 1is spin-orbit interaction (SOI). SOI has been
investigated in the past decades [22-28]. The phenomena
of SOI and PSHE often occur during the reflection and
transmission process of light. Therefore, there are some
researchers investigating the spatial differentiation based on
PSHE at the air-prism interface [18, 29]. In this case, the
mechanism of edge detections can be understood as deriving
the complex amplitude of the incident light field. When a light
beam passes through the phase object, the phase distributions
for the passing light field are not equal to 0, while those of the
blocked light field are 0. In this condition, there exist steps of
phase distributions between the blocked light field and passing
light field, and the discontinuity on phase generated the edges
after the optical system.

To improve the contrasts of edges based on the PSHE
method, we turn our attention to anisotropic material. In the
past 20 years, the PSHE in a uniaxial crystal has been
investigated with a positive index [30]. In addition, the SOI
in certain uniaxial crystal [31] and so on [32-36] are also
studied. There are three kinds of uniaxial crystals, and two of
them are metamaterials with negative index. In this study, first
we analyzed the PSHE in the simulation of the reflected field
where a Gaussian beam is incident at the air-prism interface.
By changing the index systems of uniaxial crystals, the
enhancement order of PSHE among crystals with different
dispersion relations is achieved more convincingly. Then, we
used the optical system for spatial differentiation. In the same
index system, the derivation results for different materials
show that the edge contrasts C is proportional to the spin
splitting distance & of PSHE. In other words, the spatial
differentiation effect is strongly consistent with the PSHE
enhancement in the same index system. The simulation
results also show that edge detections based on
elliptic-hyperbolic  crystals have significantly  higher
contrasts than those based on the traditional prism. These
crystals are kinds of metamaterial with a negative index, which
indicates the opportunities for metamaterials in micro
imaging.
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FIGURE 1
Schematic model of a uniaxial crystal sample.

Theoretical analysis
The properties of the uniaxial crystal

The reflection schematic diagram of the Gaussian beam at the
air-uniaxial crystal interface is shown in Figure 1. The optical
axis of the uniaxial crystal lies in the x — z plane, and ¢ is the
angle between the optical axis and the z axis.

In the study, the optical axis is set parallel to the z-axis for
simplicity. According to the previous research about the beam
propagating in uniaxial crystals [37-39], the constitutive
relations in the anisotropic medium are given as:

D, & 00 E,
<D)<oo>(E) w
D, 0 0 ¢ E,

B, g 0 0 H,
() (he)(e) e
B, 0 0 u, H,

In uniaxial crystals, &x = &, # &, p, = p,, # ., there are two
refractive indexes called ordinary refractive index , and
extraordinary refractive index #,. The values ofn, and n, stay
constant for different materials in the same index system. Thus,
the absolute values of permittivity and permeability for
traditional uniaxial crystals are induced as

lex| = ”250 (3)
Isyl = g )
le.| = reo ®)
|lux = |nuy| = |n"lz = AuO (6)

where ggand i, are the permittivity and the permeability in the
vacuum, respectively. For uniaxial crystals, there are three kinds
of dispersion relations that are called elliptic—elliptic dispersion,
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FIGURE 2
Spin splitting phenomenon schematic of Gaussian beam.

elliptic-hyperbolic ~ dispersion, and hyperbolic-hyperbolic
dispersion. The absolute values of [ex,éey,¢.] and [u,, fys u,]
are set the same among different uniaxial crystals. The direction
of the z axis is marked as the principal direction. Thus, the
indexes in the directions of x axis and y axis are noted with L and
z axis is noted with ||.

For elliptic-elliptic dispersion: e, ¢, 4, , ¢y > 0. Materials of
the other two relations are kinds of metamaterials with negative
indexes. For elliptic-hyperbolic dispersion: ., &, 4, >0, p <0.
For hyperbolic-hyperbolic dispersion: e, g >0, &, ¢, <0. The
relation curves of k, and kZ, k; can explain the reasons for these
dispersion relation names.

The relationships of wave vectors for p wave and s wave are

different and written as follows:

2 p2
kx kz — wZ (7)
AU, ELp,
k2 ksZ
Xy E = (8)
Sy &y

k.is the incident wave vector in x-direction, k, = k sin @ where
k= Z/T”and 0 is the incident angle, kf and k are the transmitted
wave vector of p wave and s wave in the direction of the principal
axis, respectively. Also, the p and r, are Fresnel reflection
coefficient for p wave and s wave in uniaxial crystals,

respectively, which are given as

ek, —&k?
ek, + &k?

&)

Tp
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— [’lJ_kz — yrk;

l’lJ_kZ +yrk; (10)

The & and the u, represent the permittivity and the
permeability of the air, respectively.

The photonic spin Hall effect based on
uniaxial crystal

As mentioned before, the spin components of the reflected
beam split owing to the SOL In this section, the PSHE based on
uniaxial crystals with different dispersion relations is explored.
The spin splitting phenomenon schematic of the Gaussian beam
reflection process is shown in Figure 2. The local coordinate
systems attached to the incident beam and the reflected beam can
be expressed as (x;, ¥i,z;) and (x;, y,,2,), respectively. The
global coordinate system is represented as (x4, y4,2,4). After
the reflection process, the opposite SOI would drift the photons
with different spins to the opposite directions perpendicular to
the incidence plane.

The Gaussian beam profiles can be expressed as

x2+ 2
A, = exp( - w2y
0

Jesplio) v

Here, wy is the beam waist of the Gaussian beams and ¢ (x, y)
is the phase component. In this study, it is assumed that the
incident beam is horizontal polarization é;,. The corresponding
polarization electric field can be denoted as Ej, = A;,éix. The
angular spectrum of the reflected beam can be expressed as
follows owing to the reflection matrix:

ke

rp— Trp Ak,

Er = Ein

kes
-Ak,y, 1 - 7

(12)

where E;, = Aj,é; . The Ay,denotes the expression of A;,in the
form of the frequency domain. The r’P and r, represent the
derivative of the r, and the 7, with respect to the incident angle 0,

M in the reflection matrix.

respectively. Also, the A =
Therefore, when the incident beam has a horizontal incident
polarization, the polarization state of the reflected beam is

calculated as
. 1 er U ~
Er = A,-n<rp - ?rp>e,x -

As we know, for an arbitrarily polarized beam, its

AinAkryéry (13)

polarization state can be constructed from a vector

superposition of two orthogonal circular polarizations.
Usually, the left circular polarization (LCP) is noted as e_.

The right circular polarization (RCP) is noted as é,. Owing to
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FIGURE 3
Optical setups for spatial differentiation based on PSHE.

ex Fiey

the é. = ==~, the RCP and LCP components of the reflected
beam can be written as

E. = A,.,,[<r,, - %/P)ém + iAk,yéry] (14)

After the Fourier transform of E,., the shifts of RCP and LCP
components of the reflected beam parallel to the y axis can be
induced by the integral formula:

+ _ _”-Ert : E;grdx,dy,

" [[E Edxdy, (15)

After some straightforward calculations, the shifts for RCP
and LCP components for the reflected beam can be expressed as
follows [40]:

1

8. = W{ T Re(r;Ak)} (16)
Also, the W is written as
2
r |+ kAP
W = Irplz + 7(| P'kzwg ) (17)

The spatial differentiation based on
photonic spin Hall effect

There are many methods for spatial differentiation based on
PSHE. It can be seen that the contrasts of the edges are relevant to
the material characters of the reflecting surface. Also, the relevant
optical setups [29] are shown in Figure 3.

Frontiers in Physics
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GLP2

The setup arrangement is used to detect the edges of the
school badge. The half-wave plate (HWP) is used to adjust
the intensity of the beam to prevent the CCD from being
overexposed. The first lens (L1) is used to collimate the beam
which is parallel. The first Glan laser polarizer (GLP1) and
the second Glan laser polarizer (GLP2) are used to change the
polarization states of the incident beam and the reflected
beam. The second lens (L2) could convert the divergent beam
to a parallel beam. Here, we introduce the derivation process
for the spatial differentiation formula according to the
relevant Ref. [29] and choose the Gaussian beam with a
electric field E;, as the
beam. It is assumed that the polarization angle of the
GLPI1 is « and the beam passing through the GLP1 could
be written as

polarization incident

E;p = cos aAyé;y + sin ocA,»,,é,-y (18)
Also, the Quarter Wave Plate (QWP) whose optics axis was set as
0° is used to change the phase of the incident beam as

T, PO T\ . 5 A
E;, = exp(—z 1) cos wA,éix + exp( Zl> sin wA;,é;, (19)

When the beam reflects at the surface of the uniaxial crystal,
Eq. 19 is substituted into Eq. 12. Also, the angular spectrum of the
reflected beam is written as

kP
E, = exp(—gi)ﬁ,-n (20)

k r
z(rS - %rs sina — Ak, cosa

er ! . .
<rp - ——r, | cosa +iAk,, sin«
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The 2 x I matrix in Eq. 20 is based on the vector units of é,,
and é,. The polarization angle of GLP2 is set as 0°and the output
electric field can be shown as

er > . . ~
rp— Trp cos a +idk,, sina | &,

21

E,x = exp(—%i);&in

'
T oS

In Eq. 21 above, the A, = [-3—| and the A}, = [Asina|. The
beam is incident at the Brewster angle in our simulations;

therefore, the rp,=0. In this condition, the polarization angle
a is changed to the degree when the tana = I;—Zl. Then, the
Ay = A,. Thus, the angular spectrum of the reflected polarized
electric field can be noted as

En oc(ky +ik,) Ay (22)

The inverse Fourier transform is performed on both sides of
Eq. 22, and the result shows that

o .0
E,. x (a + l@)Am

Thus, the setup arrangements in Figure 3 could achieve the

(23)

two-dimensional edge detection of the object information.

Simulation results

When a Gaussian beam reflects at the surface of a uniaxial
crystal, the photons with different spins would shift to the
opposite directions as shown in Eq. 16. The beam split
distance between two beams &8 can be deduced as follows
whose absolute value is regarded as the standard for
enhancement of PSHE:

8=06,-06_= _WZRe[r;A] (24)

In addition, setting the value of the index CasC =4, =A it

co r,A

C is the coefficient about k, and ky. Therefore, combining Eq 22

(25)

and 25, we can see that the contrasts of the edges increase with
the increase of C.

Inserting the value of\QV fr(z)m Eq. 17 into Eq. 24, it can be
calculated that |1’P|2 < % when the incident angle 0 is
the Brewster angle. Then, the absolute value of split
distance § and the expression of C can be expressed

respectively as

1
|8| =k

12
’ 26
\(rp+|rj)|cot(e)|+ (rp +r)coto) 0
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1
C = k2
Il (27)
I+
(rP + rs) cot (0)?
The expressions of k; and k; are noted as k; = |2kw?Re [r;]l

and k, = lr—,fl,respectively. It can be seen that the values of k; and k,
are strongly consistent with the distributions of the index r,, and r;, .
Taking the index system of the quartz crystal, for example,
the distributions of the |r,/r| with respect to the incident angle 6
for different uniaxial crystals can be shown in Figure 4:
Comparing Figure 4A with Figure 4B, we can see that the
change of ¢ has no influence on the value of Brewster angle. The
values of the Brewster angle based on elliptic—elliptic crystal and
elliptic-hyperbolic crystal are the same as 56.76°. From
Figure 4C, it can be found that there is no Brewster angle for
the of the with
hyperbolic-hyperbolic dispersion relation, which means this

beam reflecting at surface crystals
kind of crystal is not suitable for spatial differentiation. The
distributions of beam splitting distance § with respect to the
incident angle 6 based on different index systems are shown in
Figure 5. The index systems of some common uniaxial crystals
are used in these simulations.

The four rows correspond to the index system of quartz crystal
(Si0,), calcite crystal (CaO.CO,), magnesium fluoride crystal
(MgF,), and corundum crystal (Al,Os). For elliptic—elliptic
crystal and elliptic-hyperbolic crystal, the § reaches its maximum
value around the Brewster angle of the material. In the same index
system, the maximum value of § in the elliptic-hyperbolic crystal is a
bit higher than that in the elliptic—elliptic crystal, while the value of §
in hyperbolic-hyperbolic crystal is too small to be ignored.
Therefore, the hyperbolic-hyperbolic crystal is not suitable for
spatial differentiation. Our work is to explore the consistency
between the splitting distance § and the spatial differentiation
effect in different uniaxial crystals. In this step, the school badge
of Xi’an Jiaotong University is applied for edge detection. The
original picture of the badge is shown in Figure 6.

The spatial differentiation effect based on different uniaxial
crystals is shown in Figure 7. Figure 7 has eight subfigures, and the
figures correspond to the materials of the first two columns in
Figure 5. According to the index systems, these figures are divided
into four groups: (a) and (b), (c) and (d), (e) and (f), and (g) and
(h). The two figures in one group share the same index system and
correspond to elliptic-elliptic crystal and elliptic-hyperbolic
crystal, respectively. Take Figures 7A,B, for instance, it can be
seen that Figure 7B has sharper edges than Figure 7A, while all the
intensity values in Figures 7A,B are normalized values based on
original intensity values. In these two original figures, we take the
largest intensity value as I ., and all the intensity values are
normalized by I ;4. Because the Matlab software would adjust the
scope of the right column automatically which would make two
normalized figures have no difference to our naked eyes, then the
scope of the two right columns both be reset as 0 ~ 1. This is the
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FIGURE 4
Curves of the value of |rp/rs| with respect to (A): elliptic—elliptic crystal; (B): elliptic—=hyperbolic crystal; (C): elliptic-elliptic crystal.
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FIGURE 5
Distributions of spin splitting distance § based on different uniaxial crystals of different index systems.
method through which we get the intensity values in Figures 7A,B, It can be found that there is consistency between the maximum
and the values of other groups are also obtained through similar value of ¢ and the edge detection effect by comparing the subfigures
operations. in Figures 5, 7. In the same index system, the higher the maximum
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FIGURE 6
Original picture of the school badge for edge detection

value of §, the better the spatial differentiation effect. The spatial
differentiation effect is not only related to the maximum &. For
instance, the maximum value of § in Figure 5G is much higher than
that in Figure 5D, while the corresponding edge detection effect in
Figure 7E is worse than that in Figure 7C. The index system also
plays an important role in spatial differentiation. It is our work to

v axis(m)

-10 5 0

S > ; -10 5 0
X axis(m) 10

X axis(m) <107

v axis(m)
v axis(m)

-10 s 0 s .10 B 0 s
X axis(m) <10 X axis(m) <10

FIGURE 7

y axis(m)

10.3389/fphy.2022.862156

accurately describe the relationship between the edge detection
effect, the maximum &, and the index system.

The index C is an important standard for measuring edge
contrasts. The higher the C, the clearer the edges. Inserting Eq. 27
into Eq. 26. The |§] can be expressed by the index C as

CZ
1-——
(k2)

LI

d| =
s

(28)

By introducing two indexes « and f, Eq. 28 can be
simplified as

a= (29)

B
2
where the a = arcsin (k%) and the 8 = arcsin (M). Except for the
index C and |, Eq. 29 is strongly related to the distributions of |r |
and |r"D|. This relationship can explain the phenomenon we
mentioned before. For instance, the elliptic—elliptic crystal and
elliptic-hyperbolic crystal have the same distribution of the |r|
and |r;,| in one index system, so if the |§] is higher, the index C
is higher, while in different index systems, there are different values of
rpand r;, Therefore, the relationship between the edge detection effect
and spin splitting distance is unobvious. Uniaxial crystals with
negative index are kinds of metamaterials, which means they
could be designed artificially. Eq. 29 gives new clues for designing
crystals in edge detections.

In addition, uniaxial crystals with a certain kind of dispersion
relation have great advantages over the traditional prism. The
indexes of the quartz crystal are applied in these simulations, and
the edge detection effects based on different materials are shown
in Figure 8. There are three subfigures in Figure 8, and the

10 -5 0 5 10 -5 0 5
X axis(m) 107 X axis(m) 10"

¥ axis(m)

-10 s 0

X axis(m) 10 X axis(m) <10

Spatial differentiation effect based on materials with different index systems.
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FIGURE 8

Edge detection effects based on different materials. (A): traditional prism. (B): elliptic—elliptic crystal. (C): elliptic—hyperbolic crystal.
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Light intensity distribution at y = O axis based on different materials.

intensity values of these subfigures are processed values based on
original intensity values. The processing method is similar to that
in Figure 7. We take the largest value of the three original
intensity distributions as I ,,, again, and all the intensity
values are normalized by I ... The scope of three columns in
Figure 8 are all set as 0 ~ I.

The effect based on the glass prism in Figure 8A is similar to that
in Figure 8B based on the elliptic—elliptic crystal. The edges in both
figures are not clear enough. The effect based on the
elliptic-hyperbolic crystal in Figure 8C has sharper edges and
conveys more figure information than the two other effects. In
order to make the comparison among the three figures more
intuitive, the intensity distributions based on different materials
along the certain region at the axis of y = 0 are depicted as Figure 9.
From Figure 9, it can be seen that the edge contrasts of the
elliptic-hyperbolic crystal are significantly higher than those in
the other two cases.
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Conclusions and discussion

Our work is aimed to explore the optical characters of uniaxial
crystals and compare the characters with those in the PSHE and
edge detections. Setting the uniaxial crystals with different dispersion
relations under the same parameter system, the numerical
simulation results show the order of the PSHE enhancement as
follows: elliptic-hyperbolic crystal > elliptic—elliptic crystal >
hyperbolic-hyperbolic crystal. For the first two materials, the
value of ¢ would reach its maximum and minimum point when
the incident angle 6 distributes around the Brewster angle. The value
of r,, for different 6 is a constant for the last material which has no
Brewster angle. Thus, the hyperbolic-hyperbolic crystal cannot be
used in spatial differentiation based on PSHE. Comparing the other
two uniaxial crystals, the change of parameter y, in the
elliptic-hyperbolic crystal would result in the enhancement of
PSHE and further improve the contrasts of edge detections. It
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can be seen that the spatial differentiation effect based on the
elliptic—elliptic crystal is similar to that in the traditional prism.
While the effect based on the elliptic-hyperbolic crystal can reflect
the edge information more clearly. Then what is the reason for the
stronger enhancement of PSHE based on elliptic-hyperbolic crystal?
It is known that SOI is an intrinsic reason for many physical
phenomena and depends on the characters of materials. The
researcher investigated that SOI based on negative index
materials would show extraordinary characters [41].

Elliptic-hyperbolic uniaxial crystal is a metamaterial with a
negative index, which is a kind of artificial material with special
characters compared with traditional materials. The advantages
of elliptic-hyperbolic material mentioned before have brought a
discovery that the application of metamaterials would open up
new prospects in the field of edge detection.

The applications of metamaterials are still in the stage of
testing and small batch production for their high costs. However,
materials used for optical differentiation usually are reused,
which means that the requirements for resistance of materials
are high. In the long run, the methods based on metamaterials are
relatively inexpensive and could be developed and widely used in
the image processing field.
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