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The theoretical framework for the uncertainty relation of Hermitian operators is perfect
and has been applied in many fields. At the same time, non-Hermitian operators are
also widely used in some other fields. However, the uncertainty relation of non-
Hermitian operators remains to be explored. K.W. Bong and his co-workers
proposed the theory of unitary uncertainty relation and verified it in the experiment
[Phys. Rev. Lett. 120, 230402 (2018)]. In this work, we generalized this unitary
uncertainty relation theory and proposed uncertainty relations of non-Hermitian
operators. Due to the difficulties in the direct measurement of non-Hermitian
operators in the uncertainty relations, we simplified the uncertainty relation of two
non-Hermitian operators with pure states and proposed a realizable experimental
measurement scheme by using the Mach-Zehnder interferometer. When the two non-
Hermitian operators are unitary, our result can reduce to Bong et al.’s result.
Furthermore, for two non-Hermitian operators but not unitary, we obtained a
generalized and analogous result of theirs.

Keywords: uncertainty relations, non-Hermitian operators, Mach-Zehnder interferometer, Robertson-Schrédinger
uncertainty relations, Heisenberg uncertainty relations

1 INTRODUCTION

Uncertainty relations are the basis of quantum theory. It was first proposed by Heisenberg [1] and
was rewritten by Kennard [2] and Weyl [3] as the uncertainty relation between position and
momentum. Robertson generalized this to any two observables [4]. Schrédinger strengthened the
inequality and put forward the Schrédinger uncertainty relation [5] as

C(BAPY (BB 2 1A BI) — CAYBY| + <A BDE, (1)

where ((AO)*) stands for the variance of observable O, {A, B} represents the anticommutator of
observables A and B, and [A, B] is their commutator. Uncertainty relations have been used in many
quantum information tasks, including quantum key distribution [6, 7], deeply quantum systems
[8-10], quantum random number generation [11, 12], entanglement witness [13],
Einstein—-Podolsky-Rosen (EPR) steering [14, 15], quantum metrology [16], and so on.

In quantum theory, we know that those observable measurements of physics are represented by
Hermitian operators and can be faithfully represented on measuring instruments. In fact, there are
non-Hermitian operators that are not Hermitian conjugated, and these non-Hermitian operators can
be observed by weak measurements [17]. Certainly, the measurement of non-Hermitian operators is
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not limited to this; weak values of non-Hermitian operators can
also be derived from bound state scattering [18]. The problem of
eigenvalues of non-Hermitian operators can also be solved by
introducing generalized ladder operators [19]. In reality, non-
Hermitian operators can be used in many ways such as quantum
open systems [20], quantum optics [21], quantum cosmology
[22], and many other fields. Furthermore, pseudo-Hermitian
operators belong to non-Hermitian operators, which have
many applications [23, 24].

The uncertainty relation of unitary operators can reflect the basic
characteristics of the quantum world to some extent. In Ref. [25], the
authors proposed the uncertainty relation of the unitary operator,
satisfying the certain commutative condition in finite dimensions.
However, it is not applicable in high dimensions, so Bagchi and Pati
put forward the uncertainty relation of general unitary operators,
which can be applied to high dimensions [26]. In order to get a more
general case, the uncertainty relation of general unitary operators has
been experimentally tested [27]. Furthermore, Bong and his co-
workers put forward an uncertainty relation: strong unitary and
overlap relation, and demonstrated their theory in the experiment
[28]. The subtlety of this theory lies in that it greatly simplifies the
measurement of the experiment and provides a very valuable
experimental idea for reference. In addition, the theory of the
strong unitary uncertainty relation has also been discussed in Ref.
[29] and has been experimentally realized in Ref. [30].

Unitary operators are a kind of non-Hermitian operators, and
the theory about the uncertainty relation of unitary operators has
been relatively mature. But what about the uncertainty relations of
more general non-Hermitian operators? For non-Hermitian
operators, their eigenvalues are complex and cannot be directly
observed in experiments. Therefore, we made corresponding
changes to the measurement method of non-Hermitian
operators. The general derivation of the uncertainty relation of
general non-Hermitian operators is given in Ref. [17], but this form
lacks experimental protocols to measure this uncertainty relation.

In this study, we proposed uncertainty relations of non-
Hermitian operators and designed an experimental scheme to
facilitate measurement for two non-Hermitian operators with
pure states. The article is organized as follows: First, we briefly
proved the uncertainty relation of non-Hermitian operators.
Second, we provided an example of the uncertainty relation of
two non-Hermitian operators in a pure state, explained how to
measure the uncertainty relation of two non-Hermitian operators
in an experiment, and proposed a measurement scheme by using
the Mach-Zehnder interferometer. Finally, we discussed and
summarized the content of the article.

2 UNCERTAINTY RELATIONS FOR
NON-HERMITIAN OPERATORS

To propose the uncertainty relation for non-Hermitian operators,
we first need to define the variance of a non-Hermitian operator.
In Refs. [17, 31], the variance of a non-Hermitian operator O
under a state p is defined as {(AO)?Y:={(0" = (O")) (O- (O)) =
(OT0) - (O"H(0Y, where (O = Tr (pO). Based on this
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definition, we can prove the following uncertainty relation for
non-Hermitian operators:

Proposition 1. Two non-Hermitian operators A and B are
considered in a d-dimensional Hilbert space; the uncertainty
relations for two non-Hermitian operators are

((AA)*){(AB)*) = [KA'B) — CAT)(B)I%, 2

where ((AA)>):=(ATA) (ATS(AY and <{(AB)*)=(B'B)

- (B")(B).
Proof. Let us define a 2 x 2 matrix M as

[ (AR (ATBY - (A'YB)
M‘(<B*A>—<B*><A> ((ABY) > 3)

Now, let us prove that M is a semi-definite positive matrix. An
arbitrary vector (a,b)T is considered, where a and b are two
arbitrary complex numbers; of both numbers, one has

()

e AT AT a

= (a%b )<<BT ) <BT>><A— .- @(;) .

e e[ AT (AT a

= {(a%b )(Bf ) <B+>>(A‘ .8- B, )

=(C'C)

>0,

where the operator C is defined as

C=a(A-<A))+b(B-(B)). (5)

Since for an arbitrary vector (a,b) T the result (C'C) is always
non-negative, and M is semi-definite positive.

If a matrix is semi-definite positive, then its determinant is
non-negative. Thus, we have

det (M) >0, (6)
with
det(M) = ((AA)*){(AB)*) — [{A'BY — CATY(BY]*.  (7)

Therefore, the uncertainty relations for two non-Hermitian
operators (2) have been proved. O

Remark. The uncertainty relation (2) has also been proved in Ref.
[17]. When A and B are Hermitian operators, the uncertainty
relation (2) reduces to the Schrédinger uncertainty relation (1)
since

[CABY ~ CAYBYP = |3 <14 BIY ~ <AXB)| + 1ICIA, BIP

holds. Moreover, we generalized proposition 1 to the case of n
non-Hermitian operators.

Proposition 2. Consider n non-Hermitian operators {A;}\_, in a
d-dimensional Hilbert space; the uncertainty relations for n non-
Hermitian operators are
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det (M) >0, (8)
where the matrix M is defined as

M;; = <A;Aj> - <A:><AJ>' ©)

Proof. The proof is similar to proposition 1. Let us prove that M is
a semi-definite positive matrix. An arbitrary vector
(a1, a2, ...,a,)" is considered with {a;}., as arbitrary complex

numbers, of which one has

ay
(@haaM| % | = (@i a)
an
AL - Al o
<A;—”<.A;'> (A = (A, Ay — (A, .. A, =AY az
AT - AD "
Al Al
= s a)| AT 4= A, A= A4,
Al = (Al
a
~Aan| 2P =corzo, "
an

where the operator C is defined as C :== Y"_ a; (A; — (A;)). Thus,
M is semi-definite positive, and det(M) > 0 holds. The uncertainty
relation still holds for such cases. O

3 UNCERTAINTY RELATIONS FOR TWO
NON-HERMITIAN OPERATORS IN PURE
STATES

Now, we focused on the uncertainty relations for two non-
Hermitian operators (2) in pure states. Two non-Hermitian
operators A and B are considered in a d-dimensional Hilbert
space; if the state is a pure state |¢), then

((AA)") = (PIAAlg) — (PlATI$) <Pl Al
= (IA'PAlg),

where P is a project operator defined as P == 1 — |¢) {¢|. Similarly,
we observed

((AB)*) = ($|B'Bl¢) ~ ($|B'I¢><$|Bl$> (12)

(11)

= (¢|B"PB|¢),
and
[CATBY = CAY(BYI* = [{$|A"BI|¢) — ($|AT|¢)(¢|Bl¢) |’ (13)
= |[<¢|A"PB|¢)[*.

Therefore, the uncertainty relations for two non-Hermitian
operators (2) with a pure state |¢) become

(PIATPAI$)($|B"PBI¢p) > [{$|A"PBIg)". (14)

Uncertainty Relations of Non-Hermitian Operators

Moreover, if the dimension of the Hilbert space d = 2 (a single
qubit system), the rank of P is 1. Thus, P can be rewritten as P = |
¢.><¢.|, where |¢,) is the orthogonal state of |¢) in the single
qubit system. Thus, the uncertainty relation (14) becomes

(PIATI9, )<, [AI) ($IB'I$,)<$.IBl$)
[<1A"I¢, D I*I<HIB' 19, )I° (15)
[<$IA"I9, )<o, [BI$)I".

It is obvious that the “ = ” always holds in (15).

Based on the aforementioned proof, one can conclude that we
can always obtain equality in (2) when we only consider pure
states in a one-qubit system.

v

4 TEST UNCERTAINTY RELATION FOR
TWO NON-HERMITIAN OPERATORS

The uncertainty relation for two non-Hermitian operators in a
one-qubit system is discussed, and the uncertainty relation is
experimentally tested via weak measurements. Since the variance
of a non-Hermitian operator in a state is a concave function of the
state, we focused on the uncertainty relation in pure states.

4.1 Theory

Two non-Hermitian operators A and B are considered in a single-
qubit system. Suppose the polar decompositions of the non-
Hermitian operators A and B are

A= S\Uy, (16)
B = SBUB, (17)
where S, and Sg are two positive semi-definite operators and U,

and Uj are unitary operators. Thus, the variances of A and Bin a
pure state |¢) are

((AA)) = (PIATAlp) — (PIATI$) <Pl Al) (18)
= (YISSly) = <ylSald><pISaly),

((ABY) = (§IB'BIg) — (GIB'ISYHIBISY \)
= (xISEIx) — xISsle) {PISslxDs

where |y):=U,4|¢) and |y)=Ug|¢). Moreover, the right hand side
of (2) becomes

[CATB) — (AT (B)*

= ISASaly> = CW1Sa16) (PISsl L (20)

In the following, for the simplicity of experiments, we chose
the non-Hermitian operators A and B as

A= UZUA, (21)
B = UXUB. (22)
Thus,
((AA)*Y = 1—(ylo-lgy{glo-lw), (23)
((AB)*) = 1= {xlo.|¢) {loslx) (24)
[CA'BY = CANYBY = [Kylooly) (25)
—(ylol ) {Ploxlx>I*.
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Now the left hand side of the uncertainty relation (2) becomes

((AAY<(AB)*)
1= (yloz|¢)<loly) — xloxlgr<loxlx)
+(Ylo:z|¢) (Blo:y) (xloxlg) {loxlx)-

Meanwhile, the right hand side of the uncertainty relation (2)
becomes

[CATBY — CATY(B)|’
= Kylo.oxly) — (ylozl¢y <Blolyd I’
= (Kylo,oxly) = <wlo 1y {lo:ly)) ((xlooly)

—(Ploly) {xloxle))
= (ylo.o.ly {xloxoly) — Kylooxlxd {plo-ly)>{xlo.lp)
—xloco vy {ylo, o) {ploslx)

+HYlo:|¢) (Bloxlxy {Plozly) {xloxl$).
27)

Therefore, the uncertainty relation (2) reduces to

(Ylolgy{lozly) + {xloxlg){dlo.lx)
Hyloo. ) {xloxoly) — (ylo.oclyd{lo-|y) {xlo.ld>
—xlooyy {ylozl¢y{Plolx> < 1.

(28)

Let us define |@1)=|¢), |@)=A|¢> = 0|y, |ps)=B|¢) =
ox)> and Ty = (<pj|(Pk>; the uncertainty relation (2) becomes

|T12|2 + |T13|2 + |T23|2 =TT T —TTyHTis<1. (29)

Since T32T21T13 = (T23T12T31)*, we have

TyT 2 Ts = |T23T12T31|e@, (30)
T,T,,T T3,THT
Re(TyT1Ts) = 23112 31;' 32421113 (31)
= |T5T1,T3 | cos D,

where O is the phase of T,3T1,T5;, and Re (T53T1,T5;) is the real
part of T53T1,T5,. Thus, Eq. 29 is equivalent to
|T12|2 + |T13|2 + |T23|2 -1

cos® > . (32)
2|T23T12T31|

From cos ® < 1, one has a weaker uncertainty relation of (32),

[Tl + Tl + 1Tl = 2|T5 T Tal < 1. (33)

Remark. If A = U, and B = Up, then the uncertainty relations (32)
and (33) reduce to the case of unitary operators discussed in Ref.
[28]. This theory has a much broader scope and can deal with a
wide variety of situations.

4.2 Scheme

Now we discussed how to test the uncertainty relation (32) and its
weaker form (33) by using the Mach-Zehnder interferometer.
According to the theory and measurement ideas proposed by
Bong [28] and Nirala [32], the uncertainty relation of non-
Hermitian operators can also be expressed by calculating the
interference visibility.

Uncertainty Relations of Non-Hermitian Operators

Beam Splitter

L2y N
F N
() 5
74
2 }L 4 L \\ ‘1/>

S APD

BBO
)\ Crystal
|y}

Prism Phase Shifter

Trigger

[ APD |

FIGURE 1 | This scheme can test the uncertainty relation for two non-
Hermitian operators (A and B) by using the Mach-Zehnder interferometer.
Pairs of single photons are generated using a BBO crystal. The signal single-
photon state is prepared in |y). After entering a displaced

Mach-Zehnder interferometer at a 5050 beam splitter, the photon traverses
the interferometer. B in the transmitted arm is represented in (yellow), and A in
the reflected arm is represented in (purple).

In principle, we can test the uncertainty relation of non-
Hermitian operators for any n. Here, we chose a special case
of n =2, which requires preparation of a strictly pure state |y) and
tomographic reconstruction of |y), A|y), and B|y).

Non-Hermitian operators A and B are considered for example.
As shown in Figure 1, the main component of our setup is the
Mach-Zehnder interferometer. For the single-photon source, we
have a choice to use a continuous-wave diode laser to pump an
optically nonlinear beta barium borate (BBO) crystal. Then,
photon pairs are generated by noncollinear type-I spontaneous
parametric down-conversion (SPDC). The idler photon (Trigger)
heralds the presence of a signal photon. The A and B operators
can be implemented by using combinations of optical
components in the laboratory such as half-wave plates
(HWPs) and quarter-wave plates (QWPs). We used phase
shifters on two branches to adjust the optical path difference
with a certain angle 6.

It is considered that |y) is the input state of the first beam
splitter, which is further changed as

1910 = 5 (ielad + 1), (34)
where |a) and |b) are path states corresponding to reflection and
transmission, respectively. We placed the optical elements of the
operators A and B on the corresponding arms. Before passing
through the second beam splitter, the state changes into

1929 = 5 (1" Alpdla) + By)Ib)). (35)

After passing through the second beam splitter, the ports are
denoted by |c) and |d). Here, when the two beams finally meet at
the beam splitter, there is a phase difference € between the two
arms due to propagation. The formation of € is independent of A
and B operations.
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1953 = 5 (=€ Aly) + E“Bly)le)

D . (36)
3 (ie’9A|1//> + ie’€B|1//>)|d>~

The detection device is at port |d), which means that what we
detected is the component of the total state. This can be carried
out by applying the projector I1; = |d) (d| to the entire state, so the
component of the detection arm state is

¥a) = TLal¥s) = %(z’ef@A|w> +ie“Blyy)ld).  (37)

Finally, the strength of the detector port is determined by

Ny = |1<d|\1’3.>|2
— Z(<ATA> + <BTB> +ei(e—9)<ATB> +e—i(e—9)<B’rA>) 38)

= i (CATA) + (B'B) +2|(A'B)| cos(e — 0 + ¢,)),

where we suppose that (ATB) = |[(ATBY|e"% and thus (BTA) =
[CATB) e

Hence, we can obtain the interference visibility y. Based on Eq.
38, the maximal and minimal values of Ny can be obtained by
varying 0,

(Naax = 7 (CATA) + (B'B) + 2[CA"B)), (39)

(Nawin = 7 (CATA) + (B'B) - 2[{A'B)|). (40)

B = s =

The interference visibility y is defined as

_ (Nd)mux B (Nd)min

i (N§|)2n%;>(|Nd)mm (41)

T (ATA) + (B'BY’

y(A,B) :

Since ATA and B'B are Hermitian operators, these two
Hermitian operators can be directly measured by von
Neumann measurements. The values of (A™) and (B) are
similarly determined from the corresponding interference
visibilities y(A, I), p(I, B), where I denotes the identity
operator. Moreover, when A = o0,Us, B = o0,Up, the
interference visibility is given by y(A, B) = |[A'B)|.
Generally speaking, the expected value that we need to
measure is a complex number, it is necessary to measure
its real part and imaginary part separately, but it is not usually
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