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This comparative study of fractional nonlinear fractional Burger’s equations and their
systems has been done using two efficient analytical techniques. The generalized schemes
of the proposed techniques for the suggested problems are obtained in a very
sophisticated manner. The numerical examples of Burger's equations and their
systems have been solved using Laplace residual power series method and Elzaki
transform decomposition method. The obtained results are compared through graphs
and tables. The error tables have been constructed to show the associated accuracy of
each method. The procedures of both techniques are simple and attractive and, therefore,
can be extended to solve other important fractional order problems.

Keywords: Laplace residual power series method, initial value problems, Caputo derivative, Elzaki transform
decomposition method, fractional Burger’s equations

1 INTRODUCTION

The branch of mathematics that deals with the study of derivatives and integrals of non-integer
orders is known as fractional calculus (FC). It originated on 30 September 1695 due to an
important question asked by L’Hospital in a letter to Leibniz. The answer of Leibniz [1] gives
motivation to a series of interesting results during the last 325 years [2-4]. In the last decades,
FC has been used as a powerful tool by many researchers in various fields of science and
engineering, for example, the fractional control theory [2, 5], anomalous diffusion, fractional
neutron point kinetic model, fractional filters, soft matter mechanics, non-Fourier heat
conduction, notably control theory, Levy statistics, nonlocal phenomena, fractional signal
and image processing, porous media, fractional Brownian motion, relaxation, groundwater
problems, rheology, acoustic dissipation, creep, fractional phase-locked loops, and fluid
dynamics [6-12].

In recent years, Fractional Partial Differential Equations (FPDEs) have gained considerable
interest because of their applications in various fields such as finance, biological processes and
systems, fluid flow [13, 14], chaotic dynamics, electrochemistry, diffusion processes, material science,
electromagnetic, turbulent flow [15-20], elastoplastic indentation problems [21], dynamics of van
der Pol equation [22], and statistical mechanics model [23].
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Finding the solution to FPDEs is a hard task. However, many
mathematicians devoted their sincere work and developed
numerical and analytical techniques to solve FPDEs. Some of
these techniques include homotopy analysis method (HAM) [24],
operational matrix [25], Adomian decomposition method (ADM)
[26], homotopy perturbation method (HPM) [27], meshless method
(28], variational iteration method (VIM) [29], tau method [30],
Bernstein polynomials [31], the Haar wavelet method [32], the
Laplace transform method [33], the Legendre base method [34],
Laplace variational iteration method [35], G'/G-expansion method
[36], Jacobi spectral collocation method [37], Yang-Laplace
transform [38], new spectral algorithm [39], fractional complex
transform method [40], cylindrical-coordinate method [41], and
spectral  Legendre—Gauss-Lobatto  collocation method  [42].
Yusufoglu et al. presented the solutions of the equal-with-wave
equation and gBBM equation using various techniques [43, 44].
Bakir et al. used the traveling waves solutions idea for KdV-mKdV
and modified Burger-KdV equation in [45]. Kaplan et al. [46, 47]
investigated the solutions of conformable equations and
Benjamin-Ono equation with the help of generalized Kudryashov
techniques and the exp ( — ¢(§)) method, respectively.

Burger’s equation was initially introduced by Harry Bateman
in 1915 [48]. They have many applications in various fields,
especially in equations with non-linear forms. This equation
describes many phenomena such as acoustic waves, heat
conduction, dispersive water, shock waves [49], continuous
stochastic processes [50], and modeling of dynamics [51-53].
The one-dimensional Burger’s equations have many
applications in plasma physics, gas dynamics, and so on
[54].  Various  techniques were  developed by
mathematicians to find the numerical and analytical
solutions to Burger’s equations. Some of these methods are
a direct variational iteration method by [55, 56] solving the
equations numerically by the finite difference method. The
group explicit method was used by [57]. Singhal and Mittal
applied the Galerkin method [58] to solve these equations
numerically. A weighted residue method was applied by [59].
The fractional Riccati expansion method was applied by [60],
and the variational iteration method was applied by Inc [61]
to solve space-time fractional Burger’s equation. Esen et al.
[62] used HAM to solve the time-fractional Burger equation.
The Cubic B-spline finite elements method was applied by
Esen et al. to solve these equations [63].

In the present article, we will use the Elzaki transform
decomposition method (ETDM) and Laplace residual power
series method (LRPSM) to solve Burger’s equation with one
and two dimensions. The ETDM was introduced by [64] in
2010, which is the combination of ADM [65] and Elzaki
transforms (ET). The ET is a modified transformation of
Sumudu (ST) and Laplace transformation (LT). Many
differential equations with variable coefficients cannot be
solved by LT and ST so that equations can be easily managed
by ET [66]. Many mathematicians applied ET to solve various
kinds of Fisher [67], Navier-Stokes [68], heat-like [69] equations.

LRPSM combines the LT and Residual power series method
(RPSM), giving the exact and approximate solution as a power
series solution that is rapidly convergent. This technique was
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developed for the first time in [70] and applied in [71]. LRPSM is
a technique that requires fewer computations and time with more
accuracy.

This work applies ETDM and LRPSM to Burger’s
equations of one and two dimensions. Some numerical
examples are solved by both methods. The results obtained
by these two methods will be compared by making plots and
tables for each problem, and then a comparison is made by
making combined plots and tables for these two methods.
The proposed techniques are more accurate and simple and
require fewer calculations than other exciting methods. These
techniques need no discretization or extra parameters to
obtain the solutions to the problems. The current
techniques have the unique capability to utilize the Laplace
transformation to reduce the given model into its simple
form. The simple series form solutions of the suggested
techniques are achieved with easily computable and
convergent components. The present techniques provide
higher accuracy despite using very few terms of the series
solution.

2 PRELIMINARIES

In this section, a few definitions related to our work are
considered.

2.1 Definition

The Caputo time-fractional derivative is defined as [2]

B — 1 ! _ nfﬁ—lan['t(€> T) _
Dt#(f’t)_gr(n_ﬁ) JO (t-r) P =m—dn, n-1<B<n,
),
= f=n neN.

2.2 Definition

A power series is represented as [3]

Y Cut—to)* =Co+Ci(t—tof +Co(t—to)* +...,

n=0

where 0 <n-1<f<1,teN,and t > t, is known as fractional
power series about f,.

2.3 Definition

Consider the expansion as follows [3], known as power series of
multiple fraction about t = t,:

Y gn® -t n-1<p<n,

2.4 Lemma
If u(&, t) is represented as [3] multiple fractions at ¢ = t,, then
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FIGURE 1 | The comparison of (A,D) ETDM, (B,E) LRPSM, and (C,F) exact 2D and 3D plots, at different fractional orders of example 4.1.
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uED =Y g ) (t—t)*, n-1<p<n,
n=0
(E,y)EIIXIZ toSt<t0+R.
IfD:‘ﬁ‘u(f,t), n=0,1,....1is continuous on I; x I, x (ty, ty + R),
then

_ Dmﬁ# (f: tO)
g (8) = W

2.5 Corollary
If u(&, y, t) has representation as [3] multiple fractions at ¢ = t,,
then

u(E ) =Y g.(&y)(E—to)",
(E’y)EIl ;712 toSt<t0+R.

IfD?ﬁ//t(f, y,t),m=0,1,2...1is continuous on I x I, x (to, to +
R), then

_D"u(& y.to)
gm (& y) = T +np)

2.6 Definition

The Laplace transform of continuous function f(t) in [0, 1) is
defined as [1]

F(s)=L[f(®)] = JO e~ f (t)dt. (1)
2.7 Definition
The Laplace transform of f(¢) = t* is defined as [1]
L[t*] = r et dt
0
= % R(s)>0, R(a)>0 n-1l<a<n (2)
2.8 Definition
The Mittag-leffler function E, with a > 0 is defined as [1]
w 2
Ea(Z)—;m a>0, zeC. (3)
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FIGURE 2| The comparison of (A) ETDM, (B) LRPSM, and (C) exact 2D plots at different-fractional-order. (D) Approximate and (E) exact 3D plots of example 4.2

3D Exact

2.9 Definition
If¢p € H[O, T], T> 0, r € (0, 1), then Caputo-Fabrizio of fractional

derivative is expressed as [1]

(r)

DY [ ()] = j ¢ (OK (1,0,

where M(r) is the normalization function with M(1) = M(0) = 1. If
¢ € HI0, T,

o Drlo(] = M )J (¢(1) = $(D) (DK (7, ()l

2.10 Definition

The Caputo-Fabrizio of fractional integral due to r € (0, 1) is
defined as [1]

(1) = —— (1) + j $(0de, 720,

M() M()

2.11 Definition

The Laplace transformation of relation with Caputo-Fabrizio
as [29]

£[CFDr+M[¢(T) [¢(m+r)(‘r] {eI—f:}
_; m+1 S m—-k _k
_s+r(1—r){ £(¢ (1) +};s (0)}.
Ifm=0,1,
£
el pi (o)) = YL
£ 0)—¢'(0
£[OCFD';+1 [(/)(T)]] — S {¢((2}++r5(¢1)(_)5) ¢ ( )

2.12 Definition

The Laplace transformation of the Caputo operators is provided
by [29]
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FIGURE 3| The comparison of (A) ETDM, (B) LRPSM, and (C) exact 2D plots at different-fractional-order 8. (D) Approximate and (E) exact 3D plots of example 4.3

3D Exact

£[57DL[¢ ()] = s£{p ()}

Z 1650

2.13 Elzaki Transform

ET is the generalized form of the Sumudu transformation, which
can be define as [72]

e[fO]=F(q)=q| f(9erds, 9>0.
The following are the results of ET for certain partial
differential equations:

i [af(w) 1( )= af ¢.0).
oy 9
ot )]—‘ @)~ G0 -a

[ af (( 0)
iii. E[af ({ 9) d

i F(6.q)
9)

x|

3 METHODOLOGY OF LRPSM AND ETDM
3.1 Implementation of LRPSM

To understand the basic concept of this algorithm [70], we
consider a particular non-linear FPDEs:

£120, m-1<B<m,

(4)

where D u(&, 1) in Eq. 4 is Caputo-Fabrizio derivatives, while £
and AV are the linear and non-linear operators, respectively, and g
(¢, 1) is the source term.

The initial condition is given as follows:

Diu(&7) = N(u) + L(p) +q(& 1),

#(&0) = f(&).

Using the idea of RPSM, Eq. 4 is written as the fractional
power series at the initial point 7 = 0:
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FIGURE 4 | The comparison of (A,D) ETDM, (B,E) LRPSM, and (C,F) exact 2D plots of ; and »-solution, at different fractional orders of example 4.4.

LRPSM S

(O
u(E ) = Z f“;ﬁ)

where 0 < <1, - 0 < < 00, and 0 < 7 < RLet gy (& 7) be the kth
truncated series of (&, 7):

wigo -3 O ©)
The 0th RPS approximation is
po (§,1) = p(&,0) = £(8).
Eq. 5 is written as
0= @+ 3 L% k12 @
The residual function for Eq. 4 is defined as
Res, (§,7) = Dip(§,7) = N () = L () + q(§, 7).

Therefore, the kth residual function Res,, . is

Res, ;. (£,7) = Dy, (£,7) — L(,) - R(ny). 7)

If Resp(&, 7) = 0 and limy_, .Resy (&, 7) = Res(é, 1), then Dfﬁ =0
because using the Caputo sense, the fractional derivative of a
constant is zero and the fractional derivatives D?ﬁ of Res(&, t) and
Resy (&, 1) are same at 7 = 0 for each k = 0, 1, -, k; that is
D”ﬁRes(f 0) = D?ﬁResk(f 0), n=0,1,...,k. To find out f,(§),
£8),f5(8). ., letk=0,1, - in Eq. 6 and substltute it into Eq 7,
applying fract10nal derlvatlve DX in both sides, k = 1, 2,
and finally we solve

DX"Res, 1 (£,0)=0, k=0,1,-.

3.2 Implementation of ETDM
To understand the basic concept of this algorithm [30] , we
consider particular non-linear FPDEs:

DPu(E 1)+ Lu(E 1) + Nu(é, 1) = £1>0,

q(& 1),

®)

where DPu(&, 1) in Eq. 8 is Caputo—Fabrizio derivatives, while £
and N are the linear and non-linear operators, respectively, and g
(¢, 1) is the source term.The initial condition is as follows:

m—-1<f<m,
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FIGURE 5 | The comparison of (A,D) ETDM, (B,E) LRPSM, and (C,F) exact 3D plots of / and »-solution, at different fractional orders of example 4.4.

o
A

u(&,0) =
Taking ET to Eq. 8, we have

F (.

E[Dﬁy(f, T)] +&[Lu(&, 1)+ Nu(&,1)] = E[q(& 7).
With the help of fractional differential property of ET, we have

:0

Mfﬂ Nlhwﬁm5ﬂ
2

=5M@JH—[MN&ﬂ+NM&ﬂL
Eu(t, ) =s"u(£,0) +"[E[qE )]
- SIE[Lu(E, 1) + Nu(, 1)]],

and

Elp& )] =k (&) + sﬂS[q(f, 7)] - sﬁS[Ly(f, )+ Nu(&,1)].

©)
Using ETDM procedure, the solution is expressed as
u(E1) = ) u (&) (10)
=0

The nonlinear term can be decompose as

Nu(é,1) = ZAJ, (11)

b= [y S

By substituting Eqs 10-11 in Eq. 9, we get
E{Z 73 T)] = k(&) +5[€[q( )]
Jj=0

—sﬁ[EZyj(E,T) + ZA]],
j=0 j=0
Elpe (&) = su(§,0) +E[q (&, 1),
Elm G0 = = [E]py (& 1) + 4]
Generally, we can write
S[yj“(f,r)] =—sﬁ[8[yj(£,r)+Aj]], j=1 (12)
Taking the inverse ET of Eq. 12, we have

(6 = £+ [#lq(E 0]
Wi (1) = =7 [FE[u; (&) + A)]]-
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FIGURE 6 | The comparison of (A,D) ETDM, (B,E) LRPSM, and (C,F) exact 2D plots of u/ and »-solution, at different fractional orders of example 4.5.

4 NUMERICAL RESULTS
4.1 Example

Consider the following one-dimensional time-fractional-order
Burger’s equation:

ny:y“—‘u‘u(, 0<d<1. (13)

Subject to the initial condition,
u(G,0) =20 = fo(0). (14)

The exact solution of Eq. 13 is
»T) = . 15
uGr) = (15)

4.1.1 Solution by LRPSM
Applying LT to Eq. 13 and using the initial condition Eq. 14,
we get

p(69 = 2 e ([ ) £ )] + B,
(16)
The kth truncated term series of Eq. 16 is
O Z J:Za(j) (17)

n=1

and the kth Laplace residual function is
20 1 _ -
LeResi (§,5) = p(69) = 2+ L (L0 (G 9) (£, 1 (49))]
By (¢.s)

@
(18)

Now, to determine f;({), k = 1, 2, 3, --- , we substitute the
kth-truncated series Eq. 17 into the kth-Laplace residual
function Eq. 18, multiply the resulting equation by s¥*!,
and then solve recursively the relation 11m$_,m[sk‘s“Res (4
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v-sohrtion

FIGURE 7 | The comparison of (A,C) exact and (B,D) approximate 3D plots of 1/ and »-solution, respectively, at fractional-order § = 1 of example 4.5.

$)]1=0,k=1,2,3, -, for f({). The following are the first few Putting the values of £,({) (n > 1) in Eq. 17, we have
elements of the sequences fi({):
f1(0) =4,
fz ({) = 16(
r28+1) _i 40 16¢ ( r26+1) )1
1@ = 160 S et o FEI= e (€ )
B rQs+1) r(36+1) r(26+1) r'(36+1) ) 1
(O =64 re+n’ 28(r(a + 128+ 1) [ ' (64( RS 28(F(8 + 126 +1) ) 5%
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TABLE 1 | Comparison of LRPSM and ETDM errors at different time levels and spaces for example 4.1

T

0.01

0.2
0.4
0.03

0.2
0.4
0.05

¢

0.2
0.4
0.6
0.8

0.6
0.8

7.258932478 x 1072
0.6
0.8
1

LRPSM
error at § = 0.7

2.33171186 x 1072
466342370 x 1072
6.9951355 x 1072
9.3268473 x 1072
0.116585593

3.548017035 x 1072
7.096034069 x 1072
0.1064405113
0.1419206810
0.1774008517

3.629466234 x 1072
7.258932478 x 1072
0.1088839873
0.1451786502
0.1814733119

ETDM
error at § = 0.7

2.33171186 x 1072
466342370 x 1072
6.9951355 x 1072
9.3268473 x 1072
0.116585593

3.548017035 x 1072
7.096034069 x 1072
0.1064405113
0.1419206810
0.1774008517

3.629466234 x 1072
2.288542800 x 1072
0.1088839873
0.1451786502
0.1814733119

LRPSM
error at § = 0.9

48668611 x 107°
9.7337221 x 107
1.4600583 x 102
1.9467445 x 1072
2.4334306 x 1072

9.437110666 x 107
1.887422131 x 1072
2.831133224 x 102
3.774844227 x 1072
4.718555328 x 1072

1.144271401 x 1072
2.288542800 x 1072
3.432814224 x 1072
4577085659 x 1072
5.721356993 x 1072

ETDM
error at § = 0.9

4.8668611 x 107°
9.7337221 x 107°
1.4600583 x 1072
1.9467445 x 1072
2.4334306 x 1072

9.437110666 x 107°
1.887422131 x 1072
2.831133224 x 1072
3.774844227 x 1072
4718555328 x 1072

1.144271401 x 1072
5.139394666 x 107
3.432814224 x 1072
4577085659 x 1072
5.721356993 x 1072

A Comparative Study of Time

LRPSM error at 6 = 1

21132 x 107
4.2266 x 10°
6.340 x 107°
8.453 x 107°
1.0566 x 107°

5.616540000 x 107°
1.123308000 x 107
1.684960000 x 107
2.246620000 x 107
2.808270000 x 107

2.569697334 x 107
5.139394666 x 107
7.709090000 x 107*
1.027878333 x 107°
1.284848666 x 107°

ETDM error at 6 = 1

21132 x 10°°
4.2266 x 10°
6.340 x 10°
8.453 x 10
1.0566 x 107°

5.616540000 x 107°
1.123308000 x 107
1.684960000 x 107
2.246620000 x 107
2.808270000 x 107

2.569697334 x 107
7.709090000 x 107*

1.027878333 x 107°
1.284848666 x 107°

TABLE 2 | Comparison of LRPSM and ETDM errors of (¢, 7) solution at different time levels and spaces of example 4.2

T

0.01

0.2
0.4
0.03

0.2
0.4
0.05

w6 =281

¢

0.2
0.4
0.6
0.8

0.6
0.8
1

0.1202848422
0.1403323159
0.6
0.8
1

LRPSM
error at § = 0.7

0.04218789287
0.04921920834
0.056625052383
0.06328183930
0.07031316477

0.08562354719

0.09989413839
0.1141647296
0.1284353208
0.1427059120

0.1202848422
0.1408323159
0.1603797904
0.1804272639
0.2004747375

ETDM
error at § = 0.7

0.04218789287
0.04921920834
0.05625052383
0.06328183930
0.070313156477

0.08562354719
0.09989413839
0.1141647296
0.1284353208
0.1427059120

0.02482959536
0.02896786109
0.1603797904
0.1804272639
0.2004747375

2 8 ([T )1
55 528+1 1"(8+ 1)2 S36+1
(36 +1)
4
rer o 1)F(26+1)>s

+<32(F(26+1)

Applying the inverse Laplace transform, we get

LRPSM
error at § = 0.9

ETDM
error at § = 0.9

LRPSM error at § = 1

0.007840157192 0.007840157192 0.000060000000
0.009146850061 0.009146850061 0.000070000000
0.01045354292 0.01045354292 0.000080000000
0.01176023579 0.01176023579 0.000090000000
0.01306692865 0.01306692865 0.00010000000
0.01747351782 0.01747351782 0.00054003000
0.02038577080 0.02038577080 0.00063003500
0.02329802378 0.02329802378 0.00072004000
0.02621027674 0.02621027674 0.00081004500
0.02912252971 0.02912252971 0.00090005000
0.02482959536 0.0015003950 0.0015003950
0.02896786109 0.0017504610 0.0017504610
0.03310612781 0.03310612781 0.0020005260
0.03724439354 0.03724439354 0.0022505920
0.04138265927 0.04138265927 0.0025006580

2(
WO =10

FrYSELI ]

4.1.2 Solution by ETDM
Applying ET to Eq. 13 and using the initial condition Eq. 14,

ETDM error at 6 = 1

0.000060000000
0.000070000000
0.000080000000
0.000090000000

0.00010000000

0.00054003000
0.00063003500
0.00072004000
0.00081004500
0.00090005000

0.0020005260
0.0022505920
0.0025006580

(22)

we get
27° 87’ T(26+1) 7% 5
ﬂ((,r):z([l—r + +( s- ) [a [,l:|
(6+1) T(26+1) \"T(@+1) T(35+1) sl =¢€lu,, - . (23)
G (20) 7 (b4 = ]

+<32{r(26 +1 +64(

T4§
T(3+1) r(6+1)r(za+1)>r(4¢s+1)*'“

With the help of fractional differential property of ET, we have

ED)] = Su(,0) + s5{5<‘37‘§ _ ag&”)}. (24)

Now, if we substitute § = 1 in Eq. 20, we have

p(lr)=20[1-27+87> 167 + - |. 21

The results given in Eq. 21 agree with the Maclaurin series of ~ Applying inverse ET to Eq. 24, we obtain
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TABLE 3 | Comparison of LRPSM and ETDM errors of (¢, 7) solution at different time levels and spaces of example 4.3

T

0.01

0.2

0.4
0.03

0.2

0.4
0.05

¢

0.2
0.4
0.6
0.8

0.6
0.8

0.6
0.8

LRPSM at § = 0.7

7.734447024 x 1072
8.437578569 x 1072
9.140710129 x 1072
9.843841670 x 1072
0.1054697322

0.1569765032
0.1712470945
0.1855176856
0.1997882769
0.2140588680
0.2205222110
0.2405696855
0.2606171592

0.2806646326
0.3007121061

ETDM
error at § = 0.7

7.734447024 x 1072
8.437578569 x 1072
9.140710129 x 1072
9.843841670 x 1072
0.1054697322

0.1569765032
0.1712470945
0.1855176856
0.1997882769
0.2140588680
0.2205222110
0.2405696855
0.2606171592

0.2806646326
0.3007121061

LRPSM
error at § = 0.9

1.437362152 x 1072
1568031438 x 1072
1.698700724 x 1072
1.829370012 x 1072
1960039298 x 1072

3.203478268 x 1072
3.494703571 x 1072
3.785928864 x 107
4.077154157 x 1072
4.368379451 x 1072
4552092492 x 1072
4.965919166 x 1072
5.379745739 x 1072

5.793572323 x 1072
6.207398887 x 1072

ETDM
error at § = 0.9

1.437362152 x 1072
1568031438 x 1072
1.698700724 x 1072
1.829370012 x 1072
1960039298 x 1072

3.203478268 x 1072
3.494703571 x 1072
3.785928864 x 1072
4.077154157 x 1072
4.368379451 x 1072
4552092492 x 1072
4.965919166 x 1072
5.379745739 x 1072

5.793572323 x 1072
6.207398887 x 1072

LRPSM error at 6 = 1 ETDM error at 6 = 1

1.100000000 x 107
1.200000000 x 107
1.300000000 x 107
1.400000000 x 107
1.500000000 x 107

1.100000000 x 107
1.200000000 x 107
1.300000000 x 107
1.400000000 x 107
1.500000000 x 107

9.90055000 x 107 9.90055000 x 107*

1.080060000 x 1072 1.080060000 x 1073
1.170065000 x 107
1.260070000 x 107°
1.350075000 x 107

1.170065000 x 1072
1.260070000 x 1073
1.350075000 x 107

2.750724000 x 1078 2.750724000 x 1078

3.000789000 x 1078 3.000789000 x 107°
3.250855000 x 1078
3.500921000 x 107°
3.750987000 x 107°

3.250855000 x 1078
3.500921000 x 107
3.750987000 x 107°

TABLE 4 | Comparison of LRPSM and ETDM errors of u(¢, 1) solution at different time levels and spaces of example 4.4

T ¢

0.01 0.2
0.4
0.6

0.8

0.2
0.4

0.6
0.03 0.8

0.2

0.4
0.05 0.6
0.8

ETDM
error at § = 0.7

6.967048873 x 107
1.365634355 x 1072

1.980120287 x 1072
8.148448015 x 1072

2.950918241 x 1072

1.397057061 x 1072
2738417871 x 1072
3.970606595 x 1072
5.044499763 x 1072
5.917284653 x 1072
5.179361068 x 1072
3.774914013 x 1072
5.473488408 x 1072

6.953852103 x 1072
8.156987661 x 1072

LRPSM
error at § = 0.7

6.967048873 x 107°
1.365634355 x 1072

1.980120287 x 1072
8.148448015 x 1072

2.950918241 x 1072

1.397057061 x 1072
2.738417871 x 1072
3.970606595 x 1072
5.044499763 x 1072
5.917284653 x 1072
5.179361068 x 1072
3.774914013 x 1072
5.473488408 x 1072

6.953852103 x 1072
8.156987661 x 1072

ETDM
error at 6 = 0.9

1.307167615 x 107°
2.562222648 x 107°

3.715129907 x 107
2515665080 x 1072

5.536554941 x 107

2.968159461 x 107
5.817987829 x 107°
8.435871292 x 107
1.071744320 x 1072
1.257174454 x 1072
1.925845704 x 1072
8.436763988 x 107°
1.223300175 x 1072

1.554154844 x 1072
1.823050263 x 1072

LRPSM
error at § = 0.9

1.307167615 x 107°
2562222648 x 107

3.715129907 x 107
2515665080 x 102

5.536554941 x 107

2.968159461 x 107
5.817987829 x 107°
8.435871292 x 107°
1.071744320 x 1072
1.257174454 x 1072
1.925845704 x 1072
8.436763988 x 107
1.223300175 x 1072

1.554154844 x 107
1.823050263 x 1072

ETDM errorat =1
3.112598217 x 107"
5.4346926 x 107'2
1.65972 x 107"
4.719926745 x 10712

9.30170103 x 107"

6.0071388 x 107"
5.059095 x 107°
1.3918652 x 107'°
21592393 x 107°
1.9772226 x 107'°
4.1530308 x 107°
8.589414 x 1071°
1.3108292 x 107°

1.6164580 x 107°
1.8504110 x 107°

ETDM error at § = 1
3.112598217 x 107"
5.4346926 x 1072
1.65972 x 1074
4719926745 x 107'°

9.30170103 x 107"

6.0071388 x 107"
5.059095 x 107"°
1.3918652 x 1070
2.1592393 x 107°
1.9772226 x 107'°
41530308 x 107°
8.580414 x 107'°
1.3108292 x 107°

1.6164580 x 10
1.8504110 x 107°
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TABLE 5 | Comparison of LRPSM and ETDM errors of »({, 1) solution at different time levels and spaces of example 4.4

T

0.01

0.2

0.4

0.6
0.03

0.2
0.4
0.05

¢

0.2
0.4
0.6
0.8

0.03970606595 x 1072
0.8
1

0.6
0.8

ETDM
error at § = 0.7

6.967048873 x 107°
1.365634355 x 1072
1.980120287 x 1072
2.515665080 x 102
2.950918241 x 1072

1.397057061 x 1072
2.738417871 x 1072
0.03970606595 x 102
5.044499763 x 1072
5917284653 x 102

1.925845704 x 1072
3.774914013 x 1072
5.473488408 x 1072
6.953852103 x 1072
8.156987661 x 1072

LRPSM
error at § = 0.7

6.967048873 x 107°
1.365634355 x 1072
1.980120287 x 1072
2515665080 x 1072
2.950918241 x 1072

1.397057061 x 1072
2.738417871 x 1072
8.435871292 x 107
5.044499763 x 1072
5.917284653 x 1072

1.925845704 x 1072
3.774914013 x 1072
5.473488408 x 1072
6.953852103 x 1072
8.156987661 x 1072

ETDM
error at § = 0.9

1.307167615 x 107°
2562222648 x 107°
3715129907 x 107°
4.719926745 x 107
5.536554941 x 107°

2.968159461 x 107
5.817987829 x 107°
8.435871292 x 107
1.071744320 x 1072
1.257174454 x 1072

4.304179040 x 107
8.436763988 x 107
1.223300175 x 1072
1.554154844 x 1072
1.823050263 x 1072

LRPSM
error at § = 0.9

1.307167615 x 107°
2.562222648 x 107°
3715129907 x 107°
4.719926745 x 107
5.536554941 x 107°

2.968159461 x 107°
5.817987829 x 107°
1.3918652 x 107'°
1.071744320 x 1072
1.257174454 x 1072

4.304179040 x 107
8.436763988 x 107
1.223300175 x 1072
1.554154844 x 1072
1.823050263 x 1072

A Comparative Study of Time

ETDM error at § = 1

3.112598217 x 107"
5.4346926 x 1072
1.65972 x 107"
7.17868712 x 107"
9.30170103 x 107"

6.0071388 x 107"
5.059095 x 107"
1.3918652 x 107'°
2.1592393 x 107°
1.9772226 x 1071°

4.1530308 x 107°
8.589414 x 107'°
1.3108292 x 107°
1.6164580 x 107°
1.8504110 x 107°

ETDM error at 6 = 1

3.112598217 x 107"
5.4346926 x 1072
1.65972 x 107"
7.17868712 x 107"
9.30170103 x 107"

6.0071388 x 107"
5.059095 x 107"

2.1592393 x 107°
1.9772226 x 107'°

41530308 x 107°
8.589414 x 107'°
1.3108292 x 107°
1.6164580 x 107°
1.8504110 x 107°

TABLE 6 | Comparison of LRPSM and ETDM errors of u(¢, 1) solution at different time levels and spaces of example 4.5

T

0.01

0.2

0.4
0.03

0.2

0.4
0.05

¢ ETDM
error at § = 0.7
0.2 8.272484336 x 107°
0.4 2.081639886 x 1072
0.6 3.336031344 x 1072
0.8 4590422697 x 1072
5.844814150 x 1072
5.794293003 x 107
2719536302 x 1072
0.6 4859643309 x 1072
0.8 6.999750410 x 102
9.139857406 x 1072
2.6897470 x 107
2.552687900 x 1072
0.6 5.078478230 x 102
0.8 7.604268660 x 1072

0.1013005908

LRPSM
error at § = 0.7

8.272484336 x 107
2.081639886 x 1072
3.336031344 x 1072

4590422697 x 1072
5.844814150 x 1072

5794293003 x 107
2.719536302 x 1072
4.859643309 x 1072
6.999750410 x 1072
9.139857406 x 102
2.6897470 x 107
2552687900 x 1072

5.078478230 x 1072
7.604268660 x 1072

ETDM
error at § = 0.9

2.133853821 x 107°
4.644794801 x 10
7155735788 x 107°

9.666675784 x 107°
1217761675 x 1072

3.094741281 x 107
8.285164133 x 107°
1.347558698 x 1072
1.866601083 x 1072
2.385643368 x 1072
2.668568330 x 10°
9.459664710 x 107

1.625076012 x 1072
2.304185648 x 1072

LRPSM
error at § = 0.9

2133853821 x 107
4.644794801 x 10
7.155735788 x 107°

9.666675784 x 107
1.217761675 x 1072

3.094741281 x 107°
8.285164133 x 107°
1.347558698 x 1072
1.866601083 x 1072
2.385643368 x 102
2668568330 x 10°
9.459664710 x 107°

1.625076012 x 1072
2.304185648 x 1072

u(Cr)=u(,0)+&|s°

al?

Using the ADM procedure, we get

Y D=2 -&"|sE
j=0

oo

j=0

0.1013005908

’u 0(w)

of

Z(P‘c()j‘if‘j W), | 20

0.02983295289 x 102

(25)

0.02983295289 x 102

ETDM error at § = 1

3.248000000 x 107°
2.456000000 x 10°
1.664000000 x 107°
8.71000000 x 1077
7.9000000 x 107®

9.02560000 x 107°
6.92660000 x 107°
4.82760000 x 107°
2.72870000 x 107°
6.2970000 x 107°
4.296480000 x 107
3.341710000 x 107

2.386930000 x 107
1.432160000 x 107

477390000 x 10°7°

LRPSM error at § = 1

3.248000000 x 107°
2.456000000 x 10°
1.664000000 x 107
8.71000000 x 1077
7.9000000 x 1078

9.02560000 x 10°7°
6.92660000 x 107°
4.82760000 x 107°
2.72870000 x 107°
6.2970000 x 107°
4.296480000 x 107
3.341710000 x 107
2.386930000 x 107

1.432160000 x 107
477390000 x 10°7°

oy, 0,
Ao (.’”)( = a_(o B_g’
Oy, Ovi  Opy OV
A (w), = ai(" % aicl b (27)
_ a‘l/lo a'Vz a‘lll a'V] aﬂz a'VO
G T T T
By applying decomposition procedure,
the ((, 7) = 20. (28)

The nonlinear term is represented by the Adomian polynomial A;
(uv);, where

A general solution of ETDM is given by
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TABLE 7 | Comparison of LRPSM and ETDM errors of »({, 1) solution at different time levels and spaces of example 4.5

T { ETDM LRPSM ETDM LRPSM ETDM error at 6 = 1 LRPSM error at 6 = 1
error at § = 0.7 error at § = 0.7 error at § = 0.9 error at § = 0.9
0.2 1.807966439 x 1072 1.807966439 x 1072 2.932413956 x 10° 2932413956 x 10°  3.168000000 x 107° 3.168000000 x 107°
0.4 3.062357892 x 1072 3.062357892 x 1072 5.443354937 x 10°  5.443354937 x 10 2.376000000 x 107° 2.376000000 x 107°
06 4.316749349 x 1072 4316749349 x 1072 7.954295923 x 10°  7.954295923 x 10 1.584000000 x 107° 1.584000000 x 107°
08 5.571140703 x 1072 5.571140703 x 1072 1.046523592 x 102 1.046523592 x 1072 7.91000000 x 1077 7.91000000 x 10~
1 6.825532156 x 1072 6.825532156 x 1072 1.297617689 x 102 1297617689 x 1072 1.000000 x 107° 1.000000 x 107°
0.2 4.970807503 x 1072 4.970807503 x 1072 8.148033567 x 10°  8.148033567 x 107° 8.37640000 x 107° 8.37640000 x 107°
0.4 7.110914605 x 1072 7.110914605 x 1072 1.333845742 x 102 1.333845742 x 1072 6.27750000 x 107° 6.27750000 x 107°
0.6 9.251021610 x 1072 9.251021610 x 1072 1.852888027 x 1072 1.852888027 x 107 4,17850000 x 107° 4.17850000 x 107°
0.8 0.1139112861 0.1139112861 2.371930312 x 102 2.371930312 x 1072 2.07950000 x 107° 2.07950000 x 107
1 0.1353123561 0.1353123561 2.890972597 x 102 2.890972597 x 1072 1.950000 x 1077 1.950000 x 107
0.2  0.08737417775 x 102 0.08737417775 x 1072 1.433706719 x 10°  1.433706719 x 10°  3.793970000 x 107 3.793970000 x 107*
0.4 0.1126320821 0.1126320821 2112816357 x 10 2.112816357 x 107 2.112816357 x 107 2.112816357 x 107
0.6 0.1378899853 0.1378899853 2.791925898 x 10°  2.791925898 x 10°  1.884420000 x 107 1.884420000 x 107
0.8 0.1631478896 0.1631478896 3.471035534 x 10°  3.471035534 x 1073 9.29650000 x 107° 9.29650000 x 107
1 0.1884057928 0.1884057928 4150145075 x 10°  4.150145075 x 1078 2.5130000 x 10°° 2.5130000 x 10°°
- - The k-th truncated term series of Eq. 35 is
__c1| @ -
iy (61) = € [se{z(mf zAJ-(w)(H, =01, ot g 1
j=0 j=0 + 2 (0)
(29) A"lk ((’ E) S) ; S"‘;H (36)
o =21 27° .\ 87’ .\ 8r(26+1) 7%
,T) = - - . . .
H To+1) T@o+1) To+1) TGo+1) and the kth Laplace residual function is
(r(25+1) { r(38+1) T N
IS+ T(6+1r(26+1)/I(46+1) ' (+£ 1
-1
(30) ‘CrResk (C) E) S) .uk ({ E S) 5_£‘r [(/:'1 {#( (C) E) S)})
If § = 1, then Eq. 30 gives
(ﬁ,l{ (( E )}) #({((:5:5) #{5(()5)5)
p(r)=20[1-21+87° —167° + -], (31) v (668 3 g
p(C 1) = e (37)
’ 1+27

which is an exact solution.

4.2 Example
Consider the two-dimensional time-fractional-order Burger’s
equation:

Now, to determine f; ((; €), k=1, 2, -+, we substitute the kth-
truncated series (Eq. 36) into the kth-Laplace residual function
(Eq. 37), multiply the resulting equation by s°**, and then solve
recursively the relation lim, [ Res;. ((,£,5)]=0,k=1,2, -, for
fi The following are the first few elements of the sequences f; ({, &)

F1(G69) = ((+9),

Df‘u=/4,u[+ya+y££, 0<d<1, (32) f2(8,8) =2({+&),
subject to the IC f3(68=(C+ §)|:4 11:((11 + Zf)] ”
38

#(3,8,0)={+&= fo (). (33) ~ I'(1+29) 2T (1 + 36)

. . f4((,£)—2((+5)[4+r(1+6)2 F(1+6)F(1+26)]’
The exact solution of Eq. 32 is '

( §
&b = -7 (34) Putting the values of f, ({, &) (n > 1) in Eq. 36, we have

4.2.1 Solution by LRPSM

Applying LT to Eq. 32 and using the IC of Eq. 33, we get ((+5)[4+F(1+28)j|
2 I(1+96)°
W09 = e L [ @ EIN(E @8] nGEg = T (R 2GR LD
luq((,&s) uge (€, 8,9 T(1+26) 2I'(1 + 39)
A “Jrf)“r(ué)2 T(L+OL(1+20)]
(35) + 11 >
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[ +ru+2®]
2 2
RGED = D]+ g+ g O
S N
T'(1+26) 2T(1 + 39)
T(1+0)° T(+8T(1+26) .
546+1

Applying the inverse Laplace transform, we get

[ r(1+26)]

4+ >
I'(1+9)
r(36+1)

0 N 27°
r@d+1) r@é+1)

(&) = ((+9[1+

+F(1+26) 2T (1 + 36)
r(1+90)> r(1+6)r(1+25)
r(46+1)

(39)
Now, if we substitute § = 1 in Eq. 39, we have
2 3 4

y(C,€,1)=(C+E)[1+T+T—+ z

The results given in Eq. 40 agree with the Maclaurin series of

u(GEt) = “E. 1)

4.2.2 Solution by ETDM
Taking ET of Eq. 32,

S 2 2
-2

or® Hac o oF
EuGE D] - Lu(G60) _5[ u Ty Ty ]
s0 a( orr o0&

Applying the inverse ET,

1| 2 0 0° b
nGEn =& [5 /4(5,5,0)—566’{ a—?+—a:+—a;H,
Y O R ST
peen=rie [S { e +a€H

Using the ADM procedure, we get
Y ET)=+E
=0

e [565{ > () + ;”“ ’ ;”“ H

=0

where A; (uyy), and the Adomian polynomials are given as
follows:

A Comparative Study of Time

9
Ao(##() .“oal?
a 1 a 0
Al(y/’l() Ho a‘lz + 152
a/"z o, Oy
As i) = g + gy + g
#0(()£>T)_(+£:
(42)
7/0((,5,'[):(—5,
i (66D =€ [sﬁg{ZA,-(W() DN ZP‘&H’
j=0 j=0 j=0
forj=0,1-,
I N I A T
Hy (()E’T)_ g [S 8|: a( + azz + aEZ :|]’ (43)
m(&&r)=((+f)~r(;+ r

The subsequent terms are

.uz (() E) T) ==

- [ ou oy, O'u, ou
1| & 1 ) 1 1
|:S 3 Hox7 a( /’ll a( + acZ + afz

7
2({,5,7) =((+ a{W}
(44)

The ETDM solution for example Eq. 32 is

.‘4((>£>T) :[40({,5,7')+[41({,E,T)+[42({,E,T)+‘M3((,E,T)+ Y

i 270
”“fﬁ):“+€ﬁl+ua+n+rua+n+”'}

When 6 = 1, then the ETDM solution is

2 3 4
p(.&1) = (C+£)[1 +r+%+%+%+ ] )
The exact solutions are
pEn =1t (45)

4.3 Example
Consider the two-dimensional time-fractional-order Burger’s
equation:

D“;‘/y = Uy + Poe F e+ 0<d<1, (46)
subject to the initial condition
u(88m,0)=+E+n=fo(0.&n). (47)
The exact solution of Eq. 46 is
¢+&+
u(G8mt) = ! (48)

1-¢t
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4.3.1 Solution by LRPSM
Applying LT to Eq. 46 and using the IC of Eq. 47, we get

+ L[ (G E ) (£ b (G Es)]
+!4(((( & 5)+/45:(( &, S)+Hw(f RN S).

s s° s°

u(Ems )—
(49)

The k-th truncated term series of Eq. 49 is

(¢.&n)

n6+1

(50)

w (GEm, )—“fﬂ7 Zf

and the k-th Laplace Residual function is

{+&+7n
N

LeResi (6,6,15) = e (0,6 1.5) =

75%['1 [(ﬁ;ltuk (K’ 5’ 1, S))(ﬁ;ltuk,( (() f) n, S))]
Hre (S Mg (¢.&ns) My (X2 5).

s s s

(51)

Now, to determine f; ({, & %), k=1, 2, 3, -+, we substitute the
kth-truncated series Eq. 50 into the kth-Laplace residual function
Eq. 51, multiply the resulting equation by s**', and then solve
recursively the relation lim,_, [ Res; (, &, 7,9]=0,k=1,2,3,

, for fi. The following are the first few elements of the
sequences f (§ & #):

F1(GEn) = (C+&+n),
f2(G8n) =2(0+&+n),
~ 1+26)
fs(CE —(("'E 17[4+I‘(1+8)2]’
,T+29) 2T (1 + 30)
fa(GEm) =2(C+5+ )[ T(1+0) r(1+5)r(1+28)]'

(52)

Putting the values of f, ({, &, #), (n > 1) in Eq. 50, we have

=]
2 T(1+0
y((,f,n,s) trben ((+§+1+’1) ((t5§1+’1)+ 35+1 a-+é
I'(1+26) 2I'(1 + 39)
2“*“'”[ Aoy (T +0r(+29)
+ S04 *
T(1+20)]
12 [Mravey
H((EWS)—((H*W) T a—
[4+r(1+25) 2I(1 + 36) ]
T(1+6)> T(1+8)I(1+290)
4§+|

Applying the inverse LT, we get

A Comparative Study of Time

[4 . I(l+ 25)]

B 7 27° r(1+6)
#GEmn) = (C+ Een)| U ¥ Tas e o)
r(1+26)+ 2T (1 + 39)
I'(1+96)° r(1+5)r(1+25)
T(40+1)
(53)
Now, if we substitute § = 1 in Eq. 53, we have
p(GEnt)=C+E+p[l+r+7+0+7*+- ). (54)

The results given in Eq. 54 agree with the Maclaurin series of

(+&+7

et (55)

u(En1) =

4.3.2 Solution by ETDM
Taking ET of Eq. 46,

ou ou ou Ju du
5815]‘ [az*aﬁas 82]’
5[#((’ f) T)] - 52.“ () 5) 0) _ _(C/' a‘l/l a //l azy Lo aZ
s Mo o T

Applying the inverse ET,

u((,&1) =

gl ou T Tu Ty ]
[S.u(CEO) 55{ “5e a(+a£ | |
ay azy azy ou H

u<c,&r>=f+f+ﬂ—5'[ 5{ Mor T or T og T ar

Using the ADM procedure, we get
Zﬂj(cxf,‘f) =(+f+’1—571

=]
x [565{ DA ) + D e+ Y p Y e+ Yy H
=0 j=0 Jj=0 j=0

Jj=0

where A; (upg), and the Adomian polynomials are given as
follows:

oy

Ao(##() = ‘14087(0’
ou oy

Ay () = g TG
ou ou oy

An(pate) = acz Higg THgg

U (&) =+ &+,
Wi (&) = € [ 1S A ) + Yotk + Yot + Y H
j=0 Jj=0 Jj=0 Jj=0

forj=0, 1
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_ o 8;40 aP‘o azﬂo az.“o
e

u (661 = (C+ f){

INCERNE

The subsequent terms are

oy oy, 0w, 0w, u, u

=— 4 o _1 bl i ST i Tl 4 |
(6 1) =-E [ S{MOB(WIBC o toe T ,
8

ty (C,8,1) = C+f+’7){m
The ETDM solution for example (4.3) is

y((,f,‘r) =H0(C’5,T)+,“1(C)5,T)+#2(C)5)T)+#3(C,f’7)+ Y

27°
G = ma[um 5 r(25+1)+-~].

When 6 = 1, the ETDM solution is

2 _[_3 T4
u(, & 1) = ((+E)|:1+T+E+3|+4!+...]_

The exact solutions are

o~
S

u((,ét) =

=~ ‘

4.4 Example
Let us consider the following system of 1D-order Burger’s
equation:

Dy = 2pp, — pigr + (),

Dy = —2vv — ver — (W), 0<é<l’ (56)
Subject to the initial condition,
(¢, 0) =sin((), v({,0) = —sin({). (57)
4.4.1 Solution by LRPSM
Applying LT to Eq. 56, we get
R o [ et s))]
8
+5—B£T[{(£ (L@ ] -5 TEGS),
V((,s) = _Sirsl(()—Z—alllel v((, S)—V(( S)>]
s
-Slaz ({7 0 (@) (L9 (9] ] - % ; R
(58)
The k-th truncated terms series of Eq. 58 is
_sin(Q) ¢ fa(D
((69) = I Z T -
n(@ =20, 3 &0
S n=0 S

A Comparative Study of Time

and the k-th Laplace residual function is

e e o gucsf
—S%a([c; B CANE RGN+ { S|

LResc(6,5) = v(tos) - =m0 5 L ﬁ[ {vk« 92t S)H
; a

1 1 - 1 -1
e e s)])(—;a{a [a—(zmc, >”
(60)

Sln(()

L:Resi ((,5) = i (§,5) -

Now, to determine f;({) and gx({), k=1,2, 3, --- , we substitute
the kth-truncated series of Eq. 59 into the kth-Laplace residual
function of Eq. 60, multiply the resulting equation by s*°*!, and
then solve recursively the relation lim,_o.[s*"'Res (¢, 5)] =0, k =
1, 2,3, -, for fi(Q) and gx({). The following are the first few
elements of the sequences f;({) and gi():

f1(¢) =sin(0),

91 () = —sin({).
f2({) =sin({),
92(0) = —sin({).
f3(0) = sin({), (61)
gs (() = —sin(().
fa({) =sin({),
—sin ({).

gs(() =

Putting the values of f,,({) and g,,({) for (n > 1) in Eq. 59, we get

w(ls) = ) sin@ sin(@) sin(@)

- s S+1 26+1 36+1 >

9 -0, 200, 50, 50,
1 1 1

B(G9) =sin@)[ L + st ]

1 1 1
v((,s) = —sm(([ Tt 25+1+535T+”']'

Applying the inverse LT, we get

2 . 720 . 30 .
(6+1) T(28+1) T(35+1) ’
) 28 38

u(l, 1) = sin(()[l + T

. T T
v((’T):_sm(O[H +r(28+1)+r(38+1)+'"]'

(62)

T
r@d+1)

Putting § = 1, we get the solution of Eq. 62 in a closed form:

u($,7) = e"sin(0),

v((, 1) = —€" sin({). (63)

4.4.2 Solution by ETDM
Taking ET of Eq. 56,

ul [P ou o(w)
S[ﬁ]——g[a—cz—Zya—(— a( >
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& _ o[ v L, @_a( ”) forj=0,1, -
o | o o o |
- : e [Py, e am o
s[u(f,r)s]a #(C,o):_g[g_;_zﬂg_?_ag?)]’ u ((E1) =€ [ 5{ 3 Z“Oa{ 3 GCH’
E[v((,r)]—v((,o)__g[az v 3w )] w1 =& s‘sx_Slsn( = sin({){67 + (1 - 8)},
s0 e AT T | [ saf@v . 0 Ou, dv,
Applying the inverse ET, nGn=-¢ _S S{a(z 2 a(_a(a(H
"l in (¢ :
y((,r):El[#(i’O)—s‘s {gz_g‘”g_?‘a(aw” n (1) =-€ -s‘S X Sms( )_ = —sin ({){07 + (1 - &)}.
P SO @_ av_a(w,)H The subsequent terms are
v((1)=& [ g 55{84’2 va( o 5
9 0 0 = ou oy Oy Opy Ovi Oy, O
(¢, 1) =sin({) - [ { (‘u Zya—‘l;— (a?)H’ 1 (81 =-¢€ [ 5‘[?*2!406*(*21416*(*8*(6*(*7(7(}],
. 872
. Py v a(‘uv) u, (¢, 1) = sin({) (1-96)° +25(1—6)T+T},
@ =-sn - [¢ef22-2 il 2
vis T = s a2 T K v2<c,r>:fgfl[sﬁg{a USPMCISPY 1%,%%,%%}}

o’ of ol o¢ ol ol o¢

Using the ADM procedure, we get " (1) = —sin((){ (=8 +20(1-0)r+ 577}
2

i u, ({, 1) =sin({) The ETDM solution for example (4.4) is
L

l[sag{i(y“) 25 ) - iBf(‘”)cH’ (@) = iy () 4 iy (G 4, () 41y (G 7) +
j=0 j=0

v((, 1) =% (1) + v ((1) + %2 (0 1) +v3 (1) +

2 _2
w(C, 1) =sin(Q) +sin ({){d7 + (1 - &)} +sin((){(1 -8 +26(1 —8)r+6TT]» .

Y (1) = =sin(()
j=0

j
T T
where A; (upe), Bj (uv)p C; (vw), and D; (uv); are Adomian (1) = sin () +sin ()7 +sin (§) =+ sin ()~ 6 Hm(()

polynomials given as follows:

2
v({, 1) = —sin({) — sin ({){67 + (1 - 8)} —sin((){ (1-08)*+28(1 —5)T+6712} —

oo o

(v(()]. -2 Z < () - Z b; (‘W)( H’ When 6 = 1, the ETDM solution is

j=0 j=0

Nk

Il
o

i i T T
v({, 1) = —sin({) - sin({)7 - sm(()?— sin({)— - sm(()ﬁf

6
9 Oty OV i
Aoptr) = a#(o B (), = al? 4 (o The exact solutions are
0, 0, Oy, Ov; Oy, 0, = e’ si
A1) = o aH(l “ z;? By (), =aLng+aing’ k(G =¢'sin(0)

v({, 1) = —e"sin({).

%y, Oy Oy Oy 0% Oy O Oy Iy
AZ(/‘/") Ho~7 a( = a( Ty a( BZ(M’/)(_ a( a( + a( a( + a( a(

Ay o 4.5 Example

C (w):vﬁ, Dy (uv), =
e T ol Let us consider the following system of 2D-order Burger’s
Ci(vy) = aerv% Dy (uv) %% Oy O R
N a( ‘g(’ , e (a % aca % a(a , equation:
M, Ot 92 | Oty 1 Oy O
Cay(v) = vo=s Py + i + V= o Dy (), = 2?9 T aC o o T Df‘u = Pt P — UUC — VU, (64)
Uy (¢, 1) = sin, va:v¢(+y&—yv(—wg, 0<d<1’
% (¢, 1) = =sin({),
Subject to the initial condition,
Au]+l(( T)_gl[ag{Z(‘u(()jZZAJ(W"[)ZB]'(A"W)(}]’ H((>£>0)26+£) ’V((’E)O):(_E' (65)
j=0 j=0 j=0
Vi ((,7) = —51|: {z i), Ci(vv) - ZDj (w), } . 4.5.1 Solution by LRPSM
=0 j=0 =0 Applying LT to Eq. 64, we get
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(+¢ 10 g
u(G,&s) = . 588#(55) gyﬁfs)
1 _ -
—5—5& :(ET u(G,é, S))<£ a—cy(f, &S))
1
_Tgﬁ‘r ([;lv(c’&s))< a{#(( £ 5)) >
V((:fxs) = V(C E S) + v((’f)s)
P " og ,
1
_si(;ﬁr _(ﬁr ‘M((, f) S))(ETla(V({ E S))
1. [, .
_s_(gﬁr _(ﬁflv((’f’s))< T a(v(( f S)> .
The kth truncated terms series of Eq. 66 is
(6, 8,5) = C : +y f';,fi’f),
n=0
= (67)
B (6 5) = - Ly 9o
S n=0 S
The kth Laplace residual function is
£LRes, (069 = (GE) + et s
o i3
1
+ST5['T ([' ,uk ( E 5))( a(ﬂk(( E S))
+§&}zﬂ%a69<,awgcfs>
L Resi (¢, &,5) =v((, E,S)+¥ 15:(2 v (€., 5)_5%6527’1((( &s)
+$la£r (£ (fS))( T a(’/k(( & S)>
+$L!wrwffs)<,agACfﬂ>
(68)

Now, to determine f;. (¢, &) and g ((; &), k=1,2,3, -, we
substitute the kth-truncated series (Eq. 67) into the kth-Laplace
residual function (Eq. 68), multiply the resulting equation by
$*9*1 and then solve recursively the relation limﬁm[sk‘mResk (8
$)]=0,k=1,2,3, -, for f; and g. The following are the first few
elements of the sequences f; ({, &) and g (, &):

fl (C>E) = _2()
91(3,8) = -2¢.
f2(68) =4(0+9),
9:(3,8) =4(¢-9).

f3(68) =-160 -4l ———
93(5,5)

r6+1) (69)

[+1)7%
r26+1)

= —165 - 45@

Putting the values of f,, ({, ) and g, ({, &), for n > 1 in Eq. 67, we
have

A Comparative Study of Time

_16¢ 4(r(25+-n
(+§ -2 4@+H " "TE+1)
p(.&s) = s o1 + 2041 6+1( ) T
r2é+1)
—16E—4F—— "2
- 4 I'(§+
SRR P P P I
Applying the inverse LT, we have
rQé+1)
-16¢ - 4¢
% 40+ T@+1)" s
HGED =t +r(25+1) NCER
% 4G . Ty
_ 28 36 ...
YGED = s reien

(70)

Putting § = 1, we get the solution of Eq. 70 in closed form:

U(ET) =(+E-20t+2((+ O -4 +4((+ O T + -+,
VWOET) =08 =28r42({ =) -4 +4({ =T+ -+
(e = T
e 1-222
'V((f )_{ 522251'
T

(71)
4.5.2 Solution by ETDM
Taking ET of Eq. 64,

0 2 2
5[%] =_5[#B_[4+va_y_a_y_a_ﬂ])

E[&] =—5[(4@+v@—@—@],

[M@ETH—#@fO)<£[ay+§y_§2_§2]
s° Mo e o7 ae |
EP@ED] - V(G E0) _ 5[ av av_azv_azv]

s° TR

Applying the inverse ET,

-1| 2 _ 4 — a_‘u_az_lzl_az_ﬂ
g[smc&m 55{ o Ve o aﬁ}}
—1 2 5 aV az azv
[sy((,f,o)—sg{ a”g‘acfazzH’
Cerog[ael 0, T T
ET) = +E-E [S { T o o ]

u((,&1) =

‘V(C, 5’ T) =

St P N i i
v((,ET)=(-¢E-E [sé’{ a(:+v£ o7 652}'

Using the ADM procedure, we get

S ED) =+
=0

“lef

o+ S-S5

pard

gk

i
o
<.
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z @& =(-¢

&t [565{ D Ci(uve) + Y Dy () = Y ove = Y v H
j=0 =0 j=0 =0
where A; (uug), Bj (vue), C; (uve), and D; (vv;) are the Adomian
polynomials given as follows:

0, ou,
Ao(j) = ﬂoa%” B(ome) = v

0, 0, o,
Al(l".“() f‘o a( e aI:vO Bl("’}":) ‘uf + V=7 af
oy oy 0, 9 9 0,
Ay(pupe) *.“oa_( ”'a_( ﬂzaig By(vug) = ’2 +V1L£1+"’2 ”E“
07, 0,
Co ((’Wl) = .“oaig’ D, (VVE) = VOT;’
v 07, o, 07,
1 (u ():A“Ua_(l 1a_; D, (VVE)—VOBf +7 a;
v 0, o, v 0,
C, (uv) = /40 af +yl a(l +y26—;. D, (vv) = vo— T + asl + vza—;.
bl bl = + bl
b (GED = rE o
Vo((,f,T) = (_fr

Mz

i (66 1) =

& [355{
Vj+l (C) E: T) = _571 [ {

forj=0,1"=

A(wg) + iBj(w{) - ;#a - ;!‘gg H

Jj=0

Cj(uvy) + ZD (vve) 2”{: - Z”EE H

-
I
o

uMg

O, 6 6 0*

w (e =€&" [55 x $°20] = 2{0r + (1 - O)},
R P Mﬁ%ﬁ%n

Y1 (C>E)T)_ £ [S g[ﬂOa{ +'V()a%_ acz agz N

(&) =" [s‘S X 5225] = =2&{0T+ (1 -9)}.

The subsequent terms are

et |og| O O, O Oy O
w, (6 1) ==€ [ S[MOB( + U a(+voa£+vlaf 5

Hz((»f,T)ZZ((Jrf)‘[(l*(?) +25(1*5)T+T ,
[55[%81}1 o o, v BZVOH’

({8 1) =-€ o 1a_<v+7’0 o9& v ot a(«z agz

&
vz((,f,r):Z((ff){(l—& +28(1-8)T+ 3 ]»

The ETDM solution for example (5.5) is
#(C’E’T) = #0({:5:‘[) +[41 ((,f,T) +#2((>£)T) +”3((>£)T) +o,
V(CE)T) = vO((>£>T) + (C>£’T) + 1/2((,5,‘[) +7/3((,£,T) +,

8T

2
y((,f,r)=(+E—2({6T+(1—5)}+2((+E){(1—8)2+26(1—8)T+Tz}+--~

&1
v((,ET) = -E-280r+ (1-8)}+2({ - E{ +25(1—6)T+T}+'“

When 6 = 1, the ETDM solution is

W(GET) =+ E-200+2(({+ T 4T+ 4+ O + -
v((:{)T) = (_E_ZET‘FZ(C—f)TZ—4‘[35—{—4((_5)14_{_....

A Comparative Study of Time

The exact solutions are

u(G & 1) = 6127(;;5
WG En =BT
T

5 RESULTS AND DISCUSSION

Figure 1 shows the comparison of ETDM, LRPSM, and exact
2D and 3D plots of fractional order solutions of example 4.1.
The 2D and 3D plots have confirmed the closed contact
between the ETDM, LRPSM, and exact solutions of
example 4.1. Figure 2 is dealing with ETDM, LRPSM, and
exact 2D and 3D plots of example 4.2 solutions at different
fractional-order and also at integer order of the derivative.
Figure 3, represents the 2D and 3D plots of ETDM, LRPSM,
and exact solutions at different fractional-order derivatives
and integer-order derivatives of Example 4.3. Figure 4,
represents the 2D plots of fractional and integer-order
solutions by ETDM, LRPSM, and solutions of example 4.4.
Figure 5 confirms the clear relation among ETDM, LRPSM,
and exact solutions of Example 4.4, using 3D plots of Example
4.4. Figure 6 shows the 2D- plots of ETDM, LRPSM, and
exact solutions of Example 4.5 at different fractional orders.
In Figure 7, the 3D plot of u and w solutions of Example 4.5 at
integer order 1 of ETDM, LRPSM, and Exact are presented.

Table 1, confirm the higher accuracy of LRPSM, and ETDM at
different values of space and time variables, of Example 4.1. In
Table 2, the p corresponding errors associated with ETDM and
LRPSM for p-variable at various fractional order of example 4.2
are shown. In Table 3, the error associated with LRPSM and
ETDM for the p-solution of example 4.3 at different times and
spaces is calculated. Table 4, displays the absolute error for -
solution associated with ETDM and LRPSM at different times
levels and spaces of example 4.4. Table 5, displays the absolute
error for v-solution associated with ETDM and LRPSM at
different times levels and spaces of example 4.4. Table 6,
displays the absolute error for p-solution associated with
ETDM and LRPSM at different times levels and spaces of
example 4.5. Table 7, displays the absolute error for v-solution
associated with ETDM and LRPSM at different times levels and
spaces of example 4.5.

6 CONCLUSION

The current article, presents the analytical solutions of one-
and two-dimensional fractional Burger’s equations and their
systems using efficient techniques. In this regard, the
solutions of the two innovative techniques, the Laplace
residual power series method (LRPS) and the Elzaki
transform decomposition method (ETDM), are compared
within the Caputo operator. The comparison has
confirmed that the suggested techniques provide identical
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solutions to both fractional- and integer-order solutions of
the targeted problems. For the validity and applicability of the
proposed techniques, the solutions of some illustrative
examples are presented. The ETDM and LRPS algorithms
are developed in a very simple and straightforward manner.
The calculations in each algorithm are up to the limit. The
tables and graphs are presented for the best display of the
obtained results and errors associated with ETDM and
LRPSM. The fractional-order solutions are calculated and
are represented by graphs and tables. The accuracy of the
suggested techniques is calculated in terms of absolute error
associated with suggested techniques. The error analysis has
confirmed the higher degree of accuracy and convergence
rates. The present modifications to the existing techniques
have brought significant change in the field of computational
mathematics. It is, therefore, suggested to implement the
current techniques in various areas of science and
engineering.
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