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Lihua Bai, Shu Xiao, Zhihua Guo * and Huaixin Cao *

School of Mathematics and Statistics, Shaanxi Normal University, Xi'an, China

When an n-partite physical system is measured by n observers, the joint probabilities of
outcomes conditioned on the observables chosen by the n parties form a nonnegative
tensor, called an n-partite correlation tensor (CT). In this paper, we aim to establish some
characterizations of nonsignaling and Bell locality of an n-partite CT, respectively. By
placing CTs within the linear space of correlation-type tensors (CTTs), we prove that every
n-partite nonsignaling CTT can be decomposed as a linear combination of all local
deterministic CTs using single-value decomposition of matrices and mathematical
induction. As a consequence, we prove that an n-partite CT is nonsignaling (resp. Bell
local) if and only if it can be written as a quasi-convex (resp. convex) combination of the
outer products of deterministic CTs, implying that an n-partite CT is nonsignaling if and only
if it has a local hidden variable model governed by a quasi-probability distribution. As an
application of these results, we prove that a CT is nonsignaling if and only if it can be written
as a quasi-convex of two Bell local ones, revealing a close relationship between
nonsignaling CTs and Bell local ones.

Keywords: nonsignaling, Bell locality, correlation tensor, correlation-type tensor, Bell nonlocality

1 INTRODUCTION

Quantum nonlocality was first discovered by Einstein, Podolsky, and Rosen (EPR) in 1935 [1],
including quantum entanglement, quantum steering, and Bell nonlocality. They formulated an
apparent paradox of quantum theory (EPR paradox) and gave a “thought” experiment that argues
the wave function description in quantum mechanics is incomplete.

Bell nonlocality originated from the Bell’s 1964 paper [2]. He found that when some entangled
state is suitably measured, the probabilities for the outcomes violate an inequality, named the Bell
inequality. This property of quantum states is the so-called Bell nonlocality and was reviewed by
Brunner et al. [3] for the “behaviors” P(ab|xy) (correlations), a terminology introduced by Tsirelson
(1993) [4], but not for quantum states.

The result obtained by Bell [2] was named Bell’s theorem, which states that quantum predictions
are incompatible with a local hidden variable description and are a cornerstone of quantum theory
and at the center of many quantum information processing protocols. Over the years, different
perspectives on non-locality have been put forward, including different ways to detect non-locality
and quantify it.

Usually, Bell nonlocality for quantum states is detected by violation of some of Bell’s
inequalities, such as Clause-Horne-Shimony-Holt (CHSH) inequality for two qubits. A proof
of nonlocality without inequalities for two particles had been given earlier by Heywood and
Redhead [5], which was much simplified by Brown and Svetlichny [6]. Greenberger, Horne,
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and Zeilinger (GHZ) [7] gave a proof of nonlocality but
without using inequalities, in which a minimum of three
particles was required in their proof. Mermin [8] provided a
simple unified form for the major no-hidden-variables theorems
by two examples. Hardy in [9, 10] proposed the two-particle
2-dimensional 2-setting Hardy paradox and gave the maximum
probability of Bell’s nonlocality. Hardy et al. [11] discovered the two-
particle 2-dimensional k-setting Hardy paradox. Aravind [12]
established a Bell's theorem without inequalities and only two
distant observers. Dong et al. obtained in [13] some methods for
detecting Bell nonlocality based on the Hardy Paradox. Chen et al.
[14] proved that Bell nonlocal states can be constructed from some
steerable states. They also established in [15] a mapping criteria
between nonlocality and steerability. Jiang et al. [16] proposed a
generalized Hardy’s paradox, and Yang et al. [17] presented a
stronger Hardy-type paradox based on the Bell inequality and its
experimental test. Cao and Guo [18] introduced mathematically the
Bell locality and the unsteerability of a bipartite state for a given
measurement setting and established their characterizations.

Viewed as joint outcome probabilities (correlations) for a specific
experimental configuration as a vector of a Euclidean space R’
Pironio [19] proved that a Bell inequality defining a facet of the
polytope B of Bell local correlations can be lifted to one that also
defines a facet of the more complex polytope, and established a
formula for finding the affine dimension dim (5) of 5.

By placing quantum possibilities within a wider context,
Barrett et al. [20] investigated the polytope L of no-signaling
correlations, which contains the quantum correlations as a
proper subset, determined the vertices of £ in the some
special cases, and discussed how interconversions between
different sorts of correlations may be achieved. They also
considered some multipartite examples. Barrett et al. [21]
introduced a version of the chained Bell inequality for
an arbitrary number of measurement outcomes and use it
to give a simple proof that the maximally entangled state of
two d-dimensional quantum systems has no local component.
Masanes et al. [22] considered nonlocality of n-partite
correlations and identified a series of properties common
to all theories that do not allow for superluminal signaling
and predict the violation of Bell inequalities. They observed
that intrinsic randomness, uncertainty due to the
incompatibility of two observables, monogamy of
correlations, impossibility of perfect cloning, privacy of
correlations, and bounds in the shareability of some states
are solely a consequence of the no-signaling principle and
nonlocality. Loubenets [25] proved that the probabilistic
description of an arbitrary multipartite correlation
scenario admits a local quasi hidden variable (LqHV)
simulation if and only if all joint probability distributions
of this scenario satisfy the general nonsignaling condition
formulated in [23, 24] using the notions of an LqHV model
and a deterministic LqHV given by integrals rather than
sums. Loubenets [26] also proved that the probabilistic
description of any quantum multipartite correlation
scenario with an arbitrary number of settings and
outcomes at each site does admit an LqHV model. In an
LqHV model given in [23, 24, 26], locality inherent to an
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LHV model is preserved but the basic concept of
Kolmogorov’s probability model [27], a probability space, is
replaced by a measure space with a normalized bounded real-
valued measure not necessarily positive. Méndez, J. Urias [28]
formulated the set of half-spaces describing the polytope of no-
signaling probability states that are admitted by the most general
class of Bell scenarios, presented a computational tool to solve
the no-signaling description for the elements, which are the
pure no-signaling boxes and the facets of Bell polytopes.
Chaves and Budroni [29] introduced the concept of
entropic nonsignaling correlations, and characterized and
showed the relevance of these entropic correlations in a
variety of different scenarios, ranging from typical Bell
experiments to more refined descriptions such as bilocality
and information causality. They applied the framework to
derive the first entropic inequality testing genuine tripartite
nonlocality in quantum systems of arbitrary dimension and
also proved the first known monogamy relation for entropic
Bell inequalities. Cope and Colbeck [30] found a series of Bell
inequalities from no-signaling distributions by exploiting
knowledge of the set of extremal no-signaling distributions.
Eli et al. [31] characterized Bell nonlocality of bipartite
correlations using tensor networks [32] and sparse recovery
and proved that nonsignaling bipartite correlations can be
described by local hidden variable models (LHVMs) governed
by a quasi-probability distribution.

In the present paper, we continue to discuss nonsignaling and
Bell nonlocality of n-partite correlations in order to generalize the
Eli’s result to a multipartite case. Such correlations define the
entries of a nonnegative tensor P of order 2n, which we call an n-
partite correlation tensor (CT). In Section 2, we review some
concepts and notations about tensors used later. In Section 3, n-
partite nonsignaling correlation tensors are recalled and some
observations are obtained. Also, correlation-type tensors are
introduced as an extension of correlation tensors. In Section 4,
a tensor-network decomposition of an n-partite nonsignaling CT is
deduced using the singular-value-decomposition theorem of
matrices and a decomposition lemma of row-stochastic matrices
(RSMs) into a convex combination of {0, 1}-RSMs. In Section 5, we
discuss Bell locality of an n-partite CT P and establish a
relationship between Bell local CTs and nonsignaling ones.

2 TENSORS AND THEIR OPERATIONS

In what follows, we use the notation [m] = {1, 2, . . ., m} for every
positive integer m.
Letey = {le;»}; and fp = {| f;>}’_, be orthonormal bases for

H4 and Hp, respectively. Then ey ® fp = {|e,->®|fj>}(,-ﬁ§[m]x[,,]

forms an orthonormal basis for H 45. Thus, every state p”~ of the
system AB can be represented as
P = Y puelend f) el fol. 1)

i ikt

This implies that every state p"® is determined by a set of complex
coefficients p;j, labeled by four indices i, j, k and €, which defines
a complex tensor T, = [pjje]l of order 4.
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Generally, a complex tensor is a multi-dimensional array of
complex numbers and the order (rank) of a tensor is the
number of indices [34]. Equivalently, we refer to a complex
(or real) tensor of order k as a function T from an index set Dy
=[di] x [d,] x-++ x [di] into C (or R), denoted by T = [T} ;,. ]l
where Tj;, i, = T (i1, 12, ..., i), the value of the function T at
(i1 125 - . - ig), called the (iy, ia, . . ., i) -entry of T. We also call
sucha T a (d,, dy, ..., di)-dimensional tensor of order k, or a
rank-k tensor over Dr. Thus, a rank-0 tensor is a scalar x, a d-
dimensional tensor of order 1 is a d-dimensional vector (vy, vs,
... v4), and an (m, n)-dimensional tensor of order 2 is just an
m X n matrix [A;].

Two tensors A and B are said to be equal, denoted by A = B,
if they are equal as functions, having the same domain of
definition D and taking the same values at each index (i, i,,
.. i) in D. A and B are said to contractive if they share at
least one index. The contraction of A and B is the tensor AOB
whose entries are the sum over all the possible values of the
repeated indices of A and B. For instance, when A = [A;]] and
B = [Byll are tensors over [m] x [n] and [m] x [p],
respectively, they are contractive with the contraction C =
[Cik]l where

Cjk = z A,‘jB,‘k.

i=1

That is, AOB = C, which is just the matrix product of matrices A™
and B. In this case, B and A are also contractive with the
contraction D = [Dy]] where

ij = ZBikAij,
i=1

which is just the matrix product of matrices B” and A. Generally,
AOB # BOA.

Furthermore, the outer product (also called the tensor product)
A ®B of two tensors A and B is the tensor whose entries are the
products of entries of A and B. Say, when A = [A;;]l and B =
[Byyzunll are tensors over Dy and Dp, respectively, the outer
product of A and B is the tensor

A®B= [[Aijkayzuv]] = HAijkayzuv]]ijkxyzuv)
which is a rank-8 tensor over D4 x Dg. And that of A and B reads
Bo®A= [[BxyzuvAijk]] = [[BxyzuvAijk]]xyzuvijk’

which is a rank-8 tensor over Dg X D4. Generally, A ®B # B ®A.

3 CORRELATION AND
CORRELATION-TYPE TENSORS

3.1 Correlation Tensors

Let us consider n parties A;, A,, ..., A,, each A; possessing a
physical system S; which can be measured with different
observables. Denote by x; the observable chosen (the label of
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observables or measurements) by party k, and by g; the
corresponding measurement outcome. Let x; and a; take my
and oy, values, respectively, and denote by

P(aiay - - aulx1%; - - - X,)

The joint probability for the outcomes ay, ay, **+, a,,, conditioned
on the observables x1, x,, -*+, x,, chosen by the n parties. Then it
holds that

z P(aja, - - aplx1%; - - x,)

ay,az,""an

=1, Vxie [m](k=12,-",n).

This gives a function P: IT7, [0;] x H;Ll [m;] — [0,1], called a
correlation function of the n-partite physical system S;S,** S,,.
A tensor of order 2n

P= prlalxzuzmxnun]] (31)

over

Agp = [mu] X [01] X [my] X [02] x-+-x [m,] X [0n]  (3.2)

is said to be an n-partite correlation tensor (CT) over A,, if its
entries are of the forms

lealxzazwxnan = P(alaz e anlxle e xn) (33)

for some correlation function P of an n-partite physical system
818, -S,.. Especially, when P(a,a,:--a,|x1x,--x,,) € {0, 1} for all x;

and g,  equivalently, there exists a  function
J: I, [my] — II_, [ok] such that
P(a1a2 L) a,,|x1x2 LR xn) = 6(@,,.A)an))](xl)“wxn) (34)

For all x; and a;, P is said to be an n-partite deterministic
correlation tensor (DCT) induced by J and is written as P = Pj.
According to the special relativity, an n-partite CT P of order
2n given by (3.3) is said to be nonsignaling, or no-signaling [22,
31] if for each nonempty proper subset A = {ky, kp, -k} (k; < k;
<--:< ky) of [n] with the complement A’ = [n] \A, the sum

z P(aiay - - - aplx1%; - - - X)
aj (je')

(3.5)

depends only on x;(j € A) and a;(j € A), being independent of
x;(j € A"). We call this condition the nonsignaling condition
(NSC). Physically, the NSC says that the marginal distribution
for each subset {Ag,, Ax,, -+, Ax,} of parties {A;, A5,-+-, A,} only
depends on its corresponding inputs, i.e., for each nonempty
proper subset A = {ky, k,--+,k4} of [n] with k; < k, <-+-< ky, it
holds that

P(ayai, - - - ak %1%z - - - x,) = P(ax,a, - - - ai |xk xx, - - - xx,)
(3.6)

for all x;(j € A'), where

9j
P(akar, - aglxi1xs - x,) = z z P(aiay -+ aulx1%, -+ Xp).
jea' aj=1
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For example, a 2-partite CT P = [P(ab|xy)]l over Ay = [m4] X
[04] % [mp] x [op] is nonsignaling if

ZP(abey) = ZP(abe'y), Vx, x', y,b; (3.7)
a=1 a=1
ZP(abey) = z P(ablxy'), Vx,y,y',a. (3.8)

b=1 b=1

That is, the marginal probability distribution of Alice (Bob) does
not depend on the input used by Bob (Alice).

A 3-partite CT P = [P(abc|xyz)] over Ag = [m;] x [01] x [m,] x
[02] x [m3] x [05] is nonsignaling if and only if the following six
equations are satisfied:

A = {a}: ZP(abclxyz) = ZP(abclxy’z'), Vx,a,y,y,2,2;
b b

(3.9)

A = {b}: ZP(abclxyz) = ZP(abclx'yz’), Vx,x',b, y,2,2;

a,c a.c

(3.10)
A ={c} z P(abclxyz) = Z P(abclx'y'z), V¥x,x',v,y',2,¢;
ab ab

(3.11)

A=1{b,ch ZP(abclxyz) = ZP(abclx'yz), vx,x', y,b, 2, ¢;

(3.12)

A={a,c}: Y P(abclxyz) =) P(abclxy'z), Vx,a,9,y2c;
D b

(3.13)

A ={a,b}: ZP(abchyz) = ZP(abchyz’), Vx,a,9,b,2,7'.

(3.14)

Indeed, the conditions (3.12-3.14) imply the conditions
(3.9-3.11). For example, if (3.12 and 3.13) are satisfied, then
we have Vx, X', 5, ¥, z, ¢,

b a
= Z P(abclx'y'z).
ab

This implies (3.11).

Generally, we have the following characterization of
nonsignaling [22].

Proposition 3.1. An n-partite CT P over A,,, given by (3.3) is
nonsignaling if and only if for each k € [n], the marginal
distribution obtained when tracing out ay is independent of xy:

Nonsignaling Correlation-Type Tensors

Of
ZP(al...ak...an|x1..._xk..._xn)
a=1

..ak...anlxl...x’i...xn) (315)

For all xj € [m;](j # k), xx, xj € [my] and all aj € [m](j # k).

The following proposition characterizes nonsignaling
property of a deterministic CT (DCT) P; induced by a map
J: I, [my] — TI7_, [ok], in such a way that

P, = [[P] (aray -+ - aulx1%2 -+ x,)] = [[6(:11,---,an),/(xl,---,xn)l]-

Proposition 3.2. A DCT P; is nonsignaling if and only if there
exist maps Jy : [my] — [o](Vk € [n]) such that

J(x1s s x0) = (Jr(x1)s -5 Tn () (3.16)
for all (xy, -, x,) € II}_, [my]. In that case,
P] (a1‘12 ttt anlxlxz Tt xn) = 8111,11 (x1) """ (San,]n(x,.) (317)

for all x; € [my], ax € [0k (k = 1, 2,---, n).

Proof. The sufficiency is clear. Next, we show the necessity.
To do this, we assume that P; is nonsignaling. We can write
J as

](xlﬁ"':xn) = (fl(xb'“axn)) ""fn(xl) "')xn))

for all  (x1,-,x,) €I} [m] and for
S I, [my] — [ox] where k = 1, 2,-+, n. Then

(3.18)

some maps

Playay -+ aplx1x5 -+ - x,) = 5a|,f| (xl,“nxn)'"6amfn(X1;“»xn)

for all x;, a; and so

z P(alaZ ttt an|x1x2 e xn) = 5a1,f1 (X1,X%2, 7 ,Xn)>

az,as, **,an
Z P(aay -~ aplxixs -~ x4) = 6, (x1thsh):
a2,a3,""*0n

Since P; is nonsignaling, we have &, 7 (x.x0 %) =
6u|,f1 Gentyexy for all ay € [o1], xx € [my] (k € [n]),x]‘ € [m;]
(j=2,3,---,n). This implies that fi(x;, x5°,x,) is
independent of the choice of x,,':*, x,, and depends only on
x;. Similarly, one can see that fi(x;, x5,"**,x,,) is independent of
the choice of x;(j # k) and depends only on x; for each k = 2,
3,--+,n. This enables us to define a map Ji : [my] — [ox] for each

k € [n] by
T (i) = fio(x1, %0, x,)(x; = L,Yj # k).

Now, Eq. (3.18) implies Eq. (3.16). Obviously, Eq. (3.17) yields
Eq. (3.16). The proof is completed.

Here is an illustration of Proposition 3.2 for the case where n =
2. If we identify the f; used in Eq. (3.18) with the m; x m, matrix
[fi(x1, x2)], whose (x;, x,)-entries are fi(x;, x,) € [ok], ie., fx =
[fi(x1, x2)], then the condition (3.16) is equivalent to J(xi, xp) =
(fi(x1, x2), fa(x1, x2)) where
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L) (1) Ji (1)
112 11(2) J1(2)
= N (A C R AT
Ji(my) J1(my) Ji(my)
and
Jo(1) J2(2) -+ ]y (my)
]2(1) ]2(2) ]z( 2)
= T T ) o). (3.20)

L) 122) T (my)

That is, f; is row-constant and f, is column-constant.
For example, when m; = m, = 0; = 0, = 2 and

12 12
fl:(z 1>’f2:<1 2>’

J: (L) - (1,1),(1,2) = (2,2), (2,1) — (2,1), (2,2) = (1,2),

that is,

the DCT P; induced by J with J(xy, x5) = (fi(x1, x2), fo(x1, x2)) is
not nonsignaling. When

11 12
f‘:<2 2)’f2:<1 2)’

J: (1,1) - (1,1), (1,2) — (1,2), (2,1) — (2,1), (2,2) — (2,2),

that is,

the DCT P; induced by J with J(x;, x,) = (fi(x1, x2), fo(x1, %)) is
nonsignaling.

3.2 Correlation-Type Tensors
Generalizing the concept of correlation tensors, let us introduce
the concepts of correlation-type tensors.

Let T = [T(aa; - -a,|x1x,+-x,)]] be a real tensor of order
2n, where a; € [0;], x; € [m;] for all i € [n]. We call such a
tensor T an n-partite correlation-type tensor (n-partite CTT).
It is said to be nonsignaling (or, an NSCTT) if for each k € [n],
the sum

Y T(aay - alxix; - x,)

axe [oc]
is independent of x, i.e., for all xx, xi € [my], it holds that

Y T(@r Qpa il -+ AlXy e X XX -+ X)
ae[or]

= ) T(ar @@l - GulX1 o X1 XX - )
ace o]

(3.21)

for all x; € [m)], a; € [0;](j # k).

Similar to the characterization of an NSCT (Proposition 3.1),
one can show that T is an NSCTT if and only if for each
nonempty proper subset A of [n] with the complement A’ =
[n] \A, the sum

Nonsignaling Correlation-Type Tensors

Y T@a - aplxix - x,) (3.22)

aj (jer")

depends only on x;(j € A) and a;(j € A), being independent of
XJ(] € AI)
Obviously, NSCTs are special NSCTTs.

4 DECOMPOSITION OF N-PARTITE
NSCTTS

A tensor-network decomposition of a bipartite nonsignaling
correlation was given in [31]. The following technical Lemma
4.2 was proved and used there. We rewrite it and give an
alternative proof. To do so, let us recall a result proved by Li
et al. [33], which implies that the set of all extreme points of the
set CSM(m,n) of all nonnegative column-stochastic
matrices (CSMs) of order m x n are exactly m" {0, 1}-CSMs
of order m x n. Since an m x n nonnegative matrix A = [a;] is
column-stochastic, ie., Y,a; = 1 for all j, if and only if its
transpose A" = [a;i] is row-stochastic, we get immediately the
following result.

Lemma 4.1. The set of all extreme points of the set RSM(m,n) of
all nonnegative row-stochastic matrices (RSMs) of order m x n are
exactly n™ {0, 1}-RSMs of order m X n:

Rie = [rﬁ] = [5ij(1'>] (k=1,2,---,n™),

where {J1, ]2, ***, Jum} are the set of all maps from [m] into [n].
The following lemma was given in [31]. Here, we give a
detailed proof based on Lemma 4.1.
Lemma 4.2. [31] An m x o matrix M = [Mj;] has constant row
sums Y5_,Mjj = C (independent of i) if and only if it can be
decomposed as

m

M = ch [8j,]k(i)]’ i.e.,Ml-j = chaj,]k(i) (VI,]),

k=1 k=1

(4.1)

with erilck = C, where {Ji . x € [0™]} denotes the set of all maps
from [m] into [o]. If all Mj; > 0, then we can choose all ¢; = 0.

Proof. The sufficiency is clear. To prove the necessity, we
assume that M = [M;] has the desired property. Put a = min{Mj; :
i € [m],j € [o]} and use 1,4, to denote the m x o matrix whose
entries are all 1. Then M — al,,;+, becomes a nonnegative matrix
with constant row sums C — oa > 0.

Case 1. C — oa = 0. In this case, M = al,,x,. Since 01,5, is a
row stochastic matrix, Lemma 3.1 implies that it can be written as
a convex combination of (0, 1)-RSMs:

0711,,,)@ = Zbk [5]‘,]]{(,‘)], (42)
k=1

where Zzzlbk =1 and all b, > 0. Thus,

om

M =0a0%X0 e = z aoby[8;7, ]
k=1

with Yo", aoby. = C. Clearly, all aoby > 0 if all M; = 0.
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Case 2. C — oa > 0. In this case, (C —0a)" (M - al,.) is a
row stochastic matrix and so it can be written as a convex
combination of (0, 1)-RSMs (Lemma 3.1):

(C-o0a)™ (M - aluo) = Y di[8;5,0) (4.3)
k=1

where Zi:dk =1 and all di > 0. It follows from Eq. 4.3 that

alye + (C - ao) Z dk [(Sj,]k(i)]

k=1

almxo + z (C - oa)dk [(S]‘)]k(g)]

k=1
o
Z Ck [5;'Jk <i)]’
k=1

where ¢, = oaby + (C — oa)dj, being of sum C. Clearly, when all M;;
> 0, we have a > 0 and so all ¢, > 0. The proof is completed.

Theorem 4.1. For any n € N, an NSCIT T = [T(a,---a,|
x1+-+x,)] of order 2n can be decomposed as

M =

T(a,--

aplxy - x,) = z z Grerky - kn6u1 1“) (x1) " '6%]’5”) (xn)

[ R !
(4.4)

for al}\]x, € [my], a; € [0]](i = 1, 2,--n), where gx,k,...k, € R, and
{](’)} 1—1 denotes the set of all maps from [m;] into [o;] (N; =
f”*,i_‘1 2, ).
Proof. When 7 = 1, to get the decomposition of an NSCTT T,
let us consider T = [ T(a;|x;)]] as a matrix with (x;, a;)-entry T(a,|
x1). Using Lemma 4.2 yields that

T(a1|x1) = z le an)} ”(x y Vxl)ab (45)

ki=1

where N1 = o" and {],Ell): ki € [N;]} denotes the set of all maps
from [m;] into [o0,].

Suppose that for some n > 1, a decomposition (4.4) exists for
any n-partite NSCTT T.

Let T = [T(a," - a1 1)%1-* *%,11)] be an (n + 1)-partite NSCTT. To
consider T as a matrix, we choose bijections «; : [m;] X [01] — [m04],

oy [m2] XeeeX [mn+1] X [02] XX [0n+1] - [mzoz c 'mn+10n+1]

"My 410,41) MAtrix T= [Tiliz]

Aparlx1 - - Xpp) if

and then define an (m,0,) X (m,0,:-
with (i}, i,)-entry Tin=T(ay---

i1

ip =0 (x,a1), 0 = 0 (X250 4 Xpe1s G2, * 5 Ani)-

Let T = USV be a singular value decomposition (SVD) of T where
U = [Un] and V = [V}j] are some real orthogonal matrices of
orders m;0; and 11,0, *M,,.10,,.1, respectively, and S is one of the
following matrices:

[Z 0] (mi01 <my0; - - - M1 0y );

z
0 (my0y >my0; « - - My 10p41);
> (m101

= M50, -+ * Myy10p41);

Nonsignaling Correlation-Type Tensors

where ¥ is a nonnegative diagonal matrix. Without loss of
generality, we assume that S is the first case. Thus,

T =diag(di, da, -, dmo,)>
dy>0(1<A<r),dy =0(r<A<mo)

where r = rank(T). Put A(A) =Upifi=oa(x;, ap), 1 <A<
m,0,; and Bg) X1 G VA] 1f]—062(x2, Xl 25" sBnr1)s

1 < A < my05--*My4 10,41 Then the SVD T = USV of T yields
that

m; 01

Z d, AW BW

X141 X2 Xp+1G2° " On1

T(ay - apalxi - xp) =

(4.6)

The nonsignaling condition on T implies that

myo; 01 mj 0y 01
Z Z Xlﬂl Xz App1ArApel z Z X1a1 Xz X102 0ni1

A=1 ay= a;=1
(4.7)
for all x1, x{, X2, a2, ***> Xps1, Ans1 and foreach k=2, 3, n + 1,
mjop Ok
(0] Z (@3}
Z Axluld BxZ"‘xk"‘anaZ‘“anH
ax=1
mjo1 ok
(%3
Z Axml Z Bxl“'x],(“‘xnﬂﬂl“'“nﬂ (4.8)
ar=1
for all x1, x5, ***, Xi> XL, s X1, @ (j # k). By writing
B — ( (1) (mZOZ"'mnHOnH))T
X2+ X4 102 Ay 1 X2 X1 A2l X2 X1 A2 gl >
which is a vector in R™2%2""1%1 and letting
01
(03 .
Fol) = d Y AL, 1<d<mo;
X1 - a=1
0, M0y <A <m0, -+ - My 1041,
T
fxl = (fXI (1)’ fxl (2)) Y fxl (mZOZ trt mn+10n+1)) >

which is a vector in R™2%2""1%41 " we get from (4.7) that
<fX1’ BXZ"'xn+laZ"'an+l> < xi> xz "Xn+1ﬂ2"'ﬂn+1>

for all X5, *,X,041> A2, * @441 and x1, x1. Since the column vectors
of the unitary matrix V form an orthonormal basis

{sz Kpsrazaner s Xj € [m]] aj € [Oj](2§j§n+ 1)}

for R™22"Mw1%m1 we conclude that f, =f, ie,

01

dy Z AL =dy Y AD L Vx,xf € ] A= 1,2, mo,.
ar=1 ar=1
Since d) > 0 for each A = 1, 2,---, r, we obtain
z 2311 Z A , Vx, x| € [m],A=1,2,r. (4.9)

ar=1 ar=1

Using Lemma 4.2 yields that for each A = 1, 2,-+-, 1,
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A = ZC

where Ny = o™, {J&, J{V, ... (1)} is the set of all maps from
[m;] into [o;]. Similarly, by wrltlng
A — (A(l) AQ L plmon) ) = (A(l) )""0'
X101 =

x1a1’ * “x1a1° X141 x1a1 J)=1

Va1 € [O]],Xl € [ml], (410)

ai, ],ii) (x1)

c ]leﬁl)

and for fixed 2 < k < n + 1, x; € [m](j # k), a; € [0;](G # k),
letting

gx, (V) =dy ZB cap (1SA<0imy),

ar=1

8 = (g"k(l)’ T G (mlol))T e R™,

we get from (4.8) that (8 Axiar) = (8 Axiar) for all x;, a; and
Xk, x. Since the row vectors Ay, ,,’s of the unitary matrix U form an
orthonormal basis {A,,,,} for R™°, we conclude that

g gxr le

O)
_ W)
d Z BXZ"'xk"'Xnﬂﬂz Appl d)‘ Z BXZ"'xk"‘xyHl“Z -An1
a=1

ar=1

x1€[mi]a1€fo1]

for all xi, x{. Since d; > 0 for each A = 1, 2,-+-, r, we obtain

o) Ok
(0] — (03
Z BXZ"'Xk"'Xn+1ﬂ2"'ﬂn+1 - z sz-»-x[{«-xnﬂaz--»anﬂ (411)
ar=1 ai=1
for all xy, x{,A =1,2,---,r. This shows that
Q(A) = [[QM) (az T ﬂn+1|x2 xn+1)] = [[B(A ]]

X2 Xp+1a2An+1

defines an n-partite NSCTT. It follows from the assumption of
induction that

Ny

) .
sz “Xn+1a2°0ntl Z Z qu kn+1 az, /( (x2) é\anﬂJ;MP (Xn+1)
knr1=1 "
(4.12)
for all x; € [m;], a; € [0;](i = 2,--, n + 1). Now, we obtain from

Eqs 4.6, 4.10, 4.12 that

Ny Nus1
T(@ Gl )= Y o Y oo, IO O] (i)
ki=1  kpn=1 i

for all x; € [m;], a; € [0;](i = 1, 2,---, n + 1), where

@]
ey ket Zdlckl Dicy ke *
A=1

This shows that a decomposition (4.4) exists for an (n + 1)-partite
NSCTT T. The proof is completed.

Theorem 4.2. For a CTT T = [T(a,a,-
following statements are equivalent.

(1) T is nonsignaling.

(2) T has a decomposition (4.4).

(3) T has the following generalized LHV model:

'xn)]]> the

'an|x1x2“

Nonsignaling Correlation-Type Tensors

d
X)) = Y mPy(ailx;,)) -

A=1

T(al"'an Xy-ce Pn(anlxm/\)

(4.13)

for all x; € [m;], a; € [0;], where my € R, {P; (a;lx;, )}y _, (i € [n])
are PDs for all x;, A.
(4) T has the form of

N; N,
T=) Z qulkz #D1 (k) ® D (ky) ® - - ® D, (k)
ki=1 ky=1 kn=1
(4.14)

where D; (ki) = [6, ;0 )]

(5) The followzng tensor-network decomposition holds:

T=(D;®D,®---®D,)0q, (4.15)

where q = [gk,k,-,]l is a real tensor of order n and D; = [[Sa JO )]]
is the tensor of order 3 with (k; x;, a;)-entries &, NI for all i =
1, 2,

Proof. Theorem 4.1 says that (1) and (2) are equivalent. (2) yields
(3) clearly. Lemma 4.2 implies that (3) yields (2). The proof is
completed.

Loubenets [25] proved that a CT admits a local quasi hidden
variable (LqHV) simulation if and only if all joint probability
distributions of this scenario satisfy the general nonsignaling
condition formulated in [23, 24, 26] using the notions of an LqHV
model and a deterministic LqgHV given by integrals rather than sums.
As a consequence of Theorem 4.2, we obtain the following corollary,
which means that a CT is nonsignaling if and only if it has a
generalized LHV model given by a “discrete” sum instead of a
“continuous” integral.

Corollary 4.1. For an n-partite CT P = [P(aa, -a,)
x1%,°+x,,) ]|, the following statements are equivalent.

(1) P is nonsignaling.

(2)P has a  decomposition

Yl e ey ok, = L.
3)P has a generahzed LHV model (4.13) in which Z Sem =1
(4) P has the form of (4.14) in which
N, N
Zklzl"'zk,,y‘:lqklkz'“kn =1
(5) P has a tensor-network decomposition (4.15) with

N Ny _
it Lot dkiks ok, = 1.

(44) in  which

5 CHARACTERIZATION OF A BELL
LOCAL CT
An n-partite CT

P= IIlealxzazwxnan]] (51)

over
Ay = [mu] X [01] x [my] x [02] x-+-X [m,] X [04] (5.2)

is said to be Bell local if there exists a PD {m}jzl such that
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P(ayay - anlx1%; - - - x,)

S (5.3)
= Y mPy(ailx1, )Py (a2lx2,4) - -+ Py (@l x4 1) '

A=1

for all x; € [m;], a; € [0;](i = 1, 2,---,n), where {P; (ailxi,)t)}gizl isa
PD for each i € [n], each x; € [m;], and each A € [d]. P is said to be
Bell nonlocal if it not Bell local.

From Proposition 3.2, we see that an n-partite DCT P; is
nonsignaling if and only if it is Bell local. Generally, using Lemma
4.1 for m; x 0; RSMs P;=[Py(a;|x;, A)] with (x;, a;)-entries Py(a;|x;,
A) implies that local probabilities in (5.3) can written as

P; (a1|x”/\) Z Ckl aj ](X)()c)
ki=
forall A € [d], x; € [m,], a; € [0;](i = 1, 2,-+, n). This yields the
following conclusion, which gives a characterization of Bell
locality of an n-partite CT.
Theorem 5.1. An n-partite CT P = [P(a,a, - a,|x1%2"-x,,)]
over A,, is Bell local if and only if it has the form of

N N,
=3 Y aead

k=1

-5

a2 ()

P(al ...an|x1 .

ﬂl,],ii)(xl)”
(5.4)

For all x; € [mj], a; € [0;](Vi € [n]), equivalently, the following

tensor-network decomposition holds:
=(D,®8D,®---®D,)<{q, (5.5)

where q = [q,k,-k,] is a nonnegative real tensor of order n such
that

N,
Z Z Gk, = 1, (5.6)
ki=1
andD; = [[6%](.') (x[)]] is the tensor of order 3 with (k;, x;, a;)-entries
) foralli= 1,2, n

il (x)

Ckfombining Theorem 5.1 with Corollary 4.1 shows that every
Bell local CT must be nonsignaling, while a nonsignaling CT is
not necessarily Bell local (e.g., the PR box). Furthermore, for a
nonsignaling Bell nonlocal CT P = [P(a,---a,|x;--x,,)] over A,,,
we see from Corollary 4.1 that P has a decomposition

P(ay - aulx; -

$Xn) = Z Z kO, 10 x) 0,0 )

(5.7)

.. Zannzlqkl“'kn = 1. Put

= max{—qj,...k,» 0},

for all x;, a; where g k,.k, € R, Z,Ijllzl
T, = WXk ke, O} G i,
then q,ﬁl._,kn 20,44, 20 with gg,..k, = q,t],__kn —dp,..

ky,-+, ky. Letting
Z qklkz | Y hik,

kika, k1,kaseskn

x for all

and using (5.7) yield that

Nonsignaling Correlation-Type Tensors

P(ar @l - %) = 4P (@ @yl - x,)

_q’P’ (al e an|x1 .. .xn)

for all possible x;, a;, where g" — g~ = 1 and

Dk,
pt (al ...an|x1 ...xn) = Z lq ” I,Ei)(xl)“.(san,/;")(xn)’
Kok "
p | - q’zl“'kn(g .8
(@ anlxy -+ x,) = Z q al,l,((i) 0 Cang ()
K+ "
Using Theorem 5.1, we see that both
P*:= [P*(a,---a,lx;---x,)] and
P = [[P_ (al c anl-xl ce xn)]]

are Bell local CTs, satisfying P = ¢'P* — g P~. When P is Bell
local, the last decomposition is also valid for P*=P" =Pand g* =
1,4 =0.

As a conclusion, we obtain the following theorem, which
reveals a relationship between nonsignaling CTs and Bell
local ones.

Corollary 5.1. A CT P over A,, is nonsignaling if and only if it
can be written as

P=g'P" -qP, (5.8)
where both P and P~ are Belllocal CTs, g%, g > 0withg" —q =1.

This implies the affine hull ah(BL(A,,,)) of the convex compact
set contains the polytope NS(A,,) of NSCTs over A,,. That is,
NS(A,,) ¢ ah(BL(Ay,)).

6 SUMMARY AND CONCLUSION

Bell nonlocality is a cornerstone of quantum theory and at the
center of many quantum information processing protocols. As
the number of subsystems increases, deciding whether a given
state w.r.t. a measurement setting is local or nonlocal becomes
computationally intractable. To overcome this difficulty, Eliéns
et al. have proposed a method for analyzing Bell nonlocality of a
nonsignaling correlation using tensor network and sparse
recovery. Motivated by this work, we have discussed
nonsignaling and Bell locality of n-partite correlations in
teams of tensor decompositions of the corresponding
correlation tensors.

Consider n parties A,,"*-, A,, each Aj possessing a physical
system Sy, which can be measured with ;. different observables
Xk = 1,2, -+, my and the corresponding outcomes a; = 1, 2,*+, 0.
Conditioned on the observables chosen by the # parties, the joint
probability distribution (JPD) P(a,---a,|x, - -x,,) for the outcomes
is obtained. Thus, such a JPD is just a function P from

IT%, [0;] x ITZ, [m;] into [0, 1], which we called a correlation
function (CF). One way to represent a JPD is vector-
representation (VR) [19], ie, a way to represent joint
probabilities P(a;---a,|x; - -x,) as a high dimensional vector in
R! where t = IT? , 0;m;, called a correlation vector (CV). With this
representation, the set of all Bell local CVs forms a polytope B in
R’ with the dimension IT?, (m; (0; — 1) + 1) — 1 [19, Theorem 1].
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For a bipartite correlation P(ab|xy), a useful notation was
introduced and used by Tsirelson and Cope [4, 30], which
represents it as a matrix IT = [P,,] with P,, = [P(ab|xy)] as the
(x, y)-block with (a, b)-entries P(ablxy). We call II = [Py] a
correlation matrix (CM). In the present paper, we have
represented a JPD P(a;---a,|x;---x,) as a nonnegative tensor P
of order 2n with (x;, a;,"*-,x,,» a,,)-entries, which we named an n-
partite correlation tensor (CT).

Generally, nonnegativity and normalization condition makes
it that an n + 1-partite CT could not be written as a convex
combination of k-partite CTs some k < n. Thus, it is almost
impossible to extend Eli’s decomposition [31] of a bipartite
nonsignaling CT (NSCT) to multi-partite case by means of
mathematical induction. To overcome this difficulty, we have
placed all n-partite CTs within the linear space of correlation-type
tensors (CTTs) of the form P = [P(a;a,---a,|x1x,°-x,,) ]| with real
entries (not necessarily nonnegative and normalized) and
induced the nonsignaling property of them. This enables us to
prove that every nonsignaling n-partite CTT can be decomposed
as a linear combination of local deterministic CT's (LDCTs) using
single-value decomposition of matrices and mathematical
induction. This decomposition theorem is particularly valid for
any nonsignaling n-partite CT. As a consequence, we have proved
that a CT P is nonsignaling if and only if it can be written as a
quasi-convex combination of the outer products of deterministic
CTs Dy (k;), -*D,,(k,) of order 2 and that P is Bell local if and only
if the decomposition is valid for a probability tensor
q = [4gkk,-k,]. Also, such a decomposition suggests close
relationships between nonsignaling CTs P and quasi-probability
tensor q, as well as Bell local CTs P and probability tensor q.

As an application of these results, we have observed that a CT
P is nonsignaling if and only if it can be written as
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