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In this study, we obtained low-rank approximations for the solution of parametric non-
symmetric elliptic partial differential equations. We proved the existence of optimal
approximation subspaces that minimize the error between the solution and an
approximation on this subspace, with respect to the mean parametric quadratic norm
associated with any preset norm in the space of solutions. Using a low-rank tensorized
decomposition, we built an expansion of approximating solutions with summands on
finite-dimensional optimal subspaces and proved the strong convergence of the truncated
expansion. For rank-one approximations, similar to the PGD expansion, we proved the
linear convergence of the power iteration method to compute the modes of the series for
data small enough. We presented some numerical results in good agreement with this
theoretical analysis.

Keywords: low-rank tensor approximations, non-symmetric problems, PGD mode computation, alternate least
squares, power iteration algorithm

1 INTRODUCTION

This study deals with the low-rank tensorized decomposition (LRTD) of parametric non-symmetric
linear elliptic problems. The basic objective in model reduction is to approximate large-scale
parametric systems by low-dimension systems, which are able to accurately reproduce the
behavior of the original systems. This allows tackling in affordable computing times, control,
optimization, and uncertainty quantification problems related to the systems modeled, among other
problems requiring multiple computations of the system response.

The PGD method, introduced by Ladévéze in the framework of the LATIN method (LArge Time
INcrement method [22]) and extended to multidimensional problems by Ammar et al [2], has
experienced an impressive development with extensive applications in engineering problems. This
method is an a priori model reduction technique that provides a separate approximation of the
solution of parametric PDEs. A compilation of advances in the PGD method may be found in [11].

Among the literature studying the convergence and numerical properties of the PGD, we can
highlight [1], where the convergence of the PGD for linear systems of finite dimension is proved. In
[8], the convergence of the PGD algorithm applied to the Laplace problem is proven, in a tensorized
framework. The study [9] proves the convergence of the PGD for an optimization problem, where
the functional framework is strongly convex and has a Lipschitz gradient in bounded sets. In [17], the
authors prove the convergence of an algorithm similar to a PGD for the resolution of an optimization
problem for a convex functional defined on a reflective Banach space. In [16], the authors prove the
convergence of the PGD for multidimensional elliptic PDEs. The convergence is achieved because of
the generalization of Eckart and Young’s theorem.
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The present study is motivated by [5], where the authors
present and analyze a generalization of the previous study [16]
when operator A depends on a parameter. The least-squares
LRTD is introduced to solve parametric symmetric elliptic
equations. The modes of the expansion are characterized in
terms of optimal subspaces of a finite dimension that
minimize the residual in the mean quadratic norm generated
by the parametric elliptic operator. As a by-product, this study
proves the strong convergence in the natural mean quadratic
norm of the PGD expansion.

A review of low-rank approximation methods (including
PGD) may be found in the studies [18, 19]. In particular,
minimal residual formulations with a freely chosen norm for
Petrov-Galerkin approximations are presented. In addition,
the study [10] gives an overview of numerical methods based
on the greedy iterative approach for non-symmetric linear
problems.

In [3, 4], a numerical analysis of the computation of modes for
the PGD to parametric symmetric elliptic problems is reported.
The nonlinear coupled system satisfied by the PGD modes is
solved by the power iteration (PI) algorithm, with normalization.
This method is proved to be linearly convergent, and several
numerical tests in good agreement with the theoretical
expectations are presented.

Actually, for symmetric problems, the PI algorithm to solve
the PGD modes turns out to be the adaptation of the alternating
least-squares (ALS) method thoroughly used to compute
tensorized low-order approximations of high-order tensors.
The ALS method was used in the late 20th century within the
principal components analysis (see [6, 7, 20, 21]) and extended in
[27] to the LRTD approximation of high-order tensors. Its
convergence properties were subsequently analyzed by several
authors; local and global convergence proofs within several
approximation frameworks are given in [14, 25, 26]. Several
generalizations were reported; as mentioned, without intending
to be exhaustive, in the studies [12-15, 23].

The convergence proofs within the studies [14, 25, 26] cannot
be applied to our context as we are dealing with least-squares with
respect to the parametric norm intrinsic to the elliptic operator,
even for symmetric problems. Comparatively, the difference is
similar to that between proving the convergence of POD or PGD
approximations to elliptic PDEs. The POD spaces are optimal
with respect to a user-given fixed norm, while the PGD spaces are
optimal with respect to the intrinsic norm associated to the
elliptic operator (see [5]). This use of the intrinsic parametric
norm does not make it necessary the previous knowledge of the
tensor object to be approximated (in our study, the parametric
solution of the targeted PDE), as is needed in standard ALS
algorithms.

In the present study, we propose an LRTD to approximate
the solution of parametric non-symmetric elliptic problems
based upon symmetrization of the problem (Section 2). Each
mode of the series is characterized in terms of optimal
subspaces of finite dimension that minimize the error
between the parametric solution and its approximation on
this subspace, but now with respect to a preset mean quadratic
norm as the mean quadratic norm associated to the operator
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in the non-symmetric case is not well-defined (Section 3). We
prove that the truncated LRTD expansion strongly converges
to the parametric solution in the mean quadratic norm
(Section 4).

The minimization problems to compute the rank-one optimal
modes are solved by a PI algorithm (Section 5). We prove that
this method 1is locally linearly convergent and identifies an
optimal symmetrization that provides the best convergence
rates of the PI algorithm, with respect to any preset mean
quadratic norm (Section 6).

We finally report some numerical tests for 1D
convection-diffusion problems that confirm the theoretical
results on the convergence of the LRTD expansion and the
convergence of the PI algorithm. Moreover, the computing
times required by the optimal symmetrization are compared
advantageously to those required by the PGD expansion
(Section 7).

2 PARAMETRIC NON-SYMMETRIC
ELLIPTIC PROBLEMS

Let us consider the mathematical formulation for parametric
elliptic problems introduced in [5] that we shall extend to non-
symmetric problems.

Let (T, B, u) be a measure space, where we assume that the
measure y is o-finite. Let H be a separable Hilbert space
endowed with the scalar product (-, -) and associated norm
| -Il, denote by H’ the dual space of H and by (-, -) the duality
pairing between H' and H. We will consider the Lebesgue
space Li (T) and the Bochner space Lﬁ (T; H) and its dual space
L2(T;H'), denoting (-, -} as the duality between Li (T; H) and
Lg (T; H'). We are interested in solving the parametric family
of variational problems:

{ Find u: T — H such that (1)

a(u(y),v;y) =<f(y),

where a(-,-;y): H x H — R is a parameter-dependent, possibly
non-symmetric, bilinear form and f(y) € H' is a parameter-
dependent continuous linear form.

It is assumed that a (,, 5 p) is uniformly continuous and
uniformly coercive on H y-a. e. y € T and there exist positive
constants « and f independent of y such that,

VveH, u—aevyel,

Vw,veH, u—aeyel, (2)
VYVweH, y—aeyel. (3)

a(w,v;y) <Blwl v,

a|lwl’ <a(w,w;y),

By the Lax-Milgram theorem, problem (1) admits a unique
solution p-a. e. y € I. To treat the measurability of u with
respect to y, let us consider the problem:

Let f be a function that belongs to Li (T; H') such that f(y) =

fly) y-a.e. y €T,

{ Find u ¢ L;(F; H) such that

a(uv) = (Evy, VvelL(T5H), (4)

where a: Lﬁ (T; H) x Lﬁ (T; H) — R is defined by
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a(w,v) = j AWV du(y). ()

By the Lax-Milgram theorem, owing to (2) and (3), problem
(4) admits a unique solution. Problems (1) and (4) are equivalent
in the sense that (see [5])

u(y)=u(y), u-aeyel.

We shall consider a symmetrized reformulation of the
formulation (4). Let us consider a family of inner products in
H,{(, ')y}yer which generate the norms || -, uniformly equivalent
to the || -|| norm and there exist a; > 0 and Sy > 0 such that,

ag VI <Ivll, <By IVl forally €T, (6)

considering the associated scalar product in Lﬁ (T;H) and
J-F(')')y du(y). As a is continuous and coercive on Li (T; H), there
exists a unique isomorphism in Lﬁ (T'; H) that we denote A, such that

L((Aw) ():v(y)),du(y) =a(w,v), VYw,ve L, (T;H). (7)

_ Let us define a new bilinear form
b: L (T; H) x L, (T; H) — R by
b(w,v) = a(w, Av). (8)

It is to be noted that b is symmetric, as it can be written as
by = [ (A0 0D, duG) O

Thus, as a consequence of (2) and (3), the form b defines a scalar
product in Lf, (T; H) and generates a norm equivalent to the usual
norm is this space.

Now, problem (4) is equivalent to

Find u € L; (T'; H) such that 0
b(u,v) = {f, Av), Vve L;(I‘; H). (10)
We shall wuse this formulation to build optimal

approximations of problem (1) on subspaces of finite-
dimension, when the form a(-,-) is not symmetric. For a
given integer k > 1, we denote by Sy the Grassmannian
variety of H formed by its subspaces of dimension smaller
than or equal to k and consider the problem:
minb(u - uz,u-uy), (11)
ZeSk
where u is the solution of problem (4) and uy is its approximation
given by the Galerkin approximation of problem (10) in Lﬁ (T; 2):

{ Finduy € L; (T; Z) such that (12)

b(uz,v) = (£, Av), Vve L (T;2).

Then, for any k € N, an optimal subspace of dimension smaller
than or equal to k is the best subspace of the family S; that
minimizes the error between the solution u and its Galerkin
approximation uy on this subspace, with respect to the mean
quadratic norm generated by b. Theorem 4.1 of [5] proves the
following result:

Low-Rank Approximation Non-Symmetric

Theorem 2.1 For any k > 1, problem (11) admits at least one
solution.

3 TARGETED-NORM OPTIMAL

SUBSPACES
It is assumed that we give a family of inner products
{(-)aytyer on H, which generate norms | ||y, uniformly

equivalent to the reference norm in H. Eventually, we may set
(+)m,y = (- ). Our purpose is to determine the inner products
(+)y (introduced in Section 2 and which we will call (-,-), ) in
such a way that the corresponding bilinear form b defined by
(8) actually is

bwv) = | (8 (V) ).

In this way, the optimal subspaces are the solution of the problem

min [ u(y) - uz (), du (7). (13)

Z€eSy,

Let us consider the operators A, x: H—H and the bilinear forms
(+)y,% on H x H defined by

a(w, Ay xV; y) = (wV)y,, Yw, veH, (14)

(W, V), = (A;,l*w, A;»I*V)H,y’ Yw,veH. (15)

It is to be noted that A, 4 is an isomorphism on H and consequently
(-+)y is an inner product on H. Due to (2) and (3), the norms
generated by these inner products are uniformly equivalent to the
reference norm in H. Moreover, by (14) and (15),

(Ay,*w, v)y,* = (w, A;,I*V)H)y =a(w,v;y). (16)

Let us consider now the inner product in L2 (T;H) given by
Ir("')%* and the isomorphism Ay: Lﬁ(l“; H) — Li(l"; H)
defined by
L (Axw) (1), v (1), x du(y) = a(w,v), VYw,ve Ly (T; H).
(17)

Then, it holds.
Lemma 1 Let A, : H — H be the continuous linear operators
defined by

(Ayw,v)y:a(w,v; y), VYw,veH, uy—aeyel. (18)
Then, it holds
(Aw) (y) = 4w (y),

This result follows from a standard argument using the
separability of space H that we omit for brevity. Then, by Lemma
1, we have

VweH, y—aeyel. (19)

(Axw) () = Ayxw(y), VYwe Lﬁ(l"; H), y—aeyel. (20)

Let us denote by by the bilinear form on Li (T; H) given by
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by (W, v) =a(w, Axv), VYW, Ve L; (T; H). (21)

Then, by (20) and (14),

be (0:¥) = [ a(w(y), 4,4v(7):7) du(y)

T

- [ IO, ). 22)

As a consequence, the optimal subspaces obtained by the least-
squares problem (11) when b = by satisfy (13).
Remark 1 When the forms a (-, -; y) are symmetric, if we choose

(W, V), =a(wv;y), VYw,veH, p—aeyel, (23)

then A, s defined by (14) is the identity operator in H. From (21),
it follows that by = a. We, thus, recover the intrinsic norm in the
symmetric case to determine the optimal subspaces.

4 A DEFLATION ALGORITHM TO
APPROXIMATE THE SOLUTION

Following the PGD procedure, we approximate the solution
of problem (1) by a tensorized expansion with summands of
rank <k, obtained by deflation. For all N > 1, we approximate

N
u=uy = Z s;, withs; € Li (T; H), (24)

i=1

computed by the following algorithm:

Initialization: let be uy = 0.

Iteration: assuming u;_;, known for any i > 1, set ¢;_;:=u — u;_;.
Then,

u; = u;_; +§;, wheres; = (e,_1) (25)

with (e;_)y the approximation of e;_; given by the problem (12) on
an optimal approximation subspace W solution of the problem (11),
W = argmin b (ei—l —(e1)z €1 — (ei—l)z)- (26)

Z€S

It is to be noted that this algorithm does not need to know the
solution u of problem (4) since e;_; is defined in terms of the
current residual f; = f — Au;_; by

€_; € Li(l"; H) such that
a(e 1,v) = f,v) —a(uy,v) =(f;,v) Vve L (T;H)

The convergence of the uy to u is stated in Theorem 5.3 of [5]
as the form b is an inner product in sz (T; H), with the
generated norm equivalent to the standard one.

Theorem 4.1 The truncated series uy determined by the
deflation algorithm (24)-(26) satisfying

}]im b(u—uy,u—uy) =0.
. 2 . .

Consequently, uy strongly converges in L, (T; H) to the solution
u of problem (4).

Low-Rank Approximation Non-Symmetric

5 RANK-ONE APPROXIMATIONS

An interesting case from the application point of view arises when
we consider rank-one approximations. Indeed, when k = 1, the
solution of (12) uy can be obtained as

u (p) =¢(y)w, u-aeyel, forsomege L} (), weH.

Then, the problem (11) can be written as (see [5], Sect. 6)

min ] (v, y), (27)
veH, weLﬁ(r)
where
J(vy) = b(u-y®v,u-yev). (28)

Any solution of problem (27) has to verify the following
conditions:

Proposition 1 If (w, ¢) € H X sz (T) is a solution of problem
(27), then it is also a solution of the following coupled nonlinear
problem:

é((p®w,(p®Ayv) =90 Av) VveH, (29)
a(pew,ye Aw) = fyeAw) VyelL (). (30)

We omit the proof of this result for brevity; let us just mention
that conditions (29) and (30) are the first-order optimality
conditions of the problem (27) that take place as the
functional J: H x Lﬁ(l‘) — R and is Gateaux-differentiable. It
is to be noted that the PGD method corresponds to replacing A,
by the identity operator in (29)-(30). From Theorem 2.1 and
Proposition 1, there exists at least a solution to problem (27) and
then to problem (29)-(30). However, as functional ] is not
convex, there is no warranty that it admits a unique
minimum. Then, a solution to problem (29)-(30) could not be
a solution to the problem (27).

Relations (29)-(30) suggest an alternative way to compute the
modes in the PGD expansion to solve (1). Indeed, we propose a
LRTD expansion for u given by

N
u=uy:= Z(pi®w,, (31)

i=1

where the modes (w;, ;) € H x Lﬁ (T) are recursively computed
as a solution of the problem (f; :=f — Au;_;) :

d((pi ® w;, ¢, ® Ayv) =Lfi,9,®Ayv) VveH, (32)
a(p, e w,y® Ayw) =<fy® Aw) Yy el (D)
If this problem is solved in such a way that its solution is also a
solution of
min  Ji (v, y),
veH, \peLi I)

(33)

with;(v, ) =b(a—w -y ®v,u-u_, -y ®v),

then expansion (31) will be optimal in the sense of the expansion
(24), where each mode of the series is computed in an optimal
finite-dimensional subspace that minimizes the error.
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6 COMPUTATION OF LOW-RANK
TENSORIZED DECOMPOSITION MODES

In this section, we analyze the solution of the nonlinear problem (32)
by the power iteration (PT) method. As the operator A, appears in
the test functions, a specific treatment is needed, in particular, to
compute targeted-norm subspaces. We also introduce a simplified PI
algorithm that does not need to compute A,. Here, we report both.
We focus on solving the model problem (29)-(30), which we
assume to admit a nonzero solution. For simplicity, the notation f will
stand either for the r. h. s. of the problem (4) or for any residual f;.
It is to be observed that (30) is equivalent to

st(y) a(w, Ayw; y)y(y)du(y) =

| €0 4wy aut). vy L,

and then

0()) = p(w,y) = L) A

- a(w, A, y) p—aeyel. (34)

Thus, problem (29)-(30) consists in
Find w € H such that

L(p(w, y)? a(w, Ayv; y) du(y) = (35)
LS”(W y) E(y), Apv>du(y), VveH.

with ¢ (w,-) € Lﬁ(F) defined by (34). For simplicity, we shall
denote by ¢(w) the function ¢(w, -).

Let us define the operator T : H — H that transforms w € H
into T(w) € H solution to the problem

L(p(w, y)'a(T (w), Ayv; y) du(y) =

(36)
| oG duy). vy e

T is well-defined from (2) and (3), and a solution of (35) is a fixed
point of this operator. Moreover, as A, is linear,

p(Aw)=1"9(w)

Thus, if (w, ¢) is a solution to (29)-(30), then (A w, A’l(p) isalsoa
solution to this problem. So, we propose to find a solution to
problem (35) with unit norm. For that, we apply the following PI
algorithm with normalization:

Initialization:Given any nonzero w° € H such that ¢° = p(w°) is
not zero in Li (D).

Iteration: Knowing w" € H, the following is computed :

) o™ =TwWw"eH

~n+1
=——¢
1™

iii) @™ =g (w"') € L; @.

andthen TAw)=AT(w), VAeR.

i) w™! (37)

The next result states that this iterative procedure is well-
defined.

Low-Rank Approximation Non-Symmetric

Lemma 2 It is assumed that for some nonzero w € H, it holds
that ¢ (w) € Li (T) is not zero. Then w = T (w) is not zero in H
and ¢ (W) is not zero in Li (D).

Proof First, by reduction to the absurd, it is assumed that T(w)
= 0. From (36), we have

pr(w, y) <E(y), Apvydu(y) =0, VveH.

In particular, for v = w and taking into account (34), we deduce
that

IKE(y), Ayw)|? ~
Jr a(w, Aw; y) du(y) =0

Then,
f(y), Aw) =0,

and thus, ¢(w) = 0 is in contradiction with the initial
hypothesis. This proves that T(w) is not zero. Second,
arguing again by reduction to the absurd, it is assumed
that ¢ (w) = 0. From (34), we have

E(y) 4wy =0,

Then, setting v = w in (36) and using (19), we obtain

pu—aeyel,

p—ae yel.

blow e @ gw)© D) = [ alp(wy)dp(wy) 45)du(y)
=0.

As b is a scalar product in Lﬁ (T; H), this implies that
lo(w)® @”Lﬁ (GH) = ”‘P(w)”Lﬁ m ol = 0.

We have already proven that w # 0. So, ¢(w) has to be equal to
zero, in contradiction with the initial hypothesis. Thus, our
assumption is false and ¢ (w) is not zero.

This result proves that if w® and ¢° are not zero, then the
algorithm (37) is well-defined.

6.1 Computation of Power lteration
Algorithm for Targeted-Norm Optimal
Subspaces

From a practical point of view, in general, the algorithm (37) is
computationally expensive. Indeed, in practice, H is a space of
large finite-dimension and the integral in I' is approximated by
some quadrature rule with nodes {y,}", . The method requires the
computation of A, v for all the elements v on a basis of H and all
the y;.

It is to be noted that when targeted subspaces are searched for,
in the way considered in Section 3, the expression of algorithm

(37) simplifies. Indeed, as a (w, A, xv; y) = (W,V)p,,, then

o(uny) = T Lort?

3 p—aeyel. (38)
wi?,,

In addition, the problem (36) that defines the operator T
simplifies to problem:
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J 2 (w, y)* (T (w), V), du(y) =

(39)
L‘P(w» Y)XE(y), Ayxv> du(y), VYveH.

We shall refer to the method (38)-(39) as the TN (targeted-
norm) method.

6.2 A Simplified Power lteration Algorithm
An approximate, but less expensive, method is derived from the
observation that A, is an isomorphism in H. If we approximate
the first equation in (32) by

d(goi ® w;, ¢; ® Ayov) =Lfi,9;® A, v) VveH,

for some y, € I, then this equation is equivalent to
ale,®w;, 9, ®v) =<fi,p,®v) VveH. (40)

We then consider the following adaptation of the PI method (37)
to compute an approximation of the solution of the optimality
conditions (32):

Iteration: Known w" € H, the following is computed:

) "' =Tw") eH

~nt1
wﬂ

if) w™! = m €H (41)

i) ¢"" =g (w) e L (D).
where f(w) is computed by

Lw(w, y) a(T (), v; y)du(y) = Lso(w, YLEWR), vy du(y), VveH,
(42)

where ¢(w, y) is defined by (34). We shall refer to method
(41)-(42) as the STN (simplified targeted-norm) method. The
difference between the STN method and the standard PGD one is
only the definition of the function ¢ that in this case is given by

o) = k)

—a.e. T.
a(w, w; y) p-aeye

6.3 Convergence of the Power Iteration

Algorithms
In this section, we analyze the convergence of the PI algorithms (37)
and (41) (Theorem 6.1). We prove that the method with optimal
convergence rate corresponds to the operator A, 4 introduced in
Section 3, choosing all the inner products | -|lg, equal to the
reference inner product || -||.

As in [5], we shall assume that the iterates ¢” remain in the
exterior of some ball of positive radius, say € > 0, of Lﬁ (T), that is,

l¢"lzmyze n=0,1,2, . (43)

This is a working hypothesis that makes sense whenever the mode that
we intend to compute is not zero, considering that the w” is normalized.
From the definition of A, and (6), it holds

Low-Rank Approximation Non-Symmetric

alvl <A, <B vl forgll yel,
iha= X g=Fr
witha = B B o (44)
where « and f3 are given by (2) and (3), respectively, and oy and
B are defined in (6).

Let us define the function:
2 - 2 -
5(rs) = 24 K2 (1 Minl k2>(1 20T Akzs>s2,
1-r 1-r

k*  for method (37)
, and A=

wherek =

ST R

E for method (41)
o

It holds.
Theorem 6.1 It is assumed that (43) holds, and

||'-1||L; (T;H)

A=46(r,5)<1, (45)

forsome r € (0,1) withs=
Then, there exists a unique solution with norm 1 w of problem
(35); the sequence {w"}, ., computed by either method (37) or
method (41) is contained in the ball By(w, r) if w® € By(w, 1), and

lw-w™| < Alw-w"|, VYn=0. (46)

As a consequence, the sequence {w"},, | that is defined by either
method (37) or method (41) is strongly convergent to w with linear
rate and the following error estimate holds:

whenever w’ € By (w, 7).
(47)

lw-w'll < A" Jlw-u’l, VYn>1,

Proof. Let us consider at first the method (37). Let x € By(w, r)
such that ||‘P(x)||L§(r) >¢e. Denote x =T (x) which by the
definition of operator T in (36) is the solution to the problem

J 9 (x.7) a(x Ay;y)du(y) =
! (48)
[ oGen o) amauy. vven.

We aim to estimate ||w — II%II"' To do that, from problems (35) and
(48), we obtain

Lq) (w,y)" a(w—% Ay; y)du(y)
= —L(sv(w y) =9 (x.y)")a(x Av; y)du(y)

+ [ @@ -pn) EO) A dLG). VreH.
(49)
It holds
~2
a(y, Az y) = (A Az) <B Iylllel, ¥y, zeH, (50)
using (44). Thus,

E(y), Ay = a(u(y), Ayy) < Blu(livl, ¥veH. (51)
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Moreover,

a(y, Ayy; y) = (Ayy, Ayy)yz&z Iyl VyeH. (52)

Setting v = w — X in (62) and using (50)-(52), we have
& ||¢(w)||ii(1v> lw - %|* <
F (19 ) = ¢ )iy 131+ lp () = 9 )iz o ol e ) o = 3
(53)
To bound the second term in the r. h s. of (53), from (34), it holds
a(u (y) A, (w - x); y)
a(w, Ayw; y)

a(x, Ay (x - w); y) + a(x -w, Ayw; y)
+
a(w, Ayw; y) a(x, A,x; y)

p(w,y) - p(x,y) =

u(u (y) Ayx; y).

Then, using (50) and (52),

K (1 + k2<”71"+ 1)) et () 1w = 1

2-r
< K <1 Iy kz) et ()1 1w — 1,

(54)

lo(w,y) - (x,p) <

where k = g In the last estimate, we have used that as x € By(w, 1),
wl = r < ||lx|| and then IITIH < 1. Therefore,
lp(w) =@ (zry < ¢ (1) Nl iy lw = xll, (55)
where

6, (r) = K (1 +% k2>.

It is to be noted that from (34),

e O (56)

a(u (y), Az; y)|
a(z, lzll

A,z; y) |

Then, from (54) and (56)

lp(z,y) = I

lp( )’ =9 (%)l < lop(wy) - y)llp(w.y) +¢(xy)l
) s -
< k¢ () <1 + ”x"> llee (P)I” lw — x|\
Hence,
lp (w)* - <P(x)2||L; @ < ¢,(r) ||u||iﬁ e lw =, (57)

where

5 2-r

¢, (r)=k>¢, (1) T

Combining (53) with (55) and (57), we deduce

N ||U||L2(r;H) ’ -
il < [ —T ) g2 —xl.
lw - x| < (M(w)"Lﬁm) (¢, (1) + ¢, () 1x]) lw — x|

(58)

Low-Rank Approximation Non-Symmetric

Setting v = X in (48) and using (52) and (51), we obtain
~2 2 =12 _ 22 ~
& Nl GOz oy 1217 < Bl Coliz oy iz ey %11
Thus,

) ||u||L§ (T;H)
”‘P(x)”Lﬁ(l“) - €

||u||L§(r;H)

%] < K =k*s. (59)

It holds IIﬁ— ||%HII <2|lw — x|l. Then, using (58) and (59), we
deduce

225 (¢, (r) + ¢, (N K S) lw - x].

‘ X
Ihat 1S,

“w_ ﬁ” <Alw-x|, withA givenby (45).  (60)
X

Estimate (46) follows from this last inequality for x = ", assuming
that w" € By(w, r). Assuming w° € By(w, 1) this recursively proves
that all the w" are in By(w, r). Furthermore, suppose that there exists
another solution to (35) with norm one in the ball By(w, r), w*. In this
case, estimating (60) for x = w* implies

lw—-w* <A lw—w*|

because x = T (w*) = w*. Then w = w*, and there is uniqueness of
solution with norm one in the ball By(w, r). Finally, (47) follows
from (46) by recurrence.

Let us now consider method (41). In this case % = T (x), by
(42), is the solution of the problem

[ oGerya vy duty) -
L(p (x,p) £(y), vy du(y), VYveH. (61)

To estimate ||w — ﬁll, from problems (35) and (61), we obtain

pr(w, ) a(w-% v;y)du(y) =
- J (o) =9(xy))a(® viy)du(y)
+ G -een) ED W dul). Vven.
(62)

As Lf(y), v) = a (uy), v; ) < B llal IIvl, ¥V v € H, setting
v =w - X, we have

TABLE 1 | Convergence rates of the Pl algorithm for the first TN modes.

n Mode i =1 Mode i =2 Mode i =3
wj - wj -1 r Iwgn - w3 0 wg - wi| B
1 7,4844E-01 — 4,6117E-01 - 3,8004E-02 -
2 9,6123E-02 7,78  83125E-02 554  59211E-02 0,641
3 4,1109E-03 23,38  83769E-03 9,92  6,8704E-03 8,61
4 17378E-04 2365 7,9166E-04 10,58 7,5651E-04 9,08
5  7.3741E-06 2356  7,4417E-05 10,63 8,2797E-04 9,13
6  3,1308E-07 2355 6,9923E-06 10,64 9,0557E-06 9,14
7 - - 6,5699E-07 10,64 9,9037E-07 9,14
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FIGURE 1 | Solutions of problem (66) by the LRTD (called FLSTD within the figure) expansion computed with the TN method. Left y = 2.7375 Right y = 49.7624.

TABLE 2 | Convergence rates of the PI algorithm for the first STN modes.

n Mode i = 1 Mode i = 2 Mode i =3

Iw] - w3 r wg - w3 e Iwg - wi| (s
1 8,0749E-1 - 5,0427E-1 — 3,9947E-1 -
2 1,4643E-1 5,51 1,7004E-1 2,96 1,1811E-1 3,38
3 9.8900E-3 14,08  4,0532E-2 4,19 8,9310E-2 1,32
4 6,0098E-4 16,45 8,8019E-3 4,60 4,1810E-2 2,13
5 3,6271E-5 16,56 1,8704E-3 4,70 1,8745E-2 2,23
6 2,1882E-6 16,57 3,9656E-4 4,72 8,2109E-3 2,28
7 1,3201E-7 16,57 8,3595E-5 4,73 3,5573E-3 2,30
8 7,9636E-9 16,57 1,7660E-5 4,73 1,5337E-3 2,31
9 - - - — 6,5980E-4 2,32

allg W)z gy lw - x| < J p(wy) a(w-% w-% y)du(y) <
)
B (9 @) = ¢ )iy 131+l (@) = 9 (Ol bl e ) o = 31
(63)

The functions ¢(w) and ¢(x) have the same expressions for
methods (37) and (41).
Moreover, setting v = X in (61)

mwwm@awﬂfsj¢@uwﬂda&;wdww

j ¢ (w,y) {f (), %) du(y) (64)
- [ a(). p(wy) @ p)du(y)

<Bl u||Lz (T;H) ||‘P(w)||L2 ) lIxIl.

Hence, X[ < g Then, similarly to (58), we obtain
w1 < £ (9,094 0, ) 15 o - )
B B (65)
< ;s <¢1(r)+¢2(r) &s> lw - x|.
As Jw--i|<2|lw-Z|, the conclusion follows as for

method (3%||

TABLE 3 | Numerical behavior of the PGD, STN, and TN methods for Test 2.

Methods Errors L2 (I, L2(Q)) Errors L2 (I, Hj ()

PGD U = Uoall = 9.696 — 7 U - Uoall = 3.306 — 7
STN lu = o4l =821 - 7 lu — usyll =3.83¢ - 7
TN lu—uqof =631 =7 lu = uqoll = 3.52e — 7

Remark 2 The optimal convergence rate A corresponds to k =1
and A =1, that is, & = f and o = B. As a and [3 are predetermined,
the optimal convergence rate can only be obtained with method
(37). When the inner products (-,), = (-)yx and thus the operator
A, = A, &, introduced in Section 3 are used to construct the
optimal targeted subspaces, it satisfies, by (15),

lAyvlZ o = IV, Vv eH,
Then, from (44), choosing all the inner products | -\, equal to the
reference inner product || -, we obtain & = B = 1. Therefore, the
convergence rate is optimal for method (37) with this choice. It can

10° . . . . :

10-2 B

-8 L L
10 2 4 6 8 10 12

FIGURE 2 | Convergence history of the PGD, TN, and STN series for
Test 2.
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FIGURE 3 | Comparison of CPU times to compute the TN, STN, and
PGD expansions.

be interpreted as preconditioning of the problem to solve, similar to
classical preconditioning to accelerate convergence in solving linear
systems (For example, see [24]).

Remark 3 If we intend to compute a mode of order i > 2, Theorem
6.1 and Remark 2 also hold, replacing f by the residual f; = f — Au;_,
and u by the error u — u;_;, where u,_; is defined by (31).

7 NUMERICAL TESTS

In this section, we discuss the numerical results obtained with
the methods TN (38)-(39) and STN (41)-(42) to solve some
non-symmetric second-order PDEs. Our purpose, on the one
hand, is to confirm the theoretical results stated in Theorem
4.1 and Theorem 6.1, and on the other hand, to compare the
practical performances of these methods with the
standard PGD.

We consider a parametric 1D advection-diffusion problem
with fixed constant advection velocity f3,

in Q-=(0,10)

{yﬁu/_u":))f (66)

u(0)=1, u'(10)=0

We assume that § = 1, and then y is the Péclet number. The source
term is f = 1/500. We have set I' = [2.5, 50]; then, there is a large
asymmetry of the advection-diffusion operator.

Once the nonhomogenous boundary condition at x = 0
is lifted, problem (66) is formulated under the general
framework (1) when the space H and the bilinear form a (-, -)
are given by H = {v € H'(Q) |v (0) = 0 }, and

a(uviy) =y (Bu'v) + ('), (67)

We endow space H with the H, (1, (Q) norm (that we still denote
[l -I), which is equivalent to the HY(Q) norm on H.

In practice, we replace the continuous problem (1) by an
approximated one on a finite element space H, formed by
piecewise affine elements. In addition, the integrals on I are
approximated by a quadrature formula constructed on a
subdivision of T into M subintervals,

Low-Rank Approximation Non-Symmetric

[ )t =1 (v) - fw v ()

This is equivalent to approximating the Lebesgue measure y
by a discrete measure p, located at the nodes of the discrete
set Tp = {y, i=1,..., M} with weights w;, i =1, ..., M.
Consequently, all the theoretical results obtained in the
previous sections apply, by replacing the L,24 (T, H) space by
L;A (Ta, Hp). It is to be noted that

”V”iﬁA (Ta.Hp) = Iy (||V||2) (68)

In our computations, we have used the midpoint quadrature
formula with M = 100 equally spaced subintervals of I' to
construct I; and constructed Hj, with 300 subintervals of Q of
the same length.

Test 1:

This first experiment is intended to check the theoretical
results on the convergence rate of the PI algorithm, stated in
Theorem 6.1, for the TN and STN methods: we consider optimal
targeted subspaces, in the sense of the standard H(l, (©)) norm.
That is, using

(W, )iy = (W, V)1 () = (w',v), Yw,veH (Q)

to define the mappings A, x by (14) and the form b* by (22).
For each mode w; of the LRTD expansion (31), we have
estimated the numerical convergence rate of the PI algorithm by

n+l _ "wln - w?—lu

;= (69)
Y

n+1

—w!|
i w;

Tables 1 and 2 show the norm of the difference between two
consecutive approximations and the ratios r?. We display the
results for the first three modes.

We observe that the PI method converges with a nearly
constant rate for each mode, in agreement with
Theorem 6.1. The convergence rate is larger for the TN
method, also as expected from this theorem. It is also noted
that the convergence rates are smaller for higher-
order modes.

In Figure 1, we present the comparison between the solution
obtained by finite elements for y = 2.7375 and y = 49.7625 and the
truncated series sum for the TN, the results for the STN are
similar.

Test 2:

In this test, we compare the convergence rates of PGD, TN,
and STN methods to obtain the LRTD expansion (31) for the
problem (66).

Figure 2 displays the errors of the truncated series with
respect to the number of modes, in norm Lﬁ(l“, H(l)(Q)). A
spectral convergence may be observed for the three
expansions. We observe that the convergence of the TN
expansion, in terms of the number of modes needed to
achieve an error level, is much faster than the convergence
of the STN expansion, while this one is faster than the PGD
one. This is clarified if we consider the number of modes
required to achieve an error smaller than a given level. We
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display these numbers for an error level of 10~° in Table 3,
where much more modes are needed by the PGD expansion.
The TN and STN methods, thus, appear to be well-adapted to
fit the asymmetry of the operator.

Finally, we compare the CPU times required by the three
methods. By construction, it is clear that to compute every
single iteration of the PI method, the TN method is much
more expensive since it involves the calculation of the A, «
operator for each finite element base function. However, due
to the fast convergence of the associated LRTD expansion, it is
less expensive than PGD to compute the expansion. Figure 3
displays the CPU times for the TN, STN, and PGD methods as
a function of the number of subintervals M considered in the
partition of I. The STN method is more expensive than the
PGD method; this arises due to the small convergence rate of
the PI algorithm with the STN method. However, the TN
method is less expensive than the PGD one, requiring
approximately half the CPU time.

8 CONCLUSION

In this study, we have proposed a new low-rank tensorized
decomposition (LRTD) to approximate the solution of
parametric non-symmetric elliptic problems, based on
symmetrization of the problem.

Each mode of the series is characterized as a solution to a
calculus of variation problem that yields an optimal finite-
dimensional subspace, in the sense that it minimizes the error
between the parametric solution and its approximation on this
subspace, with respect to a preset mean quadratic norm. We have
proven that the truncated expansion given by the deflation
algorithm strongly converges to the parametric solution in the
mean quadratic norm.

The minimization problems to compute the rank-one optimal
modes are solved by the power iteration algorithm. We have
proven that this method is locally linearly convergent when the
initial data are close enough to an optimal mode. We also have
identified an optimal symmetrization that provides the best
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