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This study attempts to establish new upper bounds on the mean curvature and constant
sectional curvature of the first positive eigenvalue of the y — Laplacian operator on
Riemannian manifolds. Various approaches are being used to find the first eigenvalue
for the v — Laplacian operator on closed oriented bi-slant submanifolds in a Sasakian
space form. We extend different Reilly-like inequalities to the v — Laplacian on bi-slant
submanifolds in a unit sphere depending on our results for the Laplacian operator. The
conclusion of this study considers some special cases as well.
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1 INTRODUCTION

It is one of the most significant aspects of Riemannian geometry to determine the bounds of the
Laplacian on a given manifold. One of the major objectives is to find the eigenvalue that arises as a
solution of the Dirichlet or Neumann boundary value problems for curvature functions. Because
different boundary conditions exist on a manifold, one can adopt a theoretical perspective to the
Dirichlet boundary condition using the upper bound for the eigenvalue as a technique of analysis for
the Laplacian’s appropriate bound on a given manifold. Assessing the eigenvalue for the Laplacian
and y — Laplacian operators has been progressively well-known over a long time. The generalization
of the usual Laplacian operator, which is an anisotropic mean curvature, was studied in [17]. Let K
denote a complete noncompact Riemannian manifold and B signify the compact domain within K.
Let 1;(B) > 0 be the first eigenvalue of the Dirichlet boundary value problem.

Ay+My=0 in B and y=0o0n 0B,

where A represents the Laplacian operator on the Riemannian manifold K,,. The Reilly’s formula
deals exclusively with the fundamental geometrical characteristics of a given manifold. This is
generally acknowledged by the following statement. Let (K™, g) be a compact m — dimensional
Riemannian manifold and A; denote the first nonzero eigenvalue of the Neumann problem.

0
Ay+Ay =0, on K and a—::O on 0K,
where 7 is the outward normal on 0K™.

As a result of Reilly [24], we have the following inequality for a manifold K immersed in a
Euclidean space with oK™ = 0
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where H is the mean curvature vector of immersion K™ into R”,
1Y signifies the first nonzero eigenvalue of the Laplacian on K™,
and dV represents the volume element of K™.

Zeng and He computed the upper bounds for the y — Laplace
operator as it relates to the first eigenvalue for Finsher
submanifolds in Minkowski space. The first eigenvalue of the
Laplace operator on a closed manifold was described by Seto and
Wei . Nevertheless, Du et al. [16] derived the generalized Reilly
inequality and calculated the first nonzero eigenvalue of the y —
Laplace operator. By adopting a very similar strategy, Blacker and
Seto [3] demonstrated a Lichnero-type lower limit for the first
nonzero eigenvalue of the y — Laplacian for Neumann and
Dirichlet boundary conditions.

The studies [14, 15] illustrate the first nonnull Laplacian
eigenvalue, which is considered an extension of Reilly’s work .
The results of the distinct classes of Riemannian submanifolds for
diverse ambient spaces show that the results of both first nonzero
eigenvalues portray similar inequality and have the same upper
bounds [13, 14]. In the case of the ambient manifold, it is known
from past research that Laplace and y — Laplace operators on
Riemannian manifolds played a vital role in accomplishing
different achievements in Riemannian geometry (see [2, 5, 10,
11, 17, 22, 23,]).

The w — Laplacian on a m — dimensional Riemannian
manifold K" is defined as

A, = div(|Vh|"*Vh), (1.2)

where v > 1 and if ¥ = 2; then, the abovementioned formula
becomes the usual Laplacian operator.

The eigenvalue of Ah, on the other hand, is Laplacian-like. If a
function h # 0 meets the following equation with Dirchilet
boundary condition or Neumann boundary condition as
discussed earlier

Ayh = —Ah|*h,

where A is a real number called the Dirichlet eigenvalue. In the
same way, the previous requirements apply to the Neumann
boundary condition.

Looking at Riemannian manifolds without boundaries, the
Reilly-type inequality for the first nonzero eigenvalue A, ,, for y —
Laplacian was computed in .

q
Ay = inf{ Jflm :h e WY (K'){o}, Jthl‘“h =0 } (1.3)
K

On the other hand, Chen was the first to propose the geometry
of slant immersions as a logical extension of both holomorphic
and totally real immersions. In addition, Lotta introduced the
notion of slant submanifolds within the context of almost contact
metric manifolds, and Cabrerizo et al. [9] delved more into these
submanifolds. More precisely, Cabrerizo et al. explored slant
submanifolds in the setting of Sasakian manifolds. However,
Cabrerizo et al. introduced another generalization of slant and

EEVLO

contact CR-submanifolds; that is, they proposed the idea of bi-
slant and semi-slant submanifolds in the almost contact metric
manifolds and provided several examples of these submanifolds.

After examining the literature, a logical question arises: can the
Reilly-type inequalities for submanifolds of spheres be obtained
using almost contact metric manifolds, as described in [1, 14, 15]?
To answer this question, we explore the Reilly-type inequalities
for bi-slant submanifolds isometrically immersed in a Sasakian
space form M (k) (odd dimensional sphere). To this end, our aim
is to compute the bound for the first nonzero eigenvalues via y —
Laplacian. The present study is led by the application of the Gauss
equation and studies carried out in [13, 14, 16].

2 PRELIMINARIES

A (2n + 1) — dimensional C* — manifold K is said to have an
almost contact structure, if on K, there exists a tensor field ¢ of
type (1, 1) and a vector field £ and a 1-form # satisfying the
following properties:

¢ =-T+n®& ¢§=0, 1°p=0, (¢ =1 (2.1)

The manifold K with the structure (¢, & #) is called almost
contact manifold. There exists a Riemannian metric ¢ on an
almost contact metric manifold K, satisfying the following
relation

nie) =glend), g(ger,der)=glee) —/nle)n(er), (2.2)

for all e}, e; € TK, where TK is the tangent bundle of K.
An almost contact metric manifold K (¢, €, 7, g) is said to be
Sasakian manifold if it satisfies the following relation .

(Ved)er = gle, ) —n(ex)er, (2.3)

for any e}, e; € TK, where V denotes the Riemannian connection
of the metric g.

A Sasakian manifold K is said to be a Sasakian space form if it
has constant ¢-holomorphic sectional curvature x and is denoted
by K (k). The curvature tensor R of the Sasakian space form K (k)
is given by [4].

R(el, e))e; = %3 {g (ez,e3)e; — gler, 63)62} + %1 {g (eb ¢€3)¢€2
—g(ex des)der +2g(ey, Per)des + n(e1)n (e3)er
—n(ex)n(es)er + g (e, e3)n(e)é — g (e e3)n(er)é},

(2.4)

for all vector fields e;, e,, e; on K.

K is assumed to be a submanifold of an almost contact metric
manifold K with the induced metric g. The Riemannian
connection V of K induces canonically the connections V and
V* on the tangent bundle TK and the normal bundle T*K of K
respectively, and then the Gauss and Weingarten formulas are
governed by

v6162 = Velez + 0(61) 62): (25)
V.v=-Ae + v, v, (2.6)
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for each e}, e, € TK and v € T*K, where 0 and A, are the second
fundamental form and the shape operator, respectively, for the
immersion of K into K; they are related as

9(0(61,62),") = g(Avel)eZ)) (27)

where g is the Riemannian metric on K and the induced
metric on K.

If Te; and Ne, represent the tangential and normal part of ¢e;,
respectively, for any e; € TK, we can write

([)el = T61 + Nel. (28)
Similarly, for any v € T*K, we write
¢V =tv+ny, (2.9)

where tv and nv are the tangential and normal parts of ¢v,
respectively. Thus, T (resp. N) is 1-1 tensor field on TK (resp.
T*K) and ¢ (resp. n) is a tangential (resp. normal) valued 1-form
on T*K (resp. TK).

The notion of slant submanifolds in contact geometry was first
defined by A. Lotta . Later, these submanifolds were studied by
Cabrerizo et al. [9]. Now, we have the following definition of slant
submanifolds:

Definition

A submanifold K of an almost contact metric manifold K is
said to be slant submanifold if for any x € K and X € T,K — (&),
where (&) is the distribution spanned by the vector field &, the
angle between X and ¢X is constant. The constant angle « € [0, 71/
2] is then called the slant angle of K in K. If & = 0, the submanifold
is invariant submanifold, and if « = 7/2, then it is an anti-
invariant submanifold. If « # 0, n/2, it is a proper slant
submanifold.

Moreover, Cabrerizo et al. [9] proved the characterizing
equation for the slant submanifold. More precisely, they
proved that a submanifold N is said to be a slant
submanifold if 3 a constant 7 € [0, 1] and a (1, 1) tensor
field T, which satisfies the following relation:

T’=1(I-n®¢), (2.10)

where 7 = - cos’a.
From (2.10), it is easy to conclude the following:

g(Tey, Tey) = cos” afg(er, e:) — n(er)n(er)}, Ve, e, € K.
(2.11)

Now, we define the bi-slant submanifold, which was
introduced by Cabrerizo et al. .

A submanifold K of an almost contact metric manifold K is
said to be bi-slant submanifold if there exist two orthogonal
complementary distributions S, and S,, such that.

1) TK =S4, @ Sa, @ (&).
2) The distribution S,, is slant with the slant angle a; # 0, /2.
3) The distribution S,, is slant with the slant angle a, # 0, /2.

EEVLO

If a; = 0 and &, = 71/2, then the bi-slant submanifold is a semi-
invariant submanifold. Now, we have the following example of a
bi-slant submanifold:

Example.

Considering the 5-dimensional submanifold in R’ with the
usual Sasakian structure, such that

x (i1, v, w, 5, t) = 2(u1,0, W, 0, ¥ cos a, V sin ey, 5 COS Ay, § sin oy, £)
for any a;, ap € (0, 7/2), then it is easy to see that this is an

example of a bi-slant submanifold M in R’ with slant angles a;
and «,. Moreover, it can be observed that

e =2 9 + 19 e, =2cosa 9 +2sina 9
= — — | = P 1 —
! axt 7 5z 2 oyl '9y?

0 ;0
€3 :2($+y E),
0 . 0 0
ey = 2cosocza—y3+ 251nocza—y4, es =2$:£,

form alocal orthonormal frame of TK, in which S,, = spanie;, e}
and S,, = spanfes,es}, where S, and S,, are the slant
distributions with slant angles «; and a,, respectively.

It is assumed that K*2°*24*! is a bi-slant submanifold of
dimension d in which 2p and 24 are the dimensions of the slant
distributions S,, and S,, respectively. Moreover, let {u;, u,, ...,
Unps Uppr1 = Vis Ugpia = Vas - oo 5 Ugoy = Vags Ug = Vag = &} be an
orthonormal frame of vectors which form a basis for the
submanifold K**27*! such that {u;, uy = seco;Tuy, us, Uy =
sec o Tus, ..., Uy = sec & Tusp_ 1} is tangential to the distribution
Sa,» and the set {vy, v, = sec o, Tvy, V3, V4 = secayTvs, ... V55 =
sec a, Tv,, 1} is tangential to S,,. By Eq. 2.4, the curvature tensor
R for the bi-slant submanifold N***?7*" is given by the formula:

R(ui,uj,ui,uj) = %1 (dz - d)
d
+ %1 <3 Z g2(¢u,-,uj) -2(d- 1)>.
ij=1

(2.12)

The dimension of the bi-slant submanifold K? can be
decomposed as d = 2p + 2q + 1; then, using the formula
(2.10) for slant distributions, we have

g* (pui, i) = cos’ay, for i€{l,...,2p—1}
and
g* (pui, uiyy) = cos’a,, for ie{2p+1,...,2q—1}.
Then
d
z gz((pui,uj) =2p coslay + 2q cos’a,.
i

The relation (2.12) implies that
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_ 1

R(u,-,uj,ui,uj) o (d2 d)

k-1
4

+

-2(d-1)).
(2.13)

(6p cos’a; + 6q cos’a,

From the relation (2.13) and Gauss equation we have

gd(d— 1)+T(6pcos a) +6qcos’a, —2(d - 1))

=27 - *|H|” + oll®

or

+3
zr=anW—uﬂP+fz—dm—1)

+ KTI (6p cos’a; + 6q cos’a, —2(d — 1)). (2.14)

In the study [1], Ali et al. studied the effect of conformal
transformation on the curvature and second fundamental
form. More precisely, it is assumed that K***' together with a
conformal metric g = e¥#g,, where p € C*(K). Then, Q, =
e’Q, stands for the dual coframe of (K,g) and ¢, = efe,
represents the orthogonal frame of (K, g). Moreover, we
have

Qab = Qg + PaQb - Pme (215)

where p, is the component of the covariant derivative of p along
the vector e,, that is, dp = Y ;p.e,.

eszqus = RP‘Z"S - (Ppr8q5 + pqs8pf - Ppsaqr - qu(sps)
H(PpPBas + Py Opr = PyPOps = PoP0ar) -
[V I*(8pr0gs = 8udy).

(2.16)

Applying the pullback property in (2.15) to K™ via the point x,
we get

ozq =e "(U;’;q —pw(?qp), (2.17)
HY =¢'(HY -p,), (2.18)

where 6}’,’,7 and H" are the components of the second fundamental
form and mean curvature vector.
The following significant relation was proved in [1].

e (lol* - dIHI?) + dIHI* = llol*. (2.19)

3 MAIN RESULTS

Initially, some basic results and formulas will be discussed which
are compatible with the studies ([1, 22]).

It is well-known that a simply connected Sasakian space
form K is a (2t + 1)-sphere $***! and Euclidean space R**!
with constant sectional curvature x = 1 and x = -3,
respectively.

Now, we have the following result, which is based on the
preceding arguments:

EEVLO

Lemma 3.1. [1] Let K? be a slant submanifold of a Sasakian space
form R () which is closed and oriented with dimension > 2. If
f: K4 — &*H (x) is embedding from K% to K (), then there is
a stundard conformal map x: K (%) — S+ (1) ¢ R**2 such
that the embedding Q = x’f = (Q, ..., Q**?) satisfies

J Q2 dVgk =0, a=1,...,2(t+1),
Kd

for y > 1.

Remark: The Lemma 3.1 is also true for the bi-slant
submanifolds and can be proved on the same lines as
derived in [1].

In the next result, we obtain a result which is analogous to
Lemma 2.7 of [22]. Indeed, in Lemma 3.1 by the application of
test function, we obtain the higher bound for A, in terms of
conformal function.

Proposition 3.2. Let K* be a d — dimensional bi-slant submanifold
which is closed orientable isometrically immersed in a Sasakian
space form K" (x). Then we have
) ¥
Ay Vol(K?) <215 (¢ + 1)¥d ”j (e¥)?dv, (3.1)
Kd

where x is the conformal map used in Lemma 3.1, and y > 1. The
standard metric is identified by L., and we consider x*L, = e*’L..

Proof: Considering Q" as a test function, along with Lemma
3.1, we have

XI,WJIQ“IWSIVQ“IWdV, I<a<2(t+1). (3.2)
Kd
Observing that Y22|0°* = 1 and then |Q7) < 1, we get
2t+2
Z IVQr| = Zw QF =de”. (3.3)
On using 1 < ¥ < 2, we conclude
17 <107 (3.4)

By the application of Holder’s inequality together with
(3.2).-.(3.4), we get

242 242

Ay Vol(K*) =,y Y JlQ“ldesAw y IIQ“l"dV

a=1 K a=1 Kd

2t+2

d v/2
sij Y Ivarrav < (2t+2)""/ZJKd<ZIVQ“|2> av
a=1

Kd a=1
=2+ )" J (deZP)ZdV
(3.5)

which is (3.1). On the other hand, if we assume y > 2, then by
Holder inequality

2

2t42 5 2t+2 v
I=Y 10 P<@+2) 7 Y 10 ).

a=1 a=1

(3.6)

As a result, we get
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2t+2
Ay Vol(K?) < (2t +2) (z MJ |Q“|"’dV>. (3.7)

The Minkowski inequality provides

2t+2 2t+2 Z v
Z |vQs|¥ < <Z |VQ“|2> (de¥)?. (3.8)
By the application of 3.2, 3.7, and .3.8, it is easy to
get (3.1).
In the next theorem, we are going to provide a sharp
estimate for the first eigenvalue of the y — Laplace operator

or; the bi-slant submanifold of the Sasakian space form
t+1
(%).

Theorem 3.3. Let K be a d — dimensional bi-slant submanifold of
a Sasakian space form K (x), then

1. The first nonnull eigenvalue A, of the y — Laplacian
satisfies

2(172) t+1) (gt

ARSI
/2
k+3 x—1[6pcos’a; +6qcos’a, K
XJ,@{ P ( dd-1) _E HIHIFp - dv
(3.9)
for 1 <y <2 and
2(1’2)(t+1)(1 3 4t
W el (k)
k+3 x—1[6pcos’a; +6qcos’a, 2 ) v/?
XI,@{ s " ( dd-1) ) tIHIFp v
(3.10)
for 2<y<4+1, where 2p and 2q are the dimensions of the

invariant and slant distributions, respectively.

2. The equality is satisfied in (3.9) and (3.10) if y =2 and K% are
minimally immersed in a geodesic sphere of radius r, of R ()
with the following relations

d 12
Yo = E >

Proof 1<y<2 = ¥<1. Proposition 3.2, together with
Holder inequality, provides

.= . -1
ry =sin"'ry, 7_; =sinh 7.

v
(e*)dv

Kd

<27 (£ + ) dF (Vol(K ))1%<J eZPdV)
Kd
(3.11)

)\l,onl(Kd) <2l (t+ 1)1'%7}1%[

2
7.

We can calculate e with the help of conformal relations and
the Gauss equation. Let R = g (k), g=e L,
and g=«*L;. From (2.14), the Gauss equation for
the embedding f and the bi-slant embedding Q = x°f, we have

EEVLO

R= (KT”)d(d -1) +<%1>{6p cos’a; +6q cos’a, —2(d — 1)}
+d(d - DIHI? + dIH|* - Sllo]*.

(3.12)
R-d(d-1)=d(d-DIHI + (dIHI - |al*).  (3.13)
On tracing (2.16), we have
e¥”R=R-(d-2)(d-1IV,[>-2(d- 1A, (3.14)
Using 3.12, 3.13, and 3.14, we get
& (d(d- 1) +d(d - DIAP + @A - 1o) = (7)d@-
+(%1){6p cos’a; + 6q cos’a, —2(d - 1)}
+d(d = DIHI” + (dIHI” - o]*)
~(d=2)(d - DIVpl* - 2(d - DA,
(3.15)

The abovementioned relation implies that

e*al’~ (d-2)(d - DIV,[* -2(d - 1)A,

_d(d- | er K3 Kol (Spcosan t6gcosar 2
d(d 1)|: e 1 I pTCEY y
+(*IHIP - 1HIP)] +d (e 1HI* - [HI?).

From 2.18, 2.19, we derive

_ 3 (K+3) k-1 6pcosza1+6qcosza2_7 v\
d(d 1){e )-5 ] 1;(11 o)

=d(d-DIHI? - (d-2)(d - DIV,I* -2(d - 1)A,.

(3.17)

2 2
:E: ||H: " )} .

(3.18)

Furthermore, on simplification, we get

p_ JK+3 K-1(6p cos’a; + 6 cos’a,
e’ = +
4 4 d(d,-,1)

~I(v,)" - HI.

2 d-2
Fadirael

On integrating along dV, it is easy to see that

v
d -4 -4 st a\\ ¥ 2 :
Ny Vol(K*) <2173 ¢+ 1) 3dt (VoI (K*)) (JKdePdV) .
- 23 (¢ 4 )2 g {J’ {K+ 3, k-1 (6pcaszo¢1 +6q cos’a, 2) ,
> 717 2731 -~ 3
(Vol(Kd))z 1 ki| 4 4 dd-1) d
+IHIP}av}.

(3.19)

which is equivalent to (3.9). If v > 2, then it is not possible to
apply Holder inequality to govern I L (e¥ dv): by using
_[ . (e%). Now, multlplymg both sides of Eq. 3.18 by V"2
and integrating on

k+3 x—1[6pcosia, +6qcos’a,
P av SJ —+ -
I,f Kd{ 4 4 ( dd-1)

{%) Ie(w)mpfdv
Kd

<J’ K+3+K—1 6p cos’a, + 6q cos’a,
Tk | 4 4 d(d-1)

2
< 2 [, (v-2)
d>+”H” ]»e v=2)p v

_2 2 (v2)
d>+”H” ]»e V2P dv.
(3.20)
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From the assumption, it is evident that d > 2y — 2. On applying
Young’s inequality, we arrive at

J {K+ 3 Lo 1 <6pcoszzx1 +6qcos’a,
Kd

2
Tt dd-) - 3> + ||H||2]»e(\"*2)f’ av

/2
2 k+3 k—1[6pcos’a; +6qcos’a; 2 5]
<= 2PEOS M TOAOS®R 2 ) 11" v
me{' i < dd-1) a)+IHEI

+uj erdv.
Y Ik
(3.21)

From Eqs 3.20, 3.21, we conclude the following:

/2
k+3 Kk—1[6pcosia +6qcos’a, 2 ) ¥
P dv < —_—t— = H dav.
[ e <L<d{' L ( T Z) ey
(3.22)

Substituting (3.22) in (3.1), we obtain (3.10). For the bi-slant
submanifolds, the equality case holds true in (3.9), and the
equality cases of (3.2) and 3.4 imply that

Q) = 1Q°Y,
AQ° =\, 1QYY Q8

fora=1,...,2t+ 2 For 1 <y < 2, we have |Q° =0 or 1.
Therefore, there exists only one a for which [Q“| =1and A, =0,
which is not possible since the eigenvalue A;,, # 0. This leads to
using the value of ¥ equal to 2, so we can apply Theorem 1.5
of [15].

For y > 2, the equality in (3.10) still holds; this indicates that
equalities in (3.7) and (3.8) are satisfied, and this leads to

|Ql|w — e = |ta+2|w)

and there exists a such that [VQ? = 0. It shows that QO is a
constant and A, ,, = 0; this again contradicts the fact that A, , # 0,
which completes the proof.

Note 3.1 If ¢ = 2, then the y — Laplacian operator becomes the
Laplacian operator. Therefore, we have the following corollary.

Corollary 3.4. Let K* be a d dimensional bi-slant submanifold of

a Sasakian space form R**" (), then the first nonnull eigenvalue
A of the Laplacian satisfies
- 2) + ||H||2}dV

(3.23)

A d J K+3+K—1 6p cos’a; + 6q cos’a,
Vw2 d@d-1

By the application of Theorem 3.3 for 1 < y < 2, we have the
following result.

Theorem 3.5. Let K“ be a d — dimensional bi-slant submanifold of
a Sasakian space form R*™*" (), then the first nonnull eigenvalue
A1,y of the v — Laplacian satisfies

¥y

2(1J)(t+1)( K) H
(Vol (K))*”?
_ 2 2
XU K+3+K 1<6pcos¢x1+6qcosa2
i 4 4

Ly <

dd-1)

(w) y-1
2 2(y-1
—-—+|H 2 d

] IHI ) L:|

(3.24)

EEVLO

forl <y<2.
Proof: If 1 < y < 2, we have 5
inequality provides

-1 2 2
J’ K+3 . K 6pcosa; +6qcos’a; 2 L IHP G
ki | 4 4 dd-1) d

< (Vol(Kd))lfz(z’il) X

1) >1, and then the Holder

Y 2(y-1)
3 -1(6 2 6 2 2 Ee=vl
J K+ +K p cos“a; + 6q cos ocz__+”H”2
ki 4 4 dd-1) d
(3.25)

On combining (3.9) and (3.25), we get the required inequality.
This completes the proof.

Note 3.2 If x = 1, then simply the connected Sasakian space
form M**! (k) becomes an odd dimensional sphere, B*(1).
Furthermore, if k = -3, then M*"' (k) changes to (2t + 1) —
dimensional Euclidean space.

As a result of the abovementioned arguments, we
conclude

Corollary 3.6 Let K? be a d — dimensional bi-slant submanifold
of a Sasakian space form B**1(1) (odd dimensional sphere), then

1. The first nonnull eigenvalue A, ,, of the y — Laplacian satisfies

v/2
X “ e ||H||2)dV} (3.26)

v
2

209 (1 + 1) Dy
(Vol (K))*/*

Ly S
for1 <y <2and

209 (1 4+ 1) Dgs
Ly <
(Vol (K))¥/?

v/2
X {J (1+ ||H||2)dVJ» (3.27)
Kd

for 2<y <9+ 1, where 2p and 2q are the dimensions of the anti-
invariant and slant distributions, respectively.

Note 3.3 If &; = 0 and «, = 71/2, then the bi-slant submanifolds
become the semi-invariant submanifolds.

With the application of the abovementioned findings, we can
deduce the following results for semi-invariant submanifolds in
the setting of Sasakian manifolds.

Corollary 3.7 Let K% be a d - dimensional semi-
invariant submanifold of a Sasakian space form
K> (%), then

1. The first nonnull eigenvalue A, ,, of the y — Laplacian satisfies

209 (¢ 4 1) (D g

Ay <
v (Vol (K))*/?

+3 3p(c-1) 1 vo (328)
K Cc—
* “Kd< © Fada-n 2atHF ) }
for1 <y <2and
2079 (¢ 4 1) D g
" (Vol (K))*”* (3.29)

k+3 3pc-1) 1 v/2
X“W( 1 T2dd-1) 1)_ﬁ+"H"> }
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for 2 <y <4+ 1, where 2p and 24 are the dimensions of the anti-
invariant and slant distributions, respectively.

2. The equality is satisfied in (3.28) and (3.29) if y = 2 and K*
are minimally immersed in a geodesic sphere of radius r. of

'S (x) with the following relation

d 172

_ — il ol h—l

To = )\—A , Ty =S8 1y, tr_;=SIN To.
1

Furthermore, by Corollary 3.4 and Note 3.1, we deduce the
following.

Corollary 3.8 Let K? be a d — dimensional semi-
invariant submanifold of a Sasakian space form
K**'(x), then the first nonnull eigenvalue A% of the
Laplacian satisfies

A d K+3
M= (Vol(K))JKd{ i

In addition, we also have the following corollary, which can be
derived from Theorem 3.5.

Corollary 3.9 Let K? be a d — dimensional semi-
invariant submanifold of a Sasakian space form KZHI(K),
then the first nonnull eigenvalue A, , of the y — Laplacian
satisfies

3p(k-1) 1 ,
2d(d-1) 2d +|HI }dV. (3.30)
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