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F, H, are considered simple connected graphs onnand m + 1 vertices, and v is a specified
vertex of H, and u4, Uo, . .. Ux € F. The graph G = G[F, u4, . . ., Uk, H,] is called a graph with k
pockets, obtained by taking one copy of F and k copies of H, and then attaching the ith
copy of H, to the vertex u;, i =1, ..., k, at the vertex v of H,.. In this article, the closed-form
formulas of the resistance distance and the Kirchhoff index of G = G[F, uy, ..., Uy, H,] are
obtained in terms of the resistance distance and Kirchhoff index F and H,.
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1 INTRODUCTION

All graphs considered in this article are simple and undirected. The resistance distance between
vertices u and v of G was defined by Klein and Randi¢ [1] to be the effective resistance between nodes
u and v as computed with Ohm’s law when all the edges of G are considered to be unit resistors. The
Kirchhoff index Kf(G) was defined in Ref. 1 as KAG) = ) ,,<,t.,,» where 7,,(G) denotes the resistance
distance between u and v in G. Resistance distance are, in fact, intrinsic to the graph, with some nice
purely mathematical interpretations and other interpretations. The Kirchhoff index was introduced
in chemistry as a better alternative to other parameters used for discriminating different molecules
with similar shapes and structures [1]. The resistance distance and Kirchhoff index have attracted
extensive attention due to their wide applications in physics, chemistry, and other fields. Until now,
many results on the resistance distance and Kirchhoff index are obtained. The references in [2-5] can
be referred to know more. However, the resistance distance and Kirchhoff index of the graph is, in
general, a difficult thing from the computational point of view. The bigger the graph, the more
difficult it is to compute the resistance distance and Kirchhoff index; so a common strategy is to
consider a complex graph as a composite graph and to find relations between the resistance distance
and Kirchhoff index of the original graphs. Let G = (V(G), E(G)) be a graph with the vertex set V(G)
and edge set E(G). Let d; be the degree of vertex i in G and D = diag (dy, d,, -**d)v(c)|) the diagonal
matrix with all vertex degrees of G as its diagonal entries. For graph G, let Ag and B denote the
adjacency matrix and vertex-edge incidence matrix of G, respectively. The matrix Lg = Dg — Ag is
called the Laplacian matrix of G, where Dg is the diagonal matrix of vertex degrees of G. We use y;(G)
> uy(G) =2+ = u,(G) = 0 to denote the spectrum of Ls. For other undefined notations and
terminology from graph theory, the readers may refer to Ref. 6 and the references therein [7-23]. The
computation of the resistance distance between two nodes in a resistor network is a classical problem
in electric theory and graph theory. For certain families of graphs, it is possible to identify a graph by
looking at the resistance distance and Kirchhoff index. More generally, this is not possible. In some
cases, the resistance distance and Kirchhoff index of a relatively larger graph can be described in
terms of the resistance distance and Kirchhoff index of some smaller (and simpler) graphs using
some simple graph operations. There are results that discuss the resistance distance and Kirchhoff
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FIGURE 2 | Graphs having different numbers of pockets.

index of graphs obtained using some operations on graphs,
such as join, graph products, corona, and many variants of
corona, such as edge corona and neighborhood corona. For
such operations, it is possible to describe the resistance
distance and Kirchhoff index of the resulting graph using
the resistance distance and Kirchhoff index of the
corresponding constituting graph; Refs. 14 and 15 can be
referred for reference. This article considers the resistance
distance and Kirchhoff index of the graph operations as
follows, obtained from Ref. 11.

Definition 1. [11]: Let F, H, be connected graphs, v be a specified
vertex of H,and uy, uy, . .., ux € F.Let G= G[F, uy, Uy, . . . , Uy, H,]
be the graph obtained by taking one copy of F and k copies of H,
and then attaching the ith copy of H, to the vertex u;,i=1,2, ...,
k, at the vertex v of H,(identify u; with the vertex v of the ith
copy). Then, the copies of the graph H, that are attached to the
vertices u;, i = 1, 2, ..., k are referred to as pockets, and G is
described as a graph with k pockets.

Barik [11] has described the Laplacian spectrum of G = G [F,
Uy, Uy, . . ., Uy, H,] using the Laplacian spectrum of F and H, in a
particular case when deg(v) = m. Recently, Barik and Sahoo [12]
have described the Laplacian spectrum of more such graphs’
relaxing condition deg(v) = m. Let deg(v) = I, 1 < I < m. In this
case, we denoted G = G [F, uy, Uy, ... , Uy, H,] more precisely by
G=G[F uy, Uy, ..., ug Hy, []. When k = n, we denoted simply by
G=G[FH,I.Ifdeg(v)=L1<I<m,let Nw) = {vy, v, ..., v} C
V(H,) be the neighborhood set of v in H,. Let H; be the subgraph
of H, induced by the vertices in N(v) and H, be the subgraph of
H, induced by the vertices which are in V(H,)\(N(v) U {v}). When
H, = H,; vV (H, + {v}), we described the resistance distance and
Kirchhoff index of G = G[F, uy, u,, . . . , uy, H,]. The graphs F= C,
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and H — v = C; are considered. Taking [ = 1, 2 and 3, we obtained
graphs G, = G, [F; H,, 1], G, = G, [F; H,, 2], and G3 = G; [F; H,,
3], respectively. Figure 1 is referred. In this case, we described the
resistance distance and Kirchhoff index of G = G [F; H,, [] in
terms of the resistance distance and Kirchhoff index of F and H,,.
The results are contained in Section 3 of this article. Furthermore,
when F = F; V F,, F; is the subgraph of F induced by the vertices
Uy, Uy, . . . , Uy and F, is the subgraph of F induced by the vertices
Uks1> Us2s - - - » Uy The considered three graphs G,, G, and G, are
shown in Figure 2, obtained from the two graphs F = K, and H,
such that H, \{v} = K;. It is observed that F = K; V K3, G5, G3, and
G, are graphs with 2, 3, and 4 pockets, respectively. Figure 2 can
be referred. In this case, we described the resistance distance and
Kirchhoff index of G[F, u,, u, ..., ug H,, I] in terms of the
resistance distance and Kirchhoff index of F and H,. These results
are contained in Section 4.

2 PRELIMINARIES

The {1}-inverse of M is a matrix X such that MXM = M. If M is
singular, then it has infinite {1}-inverse [16]. For a square matrix
M, the group inverse of M, denoted by M7, is the unique matrix X
such that MXM = M, XMX = X, and MX = XM. It is known that
M exists if and only if rank(M) = rank(M?) [16, 17]. If M is really
symmetric, then M” exists, and M” is a symmetric {1}-inverse of
M. Actually, M" is equal to the Moore—Penrose inverse of M since
M is symmetric [17].

It is known that the resistance distance in a connected graph G
can be obtained from any {1}- inverse of G [13]. We used MY to
denote any {1}-inverse of a matrix M, and (M),, denotes the (u,
v)-entry of M.

Lemma 2.1. [17]: Let G be a connected graph, then

@ =(10),, (1), (1), ~(18),
-(i2), +(22), -2(02),.

Let 1,, denote the column vector of dimension n with all the
entries equal to one. We often use 1 to denote all-ones column
vector if the dimension can be read from the context.

Lemma 2.2. [14]: For any graph, we have Lgl =0.

ue(22)

be a nonsingular matrix. If A and D are nonsingular, then

Lemma 2.3. [18]: Let

M - <A1 +A'BSICA™ —~AT'BS™! )

-s'ca™! s
_( (A-BD'C)" -A"'BS™
-s'ca™ st ’

where S = D — CA™'B.
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Lemma 2.4. [15]: Let L be the Laplacian matrix of a graph of order
n. For any a > 0, we have

a # 1
-1
<L+a1n__]n><n) = (L+a1) - Jsn-
n an

Lemma 2.5. [5]: Let G be a connected graph on n vertices, then

Kf(G) = ntr(LP) = 1"LP1 = ntr(L).

Lemma 2.6. [19]: Let

A B
(5 5)

be the Laplacian matrix of a connected graph. If D is nonsingular,
then

~ g* ~-H*BD!
X= -1 pT 7% -1 -1 T 7# -1
-D"B°'H" D" +D B'H"BD

is a symmetric {1}-inverse of L, where H = A— BD'B”.

3 THE RESISTANCE DISTANCE AND
KIRCHHOFF INDEX OF G [F; Hy, L]

Let F be a connected graph with the vertex set {uy, uy, . . ., u,,}. Let
H, be a connected graph on m + 1 vertices with a specified vertex
vand V(H,) = {v;, V3, ..., Vs v}. Let G = G[F; H,, I]. It is noted
that G has n(m + 1) vertices. Let deg(v) =1, 1 <1< m. With loss of
generality, it is assumed that N(v) = {vy, v5, ..., vj}. Let H; be the
subgraph of H, induced by the vertices in {vy, v, . . ., v/} and H, be
the subgraph of H, induced by the vertices {vj,1, V2, . . ., V). Itis
supposed that H, = H, V (H, + {}). In this section, we focused on
determining the resistance distance and Kirchhoff index of G[F;
H,, ] in terms of the resistance distance and Kirchhoff index of F,
H, and H,.

Theorem 3.1. Let G [F; H,, I] be the graph, as described
previously. It is supposed that H, = H; V (H, + {v}). Let the
Laplacian spectrum of H; and H, be o(H;) = (0 = p3, o, - . . Y1)
and o(H,) = (0 = vy, V3, ... V). Then, G [F; H,, I] has the
resistance distance and Kirchhoff index as follows:

(i) For any i, j € V(F), we obtained
+(L* (F))jj -

ry (GIF; H,, 1)) = (L (), 2oL*(B)),, =1, (P).

(i) For any i € V(F) and j € V(H,), we obtained

-1
ru(G[RH\ul]):(L#(F))H+[(L(H1)+(m*l+1)1ﬁ : ’JM) ® I+

(Lo L)L (F) (1T ® L)), - 212 (B (1] 81,),

(iii) For any i € V(F) and j € V(H,), we obtained

Resistance Distance with Generalized Pockets

1 -1
ry (GIF; Ho 1)) = (L (F), + [(L(Hz)mmz —Hnm,l)x(m,z)) e,

-2(1* (F))ij.

i

(iv) For any i € V(H,) and j € V(H,), we obtained

1
fle) ® In] +
i

l -1
. lj(mfl)x(m71)> ® L]}

rij (G[F; Hy, 1)) = [(L(H )+ (m—1+1)I, -

[(L(Hz) + 1, -

—2[<L(H.> +(m-1+D], —’”T"JM)* M] .

ij
(v) For any i € V(H,) and j € V(H;), we obtained
; -1
pryet) <m4>x<m4>> ® In]ﬁ
+[<L(H,) +(m-1+1I, - mT_l]M>71® L] -2

-1
I(m—l)x(m—l)) ®I,

Tij (G[F;H,,1]) = [(L(Hz) + 1 -

1
[(“Hz)”’m-f‘m

ij

(vi) Let

1
Kf(GIF;H,, l])—n(m+1)< +(n;M 1)+(m I+1) ")

m-1
2m l+1 )
+<n;v,(H2)+l p— 1+1>> +l>'

Proof: Let v’] denote the jth vertex of H in the ith copy of H, in G,
for i = 1, 2, ..., mj =12, ..., m and let
Vi(H,) = { ,‘..,v;?}. Then, V(F)U (U;."lej (H,)) is a
partltlon of V(G) Using this partition, the Laplacian matrix of
G = G[F; H,, [] can be expressed as

L(F) +1I,
L(GIF;H,,1]) = < -y eI, (L(H

eI, 0
D+m=-1+DI) eI, ~Jixm-1y ® I, .
0 T m-xt ® I

(L(Hy) + ) @ 1,

We began with the computation of {1}-inverse of the Laplacian

matrix L(G) of G = G[F;, H, I]. Let A = L(F) + I,
B= (-1 ®I, 0), B" = _1’5“" and
D= (L(Hl) + (m_l+ 1)11) ® In _]lx(mfl) ®In
_](m—l)xl ® In (L(HZ) + lIm—l) ® In

First, we computed the D™'. By Lemma 2.3, we obtained

A, —BlDflCl = (L(H )+ (H’l—l+ 1)11) ®I,- ( ]lx(m ) ®In)
((L(Hy) + )" ® L) (<] - I)><I®I)
=(L(H)+(m-1+1DI)®1I,- [ m—l(L(HZ)
+lIm—l)711m—l:|1[T ®I,
- (LHY+ m-1s DI e L~ e,
-1
= [L(HI) +(m-1+1)I - ] Jixa
)
(A - B.D'C)) [(L(H1)+(m 1+ 1) - ],X,] 1®L,.
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By Lemma 2.3, we obtained

D, - CiA7'B,)”"

(L(Hy) + U, 1)‘3’1 = (~Jmetyt ® I )((L

Jixtnp ® 1n)] ™"

L(Hy) + 1) ® L = (Jonpa (L) + (m =14 DI i) ® L]
-1

I
= (L(Hz) 1~ ﬁ](w—t)x(m—l)) ® I,

H)+m-1+DI)" ®1,)

(
[
(-
= [

By Lemma 2.3, we obtained

_141131871 = _[(L(Hl) + (m -1+ 1)11)_1 ® In] (_]lx(m—l) ® In)

-1

[L(Hz) +1,, - n 1](m—l)><(mfl) ® I,

m
—( L 1®I)m_l+11T ®I
“\m-rs1 " ;] om0

= lex(m—l) ® In-

Similarly, -S7'CiA7" = (=A7'BiS™)" = Y (i ® I So
1
Pl lex(m—l) ® In
D' =
1 bl
Yj(m—l)xl ®I, Q

where Py = [(L(H\)+ (m-1+D[ -2 ) @1, Q=
(L(H2) + Ut = =T onpxm-)] " © I Now, we
computed the {1}-inverse of G[F; H,, I]. By Lemma 2.6, we
obtained

H=A-BD'B" .
P, “Tixm-1y ® In
1 el
=L +1, (-1 &1, 0)| | ( ng)
](ml)x1®1 Q

—L(F)+ZI —(1T®1 )[L(H1)+(m I+ 1),

]lxl L](L,®1,)
(F)+lI 1, = L(F),

so H” = L*(F). According to Lemma 2.6, we calculated — HBD™!
and - D"'B'H".
P, %]Ix(m—l) ®1I,
-H*Bp =-1*(F)(-1] o1, 0)

1
T](m—l)xl ®I, Q
=(* A eon) (AL, 81L,))

and

_pigryt :< (L@ L)LY (F) )

(1,1 ® L)L* (F)

We are ready to compute the D"'B"H’BD™".
#
Lrebl® Y e ), (17, 01)

=< we L) (P (1'el) (LeL)* (P, el,) )
(L@ L)FE) (1T e L) (L eL)f(F (T, e1,))

D'B'H*BD = <

Let P=[(L(Hy)+ (m-1+ DI -"y]®I,, Q= (L(H,)+
U= T mixomn) ® L, and M =]y ® I+
(1, ® I,)L* (F)(1'_, ® I,); then, based on Lemma 2.6, the
following matrix

Resistance Distance with Generalized Pockets

¥ (p) FF(rern) F(F(,e1,)
N=| (,eI1)*(F) P, M ,
(L1 ® L)LY (F) M" Q

(1)
is a symmetric {1}-inverse of G[F; H,, I], where P; =P +
(eI (F)(f el,) and Q =Q'+ (I, ®1,) L*(F)
(1T , ®I,). For any i, j € V(F), by Lemma 2.1 and Eq. 1, we
obtained

ry GIF; Hal) = (L (F)), + (L*(B)), - 2(L* (F), = iy (F),

as stated in (i).
For any i € V(F) and j € V(H,), by Lemma 2.1 and Eq. 1, we
obtained
-1
7y (GIF; H, 1)) = (LF(P)), + [(L(H,) +(m=1+ DI - ’”T‘ZJM> ® L+
(e L)L (F)(1f ®1,)] o 2 (H(1] 1),

as stated in (ii).
For any i € V(F) and j € V(H,), by Lemma 2.1 and Eq. 1, we

obtained
1 -1
ry GIF:H, 1) = (L (B), + [(L(Hmlzmz —H/m,l)x(m,,)) M]
Ji
_Z(L# (F))ij’
as stated in (iii).

For any i € V(H,) and j € V(H;), by Lemma 2.1 and Eq. 1, we
obtained

-1
7 (GIF; H,, 1)) = [(L(Hl) +(m-1+DI - ml’ ’J,x,) ®I,];+

-1
71 (mfl)x(mfl)> ® 1]}

hxl) ®In] s
ij
as stated in (iv).
For any i € V(H,) and j € V(H;), by Lemma 2.1 and Eq. 1, we
obtained

[(L(Hz) + U~

[(L(Hl) +(m-1+1)I, -

l -1
Tij (G[F;H,,1]) = |:(L(Hz) + 1~ ﬁ](m#)x(m#)) ®I,];

_1 !
+[<L(H1)+ (m-1+1) —T]M) ®1,];-2

-1

1
Tﬂj(m—l)x(mfl) ® I,

[(L(Hz) -

ij

as stated in (v). Now, we computed the Kirchhoff index of G[F;
H,, I]. By Lemma 2.5, we obtained
KAGIF; Hy, 1)

= n(m+ tr(N)-1"N1

= n(m+ 1)[<tr(L# (F)+ tr<<L(H1) tm-l+)n+ 2

-1

_1 -1
I IxI) ® In))+

tr((u® L (e L))+ tr((lya ® I (F) (1L, ® 1,))]-1"N1L

1
+tr<<L(H2) + 1 + m](nx—l)x(m—l) ® In>>+

It is noted that the eigenvalues of (L(H,) + II,,,;) are 0 + I,
v2(Hy) + 1, ..., vui(H>) + [ and the eigenvalues of J(,,_x(m-p) are
(m - 1), 0", Then,
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l -1
m-1+1 M) ® ’")

m-1
. n(m—l+ 1). @)

Py Vi (H2)+l 1
-1
]lxl) ®In)>

-
//

r <L(H2) +1,, -

Similarly,

A

(L(H Y+ (m-1+1)I -

! 1
_zy(H)+(m—l+1)

=n
It is easily obtained

tr((L @ L)LY (F) (17 ® 1)) + tr((1o ® L)LY (F) (1], ® 1,,))

= ff’(]lxz o L* (F)) + tr(](m—l)x(mfl) o L* (F))
= itr(L* (F)) + (m ~ Dtr(L* (F)) = mtr(L* (F)).  (3)

Let P = (L(Hy) + (m -1+ 1)I; - 23];4) ® I, then
P 0 0 ... 0 1
Tp-17 _ T 1T T 0 P71 0o ... 0 11
P =(1 ) 0 0 ... 0 .

0 0 o0 ...p° 1

(4)
-1
_llT(L(H)+(m—l+1)Il ]lxl) 11212.
Let Q = (L(Hy) + Uy = 5] (m-tyx(m-p) ® I, then
Q' 0 o 0
TA-11 _ (1T T T 0 Q' o 0
V=1, o L)l gy 0
0 0 0 Q!
L
1,.-
it (5)
Lo
l -1
=(m- l)l,Tnl<L(Hz) + 1~ m](ml)x(ml)> Linoi
— 1
— oL
I
I,
# T T ... 1T I,
1zﬂ(ll‘X’I)L (F)( )17”_(1;1 ln ln) >
I,
(6)
L,
(1, 1, - 1)|
L,

=?1'L* (F)1, = 0.

Resistance Distance with Generalized Pockets

Slmllarly, 1Ty e In)L (F)(IT ®1 )1 =0,1T (1 ®I w)
hd (F)(1f ® I,)1 =0 and 17 ((1, ® I,)L* (F)(1f ® I)1 =

Plugging Eqs 2-6 and the aforementioned equations into Kf(G
[F; H,, 1]), we obtained the required result in (vi).

4 RESISTANCE DISTANCE AND
KIRCHHOFF INDEXOF G [F, U4, U,, . ..
HV! L]

In this section, we considered the case when F = F, V F,, where
F, is the subgraph of F induced by the vertices uy, uy, ..., ux
and F, is the subgraph of F induced by the vertices 1, g2, - - - »
u,. In this case, we indicated the explicit formulae of
the resistance distance and Kirchhoff index of G = G[F, u,,
Uy ..., Uy H,, I] in terms of the resistance distance and
Kirchhoff index of G and H,,.

y UK;

Theorem 4.1. Let G = G [F, uy, uy, . . ., Uy H,, I] be the graph, as
described previously. Let o(F;) = (0 = &y, ap, - . . o), 0(F,) = (0 =
B Bas - - Bai)s 0(H1) = (0 = py, pho, . . . ), and o(H,) = (0 = vy, 95,

.. Vm_). Then, G has the resistance distance and Kirchhoff index
as follows:

(i) For any i, j € V(F,), we obtained

@ = (W m-wn =" ) (@) oonny =)
Jji

ii

—2<(L(F)+(n OIL)" f‘Tk)
ij

(ii) For any i, j € V(F,), we obtained
7ij(G) = (L(Fy) + kI);' + (L(F,) + kIn—k);‘jl

= 2(L(F) +KLi;)-

(iii) For any i, j € V(H,), we obtained

1ij(G) = ((L(Hl) + (m-1+1I -

-1
]lxl) ®Ik>

(L(H )+ (m-1+ DI - ]l><l>® I

—2<L(H1) + (m I+ 1)11 ]1><1>® Ik) "

(iv) For any i, j € V(H,), we obtained
l
m-1+1

l
7 . 1/ (m-Dx(m- ® Ii) ;i
m—l+1]( Ix( l)) K)jj

rij(G) = <L(Hz) + U — ](m-l)x(m—l)>® L)t
<L(H2) + 1, -

1
—2<L(Hz) + 1, - m](ml)x(ml)>® I

(v) For any i € V(F) and j € V(H,), we obtained
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r5(G) = (L* (P)),

[(L(H Y+ (m—=1+1)I, -

1
]le>] ®I,

(vi) For any i € V(F) and j € V(H,), we obtained

I -1
] (m-tyx(m ®I,
—l+1]( Dx( 1))]

(vii) For any i € V(H,) and j € V(H,), we obtained

-1
]lxl) ®In] +

l -1
m“m-ﬂxw-”) M]..
o 1
-1
I ]lxl) ® I,

(viii) For any i € V(H,) and j € V(H,), we obtained

~2(L* (F))ij.

7 (G) = (L* (8)) + [(L(HZ) +1 -
-2(L*(P)). .

i

rij (G) = [(L(H Y+ (m—-1+1)I; -

[(L(Hz) 1 -

—2[<L(H1) +(m-1+1)I -

ij

l -1
rij (G) = [<L(Hz) + 1 - m](mfl)x(mfl)> ® In:IH +[(L(H)+ (m-1+1)]

m-1, \" i -1
_T]lx1> ®I":|jj_2[<L(H2)+ZI'"’[_ﬁ](m’m(m’l)> ®In:|[j~

(ix) Let

k 1 n-k 1
Kf@)= ”+W’k)[zz<a,+ (n—k) (n—k))+.2ﬁ,+k

i=1 i:

1 wlhop 1@em-20+1)
(k;yl (m-1+1) k>+<k2v,+l+ m-1+1 >
k(m-1)

1

,<Zz+ (7m_l)(;n_l+l)+2k(m—l)).

Proof: Let V;’ denote the jth vertex of H in the ith copy of H,
in G, for i = 1, 2, , ko j =12 ..., m and
let V;(H,)= {v},v?, .. .,vlj?}. Then, F)UV(F,) U
(U;'LIVJ- (H,)) is a partition of the vertex set of G = G[F, u,,
Uy, ..., ug H,, I]. Using this partition, the Laplacian matrix of G
can be expressed as

+k +

L Ty -1 ® I 0
_](n—k)xk L2 0 0
L(G) =
@) -1, ® I 0 L; ~Jix(m-n ® I
0 0 —J m-tyxs ® I L,
where Ly = L(Fy) + (n — k + DI, Ly = L(Fs) + kI, s, Ly = (L(H,) +
(m -1+ 1)11) ® I, and L, = (L(Hz) + Um—l) ®I. Let A =1,
~J (n-k)xk
B= (~Jixnty —1f ®Ix 0), B = -1, ®1I, , and
0
L, 0 0
D={( 0 L; —Jixm-1y ® I |.
0 —Jm-ya ® Ix L,

Resistance Distance with Generalized Pockets

First, we computed

-1
D! = L; ~Jixim-n ® I
! ~J m-iyxa ® I L,

By Lemma 2.3, we obtained

A, -B,D;'C, = (L(H,) + (m - l+ DI) ® I = (=Jixn-ny ® Ix)
((L(Hy) + )™ ® L) (=T (e l)xI®Ik)
= (L(H)+ (m-1+DL) @ I - L, (12 (L(H,) +1L,) ' L)1 ® I,
=(

L(H,)+ (m- l+1)I,)®Ik—Tl]M®Ik

=|L(H)+ (m-1+1)I, -

i | ® I,
l]” k

so (A = BiD{'C)™ = [(L(Hy) + (m =1+ 1)I;- mT4]le]—1 ® I
By Lemma 2.3, we obtained

§'= (D, -CiA'B)"
[(L(Hz) +110) ® Tk = (=T ety ® Ii) ((L(HY) + (m =1+ D) ® 1)
(~Tix(m-y ® Ikr

= [(L(Hz) + 1) ® Ik = (J menya (L(H

= [L(Hz) + 1y~

D+ (m=1+DL) " Jixonp) ® Ik]il
-1

1
———J (m-x(m- ® Ij.
—l+1]( Ix(m l)] k

By Lemma 2.3, we obtained

~AU'BST = —[(L(HY) + (m =1+ DI) " @ L] (~Jixim © Ii)

-1

L(H,) + 1, — —————T (tmx(m ® I
[ (H2) Ym0 k
1 11 1 m-1 k

1
= jjlx(mfl) ® Ii.

Similarly, ~S7'C A" = (=A]'BiS™)" = 1 iyt ® Ik. So

1
P, 7]1x<m4) ® I
D;'= | ,
7] (m-x1 ® Ix Q
where =[(LH)+ m-1+ D[ -] o1, Q=
((L(Hy) + et = T npxom-)] ™ @ L. Now, we

computed the {1}-inverse of G[F, uy, u,, ...
(L(H) + (m=1+ DI - 24]4] ® I
lIm—l -

, u Hy, I]. Let P =
and Q= [(L(H)+
ﬁ](m_l)x(m_l))] ® I. By Lemma 2.6, we obtained

H=A-BD'B’
= L(Fy) + (n—k+ DI = (~Jiniy ~17 ® 11 0)
(L(F,) + kIL)™ 0 0

. 1 ~J (n-kyk
0 p! ooy @ I (_1[ ® I,

1 0
jj(m—l)xl ® Iy Q"
= L(F) + (ke Dl - 11,

=L(F))+

(n—k)I - n; Jixcr

so H* = (L(F) + (n— k) - "-kkak)

By Lemma 2.4, we
obtained H* = (L(F) + (n- k)Ik)"

k(n—k)]ka'
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According to Lemma 2.6, we calculated — H'BD™' and -

D 'BTH*,

~H*BD™ = ~H"(~Jiuiuy ~17 ®1; 0)
(L(F,) + kI_)™ 0 0
—1 1
0 p lex(mfl) ® I
1 —1
0 Tj(m—l i ® Tk Q
1
= (EH#],(X(",,() H* (Te1,) H (17 0 L) )
and
1] ot
k (n—k)xk
_D'BTH* =

(1, I)H*

(1,1 ® L)H*

We are ready to compute the D"'B"H’BD™".

%](nfk)ka#
DUBHBD = | ot (%IMH) (1 e I) (1L®Ik)>
(L ® I)H?
SIHY JH (] ® 1)

1
= E(ll‘g‘lk)H#]kx(n—k) (11®Ik)H#(1[T®Ik)

1
% Lyt ® IDH Tty (Lt ® 1)H? (1] ® I)
IH# (L ® Ii)

(L e IYH? (1, ® I))

(L @ L)H? (17, ® 1)

Let M = erH ® Irand N = 1,T ® Ii. Based on Lemma 2.6, the
following matrix

1
g* EH#] H*N H*M
1
E}H# (L(F,) +kI)™ 0 0
T = ,(7)
- . - 1
N'H? 0 P+ NTHN N’H#M+7]®Ik

MTH* 0 MTH*N + %1 o Q'+M'H*M)

is a symmetric {1}-inverse of G = G[F, uy, us, . . . , uy; H,, I], where
= [(LH)+ (m-1+ DL -2 @ I and Q = [(L(Hy)+

Ut = =T mtxm-1))] ® Ik

For any i, j € V(F,), by Lemma 2.1 and Eq. 7, we obtained

=)
k(n-k)),

rij (G) = <(L(F1) +(n=RL)" - ) +<(L(F1) +(n=-kL)" -

_t
k(n—k)),

o 1
*2( (L(F)+ (n=kI)" - m)ij>

as stated in (i).
For any i, j € V(F,), by Lemma 2.1 and Eq. 7, we obtained
7y (G) = (L(E) + kL, )3 + (L(E>) + kI, 1))

= 2(L(Fy) +KL);)

Resistance Distance with Generalized Pockets

as stated in (ii).
For any i, j € V(H,), by Lemma 2.1 and Eq. 7, we obtained

—1 -1
] ]lxl) ® Ik)

-1
]lxl>® 1k)71

Tij (G) = <<L(H1) + (m—l+ I)Il -

l+1)11—

+<L(H1) + (m-—

—2<L(H )+(1’}’l—l+1)11 ]lxl>®1k)

as stated in (iii).

For any i, j € V(H,), by Lemma 2.1 and Eq. 7, we obtained
7 (G) = (L(Hz) +11,, - ﬁ](m,,)x(m,,»@ 1!

+<L(H2) +1, - ﬁhmmx(m;)@ L5 = 2(L(Hy) + Ly

g e n)® 103

as stated in (iv).
For any i € V(F) and j € V(H;) by Lemma 2.1 and Eq. 7, we

obtained
ry(G) = (L*(P)),
-1
]lxl ) ® In ]
Jji

[(L(Hl) +(m-1+1)I -
N Z(L# (F))ij’
as stated in (v).

For any i € V(F) and j € V(H,), by Lemma 2.1 and Eq. 7, we
obtained

r5(G) = (L* (B)) + |:<L(Hz) )
_Z(L# (F))ij’

I -1
————— (m-lyx(m- ®1I,

as stated in (vi).
For any i € V(H;) and j € V(H,), by Lemma 2.1 and Eq. 7, we

obtained
1
rij (G) = [(L(H1)+(M—l+1)11 ]1xl> ®1n]

l -1
1 1) (m-l)x(m— ® In
m—l+1]( g D) ]

ji
-1
]lxl) ®1n] >
ij
as stated in (vii).

For any i € V(H,) and j € V(H;), by Lemma 2.1 and Eq. 7, we

obtaine(l
l } - - 1 ®1
l (m=l)x(m-1) n .

-1
]lxl) ®In:|
Ji

l -1
1 1/ (m=Dx(m— ®In >
oy e Y l)) L

+[<L(H2) + 1, -

[(L(Hl) +(m-1+1I -

1 (G) = [(L(H2)+11ml_
[<L(H1)+ (m-1+1I, -

—2[<L(H2) + 1, -
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as stated in (viii).
Now, we computed the Kirchhoff index of G[F,uj,uy,...
uy; Hy, 1] as KAGIF, uy, Uy, ..., ug Hy, 1))

= (n+mk)tr(T)-17T1
-1 1
= (n+mk)<tr((L(F1)+ (n-k)I) —m]kxk>

+tr (L(Fy) + kL)™' + ktr(L(Hl) +(m-1+1I -

-1
L
m— l T1 (ml)x(ml))

1 1
+T 1 (Jixneny ® Ii) + 71‘7’ (J gmetys ® I
+tr(NTHN) + tr(M"H* M)) - 17T1.

+ktr<L(H2) + 1, -

It is noted that the eigenvalues of (L(F;) + (n — k)I;) are a5 +
(n-k),a +n-k),..,a + (n—-k). Then,

tr((L(F1)+(n—k>Ik) k(l )kak>

£ 1 k
:;ai+(n—k)_k(n—k)'

Similarly, tr ((L(F,) + kI, ;)™") = Z 7% 1t is noted that the
eigenvalues of (L(H;) + (m—1+ 1) are 0 +(m—1+1), u(Hy)
+(m-1+1),...,w(H)+ (m -1+ 1) and the eigenvalues of

Jom-tyx(m—1 are (m — 1), 0" Then,

-1
tr<L(H1) +(m-1+1DI+ _lhxz)*l ®Ik>

1
z +(m—l+1) k.

i=2
l -1
7 ¢/ (m-Dx(m~ ® I

Kl (2m — 21 + 1)
m—-1+1

Similarly,

tr((L(Hz) + 11, -

It is easily obtained that t(Jj -1y ® Ix) = Ik, tr(Jn-x1 ® Ix) = (m —
l)k and t?’(NTH#N) + t?’(MTH#M) = tr(]lxl®H#) + tr(](m l)x(m 1)®
HY) = tr(H") + (m - Dtr(H") = mtr(H"). Since lTH = 1k[

(L(E) + (n=R)T)! roipll = 0, then

1'N1 =17 (L(F,) + kL) "1 +17P 1 +17Q ™11

1 _ 1
- m]kxk] = ﬂlk

+1ITNTH* N1+ 1I"NTH M1+ 1TMTHP N1 + 1"MTH? M1

1
1" (Jimpy ® Ii) 1+ TIT (J gmtpa ® Ii)1.
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By the process of Theorem 4.1, we obtained
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I
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Ik Ik Ik
T k k k
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Ik Ik ...Ik
I
I
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Similarly, lT(](m,l)xl ® Iy) = Ik(m - 1. Applying the

aforementioned equations into K f (G[F,uy,uy, ..., ux; Hy,1]),

we obtained the required result in (ix).
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