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Stability of Woven Frames

Xue-Bin Li'* and Yu-Can Zhu?

" Department of Mathematics and Statistics, Zhoukou Normal University, Zhoukou, China, ?Department of Mathematics and
Computer Science, Fuzhou University, Fuzhou, China

This article studies the stability of woven frames by introducing some special limits. We
show that there exist certain relations among the different types of convergence of frames
and obtain some new and more general stability results. As an application of these resullts,
we provide a method for constructing woven frames.
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1 INTRODUCTION

Woven frames with some applications in coding and decoding [6, 9], distributed signal processing
[6], and wireless sensor networks [1, 4] were first introduced in 2015 by Bemrose, Casazza,
Grochenig, Lammers, and Lynch [1, 4]. Right now, it has been generalized to g-frames [10],
K-frames [5, 11], fusion frames [8], etc.

Definition 1.1 A family {f;};-, for separable Hilbert space H is said to be a frame if there exist 0 < A <
B < oo such that

AlfIP < il(f,f,)IzSBllfllz, f €H,

where A, B are the lower frame bound and upper frame bound, respectively.
If only the second inequality is required, it is called a Bessel sequence, and the B is called the Bessel
sequence bound. For a Bessel sequence {f;};-,, the synthesis operator is defined by
T:E(N) = H, T@©=)afs c={alf, €PN

i=1

is bounded. Its adjoint operator T" is called the analysis operator. The composite operator S = TT" is
bounded, positive, and self-adjoint, and it is called the frame operator while { f;};, is a frame for H.

Definition 1.2 The frames family {{f;;}.",|j € [m]} for separable Hilbert space H is woven, if there are
universal constants 0 < A < B < oo such that

m

AlfIP< Y Y Kf fipP<BIfIP, f€H,

j=1 i€o;

for every partition {0} of N. The family {fij}ico, jeim) is called a weaving for every partition
{oj}jetm of N.
We note that i, j,k,m € Nand m 2 2, [m] = {1, 2, ..., m}, 0 = {0} j¢[n s a partition of N,

Q= {olo = {aj}je[m] is any partition of N}. H is a separable Hilbert space, {f;;}7_, and ~{f,}(;c

the Bessel sequences for H, F = {{f;;} |j € [m]} and F = {{fi(]k)}:llj € [m]} are the families of

)y
}i=1 are

Bessel sequences. The synthesis operators of { f i(jk)}:;’ {fid o f l.(jk)}ie op {f ,»j}igaj are listed as follows:
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oo

T () = Y af Z cifip c={akl € P (N);
k)(C):icifi(}(), TU](C) chflj> C_{Cl i€o; EZZ( )

16(7]' 150']

T;(c) =

Moreover, Sy‘) = T(k)T(k)*, So, = TajTg , S® = z S(k) and

So = z Sy, for any f € Handa— {05} jerm) € Q-

ThlS article focuses on the stability of woven frames,
i.e., answers the following question: Suppose that the frames
family {{f;}:,|j € [m]} is woven for H with universal lower and
upper bounds A and B. We want to find some conditions about
{{fij — gij}_,|j € [m]} such that the family {{g;;};,|j € [m]} is
woven for H. In m = 2 case, this question was first considered by
Bemrose, Casazza, Grochenig, Lammers, and Lynch [1, 4], after
that it was reconsidered by Ghobadzadeh, Najati, Anastassiou,
and Park [7], right now their results have been generalized to
K-frames, fusion frames, g-frames, and so on. Analyzing the
existing results, it is not difficult to find that they are all based on
sufficiently small perturbation. In order to explore the relations
among them and generalize them from m =2 to 2 < m < oo, we
introduce four types of convergence of frames Fy — F.

1.1 Strong Convergence

In this case, the limit F is unique. Naturally, if the frames family
F is woven for H, then all F in a sufficiently small neighborhood
of F is woven for H.

1.2 Convergence in Terms of Synthesis

Operator or Analysis Operator

Note that the two types of convergence are equivalent. In both
cases, the limit F is not necessarily unique, but the synthesis
operators of frames in F are unique, this means that the
corresponding analysis operators are also unique. Similarly to
the first case, if the frames family F is woven for H, then Fy is
woven for all sufficiently big k.

1.3 Convergence in Terms of Frame
Operator S,

In this case, the limit F, the corresponding synthesis operators,
and the analysis operators of frames in limit  are not necessarily
unique, but the universal infimum and supremum of F are
unique. This implies that the judgment theorem about Fj
still holds.

It can be proved that type 1 implies type 2 and 3, type 2 and 3
imply type 4, but the reverse is not true. More generally, we
conjecture that there probably exist other types of convergence
and some different results about the stability of woven frames can
be obtained from the new type of convergence.

This article is organized as follows: In Section 2, we introduce
some special limits for woven frames and show the relations
among different types of convergence of frames. In Section 3, we
show some new results about the stability of woven frames.

Stability of Woven Frames

2 CONVERGENCE FOR WOVEN FRAMES

In this section, we introduce four types of convergence for woven
frames and discuss the relations among them.

Definition 2.1 We say a point sequence {F i}, strongly converges

to the point F 1f hm max Z IIf(k) f,»jII2 =0

Definition 2.2 We say a point sequence {F};_, converges to the
point F in terms of synthesis operator 1f hm max ||T -Till =
o je

Definition 2.3 We say a point sequence {F})_, converges to the
point F in terms of analysis operator zfllm max ||T(k)* T | =
o je

It is known that IITJ(.k) -Tjl = ||T](k)* - Tj I, thus {Filr,
converges to F in terms of synthesis operator if and only if
{Fi}e, converges to F in terms of analysis operator.

Definition 2.4 We say a point sequence {F}_, converges to the
point F in terms of frame operator S, 1f hm n sup IS — S, =

* geQ)
Next, we show the relations among the four types of

convergence in Theorem 2.5 and Theorem 2.6.

Theorem 2.5 While {F},_, strongly converges to F or {Fi},_,
converges to F in terms of analysis operator or synthesis operatot,
we have lim If ¥ = fijll =0 for all i €N, j € [m].

Proof From

IFE = £l < lef‘k) Fills WFE = fl=<IT® =T
_ (k)=
=T -]

for all i,k € N and j € [m], we can obtain this theorem.

Theorem 2.6 If {Fy}; ; strongly converges to F then {Fly
converges to F in terms of analysis operator; {F},_, converges
to F in terms of analysis operator if and only if {F};_, converges
to F in terms of synthesis operator; If {F};_, converges to F in
terms of synthesis operator then {F};, converges to F in terms
of frame operator S,.

Proof. It is obvious that {F},_, converges to F in terms of
synthesis operator if and only if {F};_; converges to F in terms
of analysis operator. For all f € H and ||f| = 1, we compute

1T f =T 0P = Y K £ = fdP < P USPIS = ful?

=D UfP = full.
i=1

From hm max o) 2 = 0, we have lim max |TF -
fm max ’Z Ifi;" = fijl Jim max IT;
Tl =o. Thls means that if {F},_, strongly converges to F then
{Fi}, converges to F in terms of analysis operator. We

compute
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IS8 = S, = ITOTH" — T, T |
=TTy -1 )
+ (Tsf)TZj ~T,T;, >|| < ||T;f><T;f>* - T, >||
+ II(TS,f) - Taj)Tf,j I<ITEMTE" =T, I+ 1T
=TI |

— (k) (k)
= (IT©1+ 1T )ITE - T, )

Note that
X k
ITON<ITE N, 1T < ITjl 1T = To ) <ITE - T,
SO
K k k
155 = So,ll < (121 + T IITSY = Tl < MIT] = T3

for some positive M;. Furthermore,

k k k
ISP =Sall ={ D" S® = Y Sof< Y USW
jelml jelm] jelm]
k
=S, ll< Y MyIT® -
jelm]

From lim max [T - T%| =0, we have lim sup IISy_‘) -
k—oo je[m] ] / k—eo ey !

ngll = 0. It means that if {F};_, converges to F in terms of
synthesis operator then {F};_, converges to F in terms of frame
operator S,.

The following Example 2.7 and Example 2.8 show that the
inverse proposition of Theorem 2.6 is untenable.

Example 2.7 Let {e;};”, be an orthonormal basis for H. If f i(jk) =
(1+ ﬁ)ei,f,»j =¢ for all i,keN,je[m], then {Fi}
converges to F in terms of analysis operator, but {F};_, does
not strongly converge to F.

Proof. From

1T} =T))f1 = ).

i=1

2

1
SkHIIfIIZ, f€H,

1
<f’ \/E_-I-—;ei>

we have lim max |T** — T*| = 0, i.e., {Fi}, converges to F in
k—oo je[m] = 7/ J

terms of analysis operator. From

oo

SR £l =Y

i=1

€

vk +i

we have that {F};_, does not strongly converge to F.

oo 2 oo
G0 1T B

i=1 i=1

Example 2.8 Let {f;};", be a Parseval frame for H. If fi(;‘) =
~fij = fiforalli,k € N, j € [m], then {F};, converges to F in
terms of frame operator S, but {F};_, does not converge to F in
terms of synthesis operator.

Proof. We compute

Stability of Woven Frames

lim £ = f5ll = lim [2£] >0
forallieN,je [m] and

lim sup [S¥ S, || = lim sup [|0] = 0.
k=e e k=e e
From Definition 2.4 and Theorem 2.5, we complete the
proof.

3 STABILITY OF WOVEN FRAMES

This section discusses the stability of woven frames by limits in
Section 2. We generalize the existing results from m = 2 to 2 <
m < oo. Moreover, many new woven frames can be obtained by
using the limits.

In Theorem 3.1, Corollary 3.2, and Theorem 3.4, we discuss
the stability of woven frames in terms of frame operator S,.

Theorem 3.1 Suppose that the frames family F is woven for H
with universal bounds A and B. If {Fy};_; converges to F in
terms of frame operator S, then for any non-negative number ¢ <

A there exists a natural number N such that sup ||S t(,k) — Soll < € for
oeQ)

every k > N, this implies that F is woven for H with universal
bounds A — ¢ and B + ¢ for every k > N.

Proof. If {F},_, converges to F in terms of frame operator S,
from the Definition 2.4, for any ¢ < A there exists a natural
number N such that sup IIS((,k) — Syl <€ for all kK > N. Hence,

o€eQ)
ISE FI= 1S, £ = ISP f = So fI= 1S, £1 = ISP
=Sl fl= (A-olfll

and

ISE FU<US, £+ 1S f = So fI< 1S, £1 + ISP
=Sl fl< B+l fl,

ie, (A=)l fl<IS® fll< (B + &)l fll forall fe Hand o € Q. This
implies that the bounded linear operator S{*' is an injection. It is
known that the operator S{¥ is self-adjoint, thus S® is also a
surjection. From §% = TWT ®* we have T™ is a surjection, this
implies that { f,-(jk)}ia,j)je[m] is a frame for H with the frame
operator S). Hence F is woven with universal bounds A- &
and B+ ¢ for every k > N.

Corollary 3.2 Suppose that the frames family {{f;;}:7,|j € [m]} is
woven for H with universal bounds A, B and {{g;;}_ |j € [m]}isa

family of Bessel sequences for H. If there exist non-negative
numbers e, y; satisfied ¢ = ‘21 (ajB +p;) <A such that
i=

oo

IY <f fid fii = Y. <Fr g gl el Y <fs fird fiil

i€oj i€oj i=1

+ullfll. f€H,
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for any j € [m] and o € Q, then {{g;;}",|j € [m]} is woven for H
with the universal lower and upper bounds A— ¢ and B+ .
Proof. Since

1Y S G fo-3 Y Franad< SIS G fo

j=1 i€oj j=1 ico; j=1 ieg;j
- Z {fs gij>9ij||
i€oj
and

i(%Bw,-)llfll, feH,

=

IZNgE

|

Jl i s fip £l +pt,||f||> <

{

combing with the inequality in Corollary 3.2, we have

1Y Sty

J

j=1 i€q; j=1
x Y {fr gl < Y (a;B+w)IfI < Alfl, f eH.
i€g; j=1

Take €= E (oc]B+/,t])<A and {{gi;}71j € [m]} can be
regarded as F for some k > N, from Theorem 3.1, we obtain

Corollary 3.2.

Example 3.3 Suppose that the frames family {{f;;},1j € [m]} is
woven for H with the universal bounds A, B and {e;};_, is an
orthonormal basis for H. If the number A, § satisfied

VI-mTABT<A<1, 0<8<m'A+(2)* -1)B-AVB,

then the family {{0e; — Afi;}7_,|j € [m]} is woven for H with the
universal lower and upper bounds A —m[(1 - A)B +2086VB +
8%], B+m[(1-A*)B+215+VB + 8.

Proof. Let gij = Oe; — Afy for all ieN,je [m]. Then
{gi ]}r,E a Bessel sequence for H with bound
(8+/\\/L) and/\f] + gij = Oe; for i € N, j € [m].

Let

My =Y {fAfpAfi =Y <9090

M=) (f fidfu= D (Fadgy feH.
Then,
IV = 1) CFAfD (i + i) = 2 oA+ gid il
= | Z FAfiiydei= Y (f, 52201
<| Z (foAfijdel +l€|(|7]_z (f0e gl
AoBLf1+ 35+ 1B I

A

(2A8VB + &) S,

and furthermore,

Stability of Woven Frames

M= 1(1=X2) Y <fs fird fi

i€g;
+ Ml < (1= YK fid fll + ML
i€o;j
where
VI-mTABT<1<1, 0<8<\m'A+ (2> -1)B-AVB,
ie.,

=m(1-1*)B+m(28VB +8°) < A,

and by Corrolary 3.2, we have {{8e; - Afi;}7” |j € [m]} is woven

for H with the universal lower and upper bounds
A-m[(1-1)B+2)8VB + &),
B+m|[(1-1*)B+216VB + &)

The proof is completed.
Similarly to the classical perturbations of frames, we have the
following Theorem 3.4.

Theorem 3.4 Suppose that the frames family {{f;;}7,j € [m]} is
woven for H with the universal bounds A, Band {{g;;};_,|j € [m]}
is a family of Bessel sequences for H If there exist non-negative
numbers a, f, y satisfied max{oc +4& /3} <1 such that

||§ YA fidfi —Z Y« f,g,-j>g1-j||sa||i Y Afs fipy fiil

j=1 i€o;j j=1 i€o;j j=1 i€o;j
m
+BIY. Y (s gid gl + ul £l
j=1 i€gj

for any f € H and 0 € Q, then {{g;;}7_ |j € [m]} is woven for H
with the universal lower and upper bounds ((1 — ®)A— u)(1 + B)~*
and ((1 + &)B+ w)(1 - B)™"

Proof. Let

Saf:i Z<fafij>fij:

j=1 i€
Sof = Z Z {f>9i>9ij, fe€H,0€Q.
j=1 i€a;j
Then,
ISs £l < USofIl+ 1Ss f = SofI< (L + a)lISe f1I + BlISs £l + pll 1l

INIA

(L+a)B+u)llfll+BISs fll, feH,0eQ,

and this implies that [|S', £l < ((1 + &)B + ) (1 = B)'| f| for any
f€ H, o€ Q. On the other hand,

ISs £l = 1o flIl = 1So f = Sa fll = (1 = )[ISs £ = BISs fIl = ll f1
2 (M-a)A-plfll-BIS; fl, feHoeQ,
and this implies that [|Sy fI| = ((1 — &) A — p) (1 + [3)_1 | £II for any

feH oeQ.
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Since S, = T.T., is self-adjoint and max{tx+ %,ﬁ} <1, we
have S, is a surjection, i.e., the synthesis operator T, is a
surjection. This means that {{g;;}",|j € [m]} is woven for H.
Furthermore, we can obtain the universal lower and upper
bounds ((1 — «)A— p)(1 + ﬁ)’l and ((1 + a)B+ p)(1 - [3)’l by
the frame operator S,.

Example 3.5 Suppose that the frames family {{f;;}7,[j € [m]} is
woven for H with the universal bounds A, B and {e;};_, is an
orthonormal basis for H. If the number A, #, § satisfied

0<X<1, 0<pP<l, 0<8<(VA+B-VB),

then the family {67 'e; - Ayy™" fi;}._,1j € [m]} is woven for H
with the universal lower and upper bounds
- (2IM81VB +82) (2-21%)B+ (2|81 VB + %)
2-1 & '
Proof. Let g;; = 01 'e; — Ay 'f; for alli € N, j € [m]. Then, Af;

+ ng; = Oe; for all i € N, j € [m] and {gij}ico, je(m) is @ Bessel
sequence for H with the bound (|8]|57!] + I/\||;1’1|\/- from

||Z ch,1|<||z Zc,5n’lez|+llz

j=1 i€o;j j=1 i€
x Y ey full < (18177 1+ Al VB ) lell
ieoj

for all ¢ = {c;};2, € I>(N) and || = 1. Let

= i Y {FAfipAfij —i Y. {frngpngy feH

i1 ieo; i1 ieo,
and
=D YA i fii= ) Y Af 90 feH.
j=1 i€o;j j=1 i€
Then,

M, | = ||i Y A (Afi+1gs) —i Y fAfy

j=1 i€g;j j=1 i€o;j
+19:)193l
=) Y A firfiydei =Y Y (f.dedngil <1y
j=1 ieo; j=1 ieo; j=1
X Y {foAfidell + ||Z
tEo']
x Y (fdengill < IAII8I\/§||f||

+18l71(18117*1 + ALl VB )1 £
= (21AI8IVB + &)1 £l

and further more,

Stability of Woven Frames

Ml =1(1-2) JZZ o fid fii = ]ZZ f+ 9 9ij
+ Ml < (1-27) ||Z YAl + (-1 )uz
J=1 i€o;
X Z (f> g1 gifll + 1M,
where
0<P<l, 0<&<N(VA+B - VB),
ie.,

2
max{(l _,12) + MJ _ ,12], <1,
A
and by Theorem 3.4, we have {{6'e; — Ay~ f;}.” |j € [m]} is

woven for H with the universal lower and upper bounds

— (2MI81VB + 62) (2-2%)B + (2M8]VB + %)
2-1P 7 )

The proof is completed.
Lemma 3.6 is a remarkable result on the perturbation of
frames.

Lemma 3.6 [2] Suppose that {f;}, is a frame for H with the
bounds A and B, {g;};-, ¢ H.]If there exist non-negative numbers
a, PB, p satisfied max{oc + %, /3} <1 such that for any
C1,Ca ..., Cn(n € N), we have

I Zn: Cifi - icigi" <af i Cifi" + ﬂ” iﬂ'gi" + M(Zn: |Ci|2>
i=1 i1 i=1 i=1 i=1

then {g}72, is a frame for H with bounds A(1 - Mﬁ hi N—) and
a+B+u/ VB2
B(1+ #) .

1

From this lemma, we can obtain the following theorem.

Theorem 3.7 Suppose that the frames family F is woven for H with
the universal lower and upper bounds A and B. If { 7}, , converges
to F in terms of analysis operator or synthesis operator then for any
non- negative number ¢ < V/A there exists a natural number N such
that ¥ IT® T = 3 IT® - Tjl <& for every k > N, this
j=1 j=1

implies that Fj is woven for H with the universal lower and
upper bounds (VA — e)? and (VB +¢)? for every k > N.

Proof. For any o = {0]} €Q and c={¢}7, € P(N), we

compute
1Y Seafs-3 Taf@l < Y1Y afs- Y afl
j=1 i€oj j=1 i€oj j=1 i€ i€o;j

1

(g

M§

<.
1l
—
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Combining with
(1018 1 ={5 = FD}r (1= 1
={<f - FID)
for fe H and

1

||( HJ—T“‘)) I= sup <1;I<f fii= f,‘f>|2>

1

< sup <Z|<f fij- f,(]k)>| > (T Tk)) I,

If1=1

we have

Z IT,, - T k>u<z i >lg i,

1617]

1 1

oo 2 o 2
—T}“||<Z|c,-|2> sa<2|ci|2>
i=1 i=1

for c={eZ, €P(N). Let ({g; ;’°1={f,-3-">},»@,,~e[m] and

{fi :01 {fzj}lea] je[m] then ” z szz Z C1g1|| <8(Z |Cz| )2 this
n =1
implies that || Z cifi— Z cigill <£(Z |c| )2 From Lemma 3.6,

the frames famﬂy Fi is woven for H w1th the universal lower and
upper bounds (VA — €)% and (VB +¢)? for every k > N.

Corollary 3.8 Suppose that F is woven for H with the universal
lower and upper bounds A and B. If {F¢},_, strongly converges
to F then for any non- negative number &< VA there exists a

natural number N such that Z (Zl IIf(k) fijllz)% <¢ for every
=l =

k > N, this implies that F is woven for H with the universal

lower and upper bounds (VA - e)? and (VB +¢)* for
every k > N.
Proof. From the proof of Theorem 2.6, we have

< k < k
(k)* _ (k)
YT =13 =Y ITS
j:] j:l
1
2

~-Tjl< i <i||fi(jk)_fij"2> <e<VA.

j=1 \\i=1

By Theorem 3.7, we have that F is woven for H with the
universal lower and upper bounds (VA - &) and (VB +¢)* for
every k > N.

Example 3.9 Suppose that F is woven for H with the universal
lower and upper bounds A, B and {e;};Z, is an orthonormal basis
for H. If

f(k) f,] + 27(k+i)m71 \/Ze,- i€ N,] € [m]

then Fy is woven for H for every k € N.

Stability of Woven Frames

Proof. From
3

i (i”ft(]k) _fij”Z) < im_l\/zz \/Z’

=1 \i=1

we complete the proof.

Corollary 3.10 Suppose that the frames family {{f;;}2,1j € [m]}
is woven for H with the universal lower and upper bounds A, B
and {{g; ]}l 1| j € [m]} is a family of sequences for H. If there exist

non-negative numbers a;, fj, y; satisfied ¢ = Z (aj+p; )VB +

1(1 —[3j)_1 < /A such that for anycl,cz,...j,cn(n eN)andje

[m], we have

n n n n
| ) cifij— ) cigijl <eill ) cifiil +B.1 ) cigill
j j j j j j
i=1 izl i=1 i1

+/"j<§ |Ci|2> ,

then {{g;;};_,|j € [m]} is woven for H with the universal lower
and upper bounds (VA —¢)? and (VB +¢)%
Proof. By Lemma 3.6, we have that for any j € [m], {g;;};", isa

frame for H with bounds A(1 _ VA 1:;/\/_)2 and
B(1+ AL *g/\/—)z Hence,

n n n n
[ Zcifij - Zcigij” < ij” Z Cifij” + /3j|| Zcigij”
i=1 i=1 i=1 i=1
1

+%<§k,y Pﬂr+ﬁv—< &:%;%£@>+m]

i=1
1

<iil|ci|2> (o + 8,)VE +u,](1-5,) (zMz)
<[+ B)VE +1)(1-) (zw)

and let n — oo; then, we have
- - = )
(S Soanelos8) B nl-8)" (1ot ).
i=1 i=1 i=1
i, |IT® =Tl < [(a;+B)VE +u;](1-B;)", where

o

Ti(edny) = Y cifi T (fed,

i=1

ch,J, {er, € P(N).

Computing
YT =Tl Y [+ B,)VB ] (1-5) " =e< VA
j=1 J=

from Theorem 3.7, the frames family {{g;;},1j € [m]} is woven
for H with the universal lower and upper bounds (VA —¢)?

and (VB +¢)%.
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Example 3.11 Suppose that the frames family {{f;;}7” |j € [m]} is
woven for H with the universal bounds A, B and {e;};7, is an
orthonormal basis for H. If the number A, #, § satisfied

A 2-A
1—% 1<, m(\/_+)\/\/_— n<l, 0<d<m’yVA
-(2-1-7)VB,

then the family {{Ay~! fi; - 8y 'e;}._ |j € [m]} is woven for H
with the universal lower and upper bounds

m(2—/\—77)\/§+m5]2 B[l m(2-2A- ;1)\/—+m6].

All- 17\/2 ’1\/_

Proof. Let g; = Ay 'f; — O, ie. Afy —
ieN,je [m]. Then

||Z Gifij - chun—n(l—A)Z cifij - chu

+ 52(31‘@:‘" <=Ml Zcifij"
i1 i=1

ngij = Oe; for

1

+O—qﬂ2qgm+8<2kf)’
i=1

i=1

where
VA m@-WVB_ 1
1-—— 1, 1, < - A
VBN B A S1Sh 0sdem VA
-(2-2-n)VB

satisfied

M§

[(1-A+1-7)VB +d]q"

1

=m2-1- 11)\/_+m8];7 <VA.

—_—

By Corollary 3.10, the family {{Ay~" f;; — 6n7"e;}_ |j € [m]} is
woven for H with the universal lower and upper bounds

m(2—-A-n)VB +md|’ m(2-A-n)VB +md|’
A[l_ VA ]’ B[1+ nVB ]'

We complete the proof.

From Theorem 3.7 or Corollary 3.10, we can obtain Theorem
3.2, Theorem 3.3, Proposition 3.4, and Corollary 3.5 in [7], and
obtain Theorem 6.1 in [1]. The following corollary is obvious
from Corollary 3.10.

Corollary 3.12 Suppose that the frames family {{f;;}7",|j € [m]}
is woven for H with the universal lower and upper bounds A, B
and {{g;;}_,1j € [m]} is a family of sequences for H. If there exist
non-negative numbers a;, y; satisfied ¢ = ) (ajVB +u )< VA
such that for any ¢;,¢;,...,¢,(n € N) andjjz'le [m], we have

n n n n
2
||ZCifij—Zcigij”S“j"ZCifij"+.M]- Z'Cil s
i1 i-1 i=1 i1

Stability of Woven Frames

and then, {{g;;}:,|j € [m]} is woven for H with the universal
lower and upper bounds (VA — e)? and (VB +¢)%

Corollary 3.13 Suppose that the frames family
{{fi;},1j € [m]} is woven for H with universal lower and
upper bounds A, B and {{g;;};-,j € [m]} is a family of Bessel
sequences for H. If there exist non-negative numbers «;, y;

satisfled e = ) (ocj\/E + yj) < VA such that for any j € [m], we have
j=1

1

(i|<f,fij—gij>|2> saj<i|<f,fij>|2> valfl feH,

and then, {{g;;};,|j € [m]} is woven for H with the universal
lower and upper bounds (VA — e)? and (VB +¢)%
Proof. We compute

<i|<f,fij—g,,->|2> saj<i|<f,fij>|2>
+ulfI<(a;VB +u)Ifll, f €H,

ie., IITJ(k)* - T;II < (a;VB +yj), where
T;(f) ={<F fipbp T () = {<Fran

Hence ZIIT(k) T||<Zjl(oc]\/—+y)—£<\/_ From

Theorem 3. 7 we have that {{g;;};_,|j € [m]} is woven for H with
the universal lower and upper bounds (VA - ¢)* and (VB +¢)%.

f eH.

Corollary 3.14 Suppose that the frames family
{{fij};.’;lj € [m]} is woven for H with the universal lower
and upper bounds A, B and {{g;;};_,1j € [m]} is a family of
Bessel sequences for H. If there exist non-negative numbers «;,

u; satisfied € = Z \/@jB + p; < VA such that for any j € [m], we have

LI fi=apl<sa Y I fipP + il fI°, f € H,

and then, {{g;;}7 |j € [m]} is woven for H with the universal
lower and upper bounds (VA — e)? and (VB +¢)%.
Proof. We compute

S IKF fo - gdP e Y IF fP
+ulfIP < (a;B+u,)IFI,

ie., IITJ(k)* - T;fll < @B +p) where
T () =< fidke T () = [Kfan), feH.

m % m
IT® —T*< ¥ \Ja:B+u, =e<VA.
]; J j ]; BT

Theorem 3.7, we have that {{g;;} |j € [m]} is woven for H
with the universal lower and upper bounds (VA —¢)* and

(VB +e)”.

feH,

Hence, From
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Example 3.15 Suppose that { f;};”, is a Parseval frame for Hand f;; =

fiforalli € N, j € [m], then {{f;;}7,|j € [m]} is woven for H with

the universal lower and upper bounds 1. Take g;; = — f; + L f; for

alli € N, j € [m], we have {{g;;}7,|j € [m]} is woven for H.
Proof. Computing

I Z <f)fij>fij - Z (f,g,-J-)gijll

tEO']‘ IEU]'

2 £l = ||f||

ZEO'J

and

|| i S CFfid fo —i S (foayasl

j=1 iéaj j=1 ico;

>fJ|I—

for fe H, j € [m] and o € Q, from Theorem 3.1, Corollary 3.2, or
Theorem 3.4, we have {{g;;};Z,|j € [m]} that is woven for H.
Furthermore, we can obtain that the universal lower and upper
bounds (1 — #)2 and 1+ me—zjl

Note that Example 3.15 can be proved by Theorem 3.1,
Corollary 3.2, or Theorem 3.4, but it cannot be proved from
Theorem 3.7.

Example 3.16 Let {l//j}je[m], {%‘}je[m] cL*(R)anda>1,b>0be
given, and assume that the wavelet frames family
{{a"’zy/j (a"x —kb)}kez | j € [m]} is woven for L? (R) with the
universal lower and upper bounds A, B. If

R:= —max sup

b]e[m Tlylel la] Z ‘ l//] ¢J aj l// ¢J)
(a1y+k/b) <

then {{a”/2g0j (a"x — kb)} ez | j € [m]} is woven for L% (R) with
the universal lower and upper bounds

2 2
R R
Al1-m\— ], B(1 =),
Proof. From {W]}]e[mp{(P]}]e m € L2(R),  we
{ ‘/’]}Je[m] c L?(R). Since

> ‘(‘7’1 = 9;)(@y)(¥; - 9;)

nkeZ

(a’y +k/b)| <

have

1
R = —max sup
b]E [m] |yle[1,a]

ie.,

1 o
EI z Kl//j—(ﬁj)(a]y)(lllj—goj>(ajy+k/b)|SR<A
ylellal ez

for all j € [m], by Theorem 15.2.3 and Theorem 22.5.1 in [3],
{a"? (¥; = 9,)(a"x — kb)}, ez, is a Bessel sequence for L? (R) with
bound R and {a 2(p (a"x — kb)}, kez, is a wavelet frame for L2 (R)
for all j € [m]. Let T; and T; be the synthesis operators of
{a"/ztpj (a"x - kb)}n,keZ and {a”/2<p (a"x — kb)}, kez, respectively.

Stability of Woven Frames

Then, T;-Tj is the
(a2 (v, - 90]') (a"x — kb)}, kez and

e= Z IT; - T||<m\/_<m\/‘ VA.

je€lm]

synthesis operators of

It is known that there is a one-to-one correspondence between
N and Z? by Theorem 3.7 or Corollary 3.14, we have that
{{a”/z(p (a"x — kb)}ukez | j € [m]} is woven for L? (R) with the
universal lower and upper bounds (VA - e)*and (VB +¢)*. We

compute
(1 - m\f )

<1+m\[> \/_+m\/—) (\/§+e)2,

and this implies that {{a”/zgoj (a"x —kb)}kez| j € [m]} has the
universal lower and upper bounds

o) Arenf)

We complete the proof.

A-mVR) <(VA -¢)

and

Example 3.17 Let {y;}jcn {9} jepm € L* (R) and a, b > 0 be
given, and assume that the Gabor frames family
{Embmej}mneZIj € [m]} is woven for L?>(R) with the
universal lower and upper bounds A, B. If

1
R := -max sup

je[m]xe[0,a)

keZ

A

(1, )= n, - ) s o) <

nez

then the family {EmbT,mgoj}m ez | j € [m]} is woven for L*(R)

with the universal lower and upper bounds

(1-mfa) o(omz)
Al l-m\— |, Bl 1+m\- |.
A B
Proof. From {W]}]E[m {(p]}]e[m]cL (R), we
{¥; = ¢}jeim € L (R). Since

have

R=gmaxsup ¥I3(y, - )

b]e[m ] x€[0,a] keZlnez

(x - na)(u/j - (pj)(x —na-k/b)|<

ie.,

paup Y3 (v, 9,) e

bxe[o al keZlneZ

(wj—¢j)(x—na—k/b)|SR<A

for all j € [m], by Theorem 11.4.2 and Theorem 22.4.1 in [3],
{EmbTm(V/j —(Pj)}m,nez is a Bessel sequence for I*(R) with
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bound R and {E,;sT . j}m,nez is a Gabor frame for L2 (R) for all
j € [m]. Let T; and Tj be the synthesis operators of
{EmanaV/j}m,neZ and {Embqu)j}m,neZ respectively. Then, T; -
T} is the synthesis operators of {E,;;; Ty, (v iTe j)}mmZ and

A
e= )y ||Tj—T]'-||3m\/E<m\,—2: VA.
jetm) m

It is known that there is a one-to-one correspondence between
N and Z% by Theorem 3.7 or Corollary 3.14, we have that
{EmTuag;} _1j€lml} is woven for L*(R) with the
universal lower and upper bounds (VA — e)? and (VB +¢)%
Computing

A<1_m\/§>2 ~ (VA -mVR)' <(VA - &)
and
B<1+m\[§>2:(\/§ +mVR) >(VB +e)

implies that {EmbTm(p j}
and upper bounds

2 2
R R
All- m\/: , Bl 1+ m\/: .
A B
We complete the proof.
Considering the Wiener space

— | j € [m]} has the universal lower

W= {g: R — C | gmeasurableand z 19X (ke ks 1yallee < oo]»

keZ

which is a Banach space with respect to the norm

lglw,. = Z "gX[ka,(kH)a] Il

keZ

we can obtain the following example.

Example 3.18 Let {y;}jcpn {9} jepm € I?(R) and 4, b > 0 be
given, and assume that the Gabor frames family
{Eth”“Wj}mnezlj € [m]} is woven for L?(R) with the
universal lower and upper bounds A, B. If ab < 1 and

R-—\F 1~ @ lwa <\
P pmaxly; = gl <\,

then the family {Emanu(Pj}m . | j € [m]} is woven for L?(R)

with the universal lower and upper bounds (VA —mR)? and
(VB + mR)%.
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