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Quantum interferences of entangled photons have engendered tremendous intriguing phenomena that lack any counterpart in classical physics. Hitherto, owing to the salient properties of quantum optics, quantum interference has been widely studied and provides useful tools that ultimately broaden the path towards ultra-sensitive quantum metrology, ranging from sub-shot-noise quantum sensing to high-resolution optical spectroscopy. In particular, quantum interferometric metrology is an essential requisite for extracting information about the structure and dynamics of photon-sensitive biological and chemical molecules. This article reviews the theoretical and experimental progress of this quantum interferometric metrology technology along with their advanced applications. The scope of this review includes Hong–Ou–Mandel interferometry with ultrahigh timing resolution, entanglement-assisted absorption spectroscopy based on a Fourier transform, and virtual-state spectroscopy using tunable energy-time entangled photons.
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1 INTRODUCTION
Quantum entanglement is a non-classical phenomenon that the quantum state of each individual particle cannot be described independently of the state of the others, whose nature reveals the most fascinating and unexpected aspects of the quantum world [1, 2]. For example, the non-classical correlation of such entangled particles would not be diminished even when they are spatially separated by arbitrary distances. Naturally, quantum entanglement is an essential prerequisite for a variety of quantum experiments in the field of fundamental tests of quantum physics, such as the investigation of the Einstein–Podolsky–Rosen (EPR) paradox and the violation of Bell’s inequalities [3–5], and practical applications, such as quantum information processing [6, 7]. The exploitation of quantum entanglement in these specific scenarios has great potential to outperform the schemes based on classical physics. As an example in metrology, while an individual particle exhibits an inherent uncertainty, the joint correlation between entangled photons can be exempt from such limitation. More specifically, the arriving time of the individual photons is completely random, but the entangled photons always arrive simultaneously. These myriad and significant implications of quantum entanglement make them compelling for use in quantum optical metrology [8–12].
Quantum interference of entangled photons leads to many counterintuitive results, which can be considered an absolute necessity in the quantum mechanic’s toolkit. Thereinto, Hong–Ou–Mandel (HOM) interference, the fact that two identical photons that arrive simultaneously on different input ports of a beam splitter would bunch into a common output port, is a prototypical example of quantum interference [13]. Its interference visibility, namely, the bunching probability, is directly related to photons’ level of indistinguishability. The definition of indistinguishability is on the bases of various parameters in all degrees of freedom, such as polarization, frequency, time, path, and orbital angular momentum. This quantum effect enables a wide range of quantum information processing tasks, in particular for the measurements of optical delays and spectroscopy with the requirements for ultrahigh resolution, precision and accuracy, and experimental robustness against detrimental noise [14–17].
In the context of the applications in both metrology and sensing, the precise and demanding measurements are most likely performed as optical interference, including but not limited to Ramsey interferometry in atomic spectroscopy [18], x-ray diffraction in crystallography [19], and optical interferometry in gravitational-wave studies [20, 21]. Quantum mechanics indicates that the fundamental shot noise limit of the phase uncertainty in optical metrology based on classical resources is [image: image], where N is the number of systems used in measurement. For quantum entanglement, this standard limit can be beat as the fundamental precision limit reaches δϕ ≥ 1/N by using a maximally entangled N-photon state, i.e., the well-known Heisenberg limit [22, 23]. Thus, quantum interferometric metrology with entangled photons promises ultrahigh precision and accuracy in the phase measurement that may arise from optical delay [16, 17], spatially structured photon [24], and dephasing time [25].
Additionally, while conventional spectroscopy based on classical light is limited by shot noise, absorption spectroscopy with single photons can achieve a precision that is beyond the shot-noise limit and even near the ultimate quantum limit [26]. Therefore, quantum light provides a powerful tool to extract the spectroscopic information of target materials by using a single-photon monochromator [27] or tunable frequency-correlated photons [26], which may be particularly relevant for photon-sensitive biological and chemical samples [25]. In order to tackle the experimental issues, quantum Fourier spectroscopy is presented as an alternative route [14, 28, 29]. In analogy to classical Fourier transform between time and frequency domains, the spectral and temporal degrees of freedom of biphoton wavefunction can also be connected by a Fourier transform [30]. Thus, quantum interferometric spectroscopy enables us to extract the spectroscopic information from the temporal pattern of quantum interference, but without the usual requirement for flexible single-photon monochromator or paired photons with tunable and narrow spectral distribution.
As an alternative route toward temporal measurement and spectroscopy, quantum interferometric metrology with entangled photons provides great advantages in resolution, precision, and time efficiency. Typically, the conventional interferometric approaches based on classical light, such as Mach–Zehnder interferometer, are known as first-order interference, which is extremely subject to environmental noise and photon loss. On the contrary, the HOM interference based on quantum light is not affected by variations in the optical phase, even when the fluctuations of path length difference are on the order of the wavelength [31]. This feature has resulted in proposals for quantum interferometric metrology with provable advantages in the robustness against noise and loss [32, 33], such as the cancellation of some deleterious dispersion effects [31, 34]. Although photon wave packets are generally broadened and delayed when they transmit through the dispersive optical elements, the corresponding dispersion is balanced in both arms of the HOM interferometer. Assisted by coincidence measurement made with entangled photon pairs, the observed interference pattern can be free of such dispersive behavior [35, 36]. These results may indicate a new direction toward fully harnessing quantum interference in practical quantum metrology.
In this review, our aim is to present the theoretical and experimental progress in the investigation of quantum interference with entangled photons and their applications in the field of quantum metrology. Emphasis is placed on the preparation of energy-time entanglement and its relevant applications in temporal measurement and spectroscopy.
This review is structured as follows: In Section 2, we discuss the creation of quantum entanglement, which is used as the probe in quantum interferometric metrology, in particular, the exploitation of energy-time entanglement. In Section 3, we review the experimental implementation and practical applications of HOM interferometry with ultrahigh timing resolution, regarding the enhancement of HOM interferometry by using discrete frequency entanglement and applications in the exploration of superluminal speeds of structured light and dephasing time of the molecular properties in biology and chemistry. In Section 4, we review the quantum interferometric spectroscopy with quantum entanglement and its applications in single-photon and two-photon absorption spectroscopy. Section 5 contains the conclusion and an outlook.
2 ENTANGLEMENT SOURCE
Since this work focuses on the quantum interferometric metrology with entangled photons, we first introduce the concept and generation of quantum entanglement, whose specific properties enable the intriguing quantum interference that goes beyond the possibilities of classical physics.
In the set of a quantum system consisting of n subsystems, the Hilbert space of the whole system is the tensor product of the subsystem spaces, namely, [image: image]. As a direct result, the basis can be written as a superposition state in the form of
[image: image]
where |i1,…,n⟩ represents the specific state of the individual subsystems. We consider a more general case as a multipartite system A1, A2, …, Am. Typically, their many-body states can be divided into two classes: entangled states and separable states. One calls a state of m systems entangled if it cannot be written as a convex combination of product in the form of
[image: image]
In contrast, if the state can be decomposed into the tensor products of subsystems, one calls it separable [37–39]. Intuitively, the entangled state is a prototypical quantum phenomenon that lacks any counterpart in classical physics or simulation by classical correlations [1, 40–42]. This work focused on the two-photon entanglement in the bipartite systems with a Hilbert space H = H1 ⊗ H2. The complete Bell basis in this state space can be expressed by the well-known Bell states as
[image: image]
These Bell states have interesting properties [43–45].
This intriguing quantum entanglement is an enabling resource for a large number of practical applications, including but not limited to quantum information processing [46–51], quantum metrology [8–12], and quantum simulation [52–55]. Therefore, an efficient source of entangled photons has long been hailed as an essential prerequisite in the quantum mechanic’s toolkit. Among these available technologies, the spontaneous parametric down-conversion (SPDC) process in nonlinear materials is most commonly used in practice, which provides advantages in fiber coupling efficiency, entangled photon pair generation rates, and entanglement fidelity and flexibility [56–61]. In an SPDC process, a pump photon with high energy would spontaneously decay into signal and idler photons, which can be tailored to exhibit entanglement in various photonic degrees of freedom. For example, as the signal and idler photons are created simultaneously, the time entanglement is an inherent property of the down-converted photons generated by the SPDC process. The spontaneous down conversion ensures the time correlation between signal and idler photons, while the coherent temporal modes of pump lasers enable the nonlocal correlation. Thus, the time entanglement has been verified through the violation of Bell inequality by using the Franson interferometer [62, 63] and enabling the applications in quantum information processing [64–66]. In addition, since the frequency bandwidth of the pump laser is much narrower than that of the down-converted photons, the frequency entanglement arises quite naturally as a direct result of energy conservation. More specifically, the central frequencies of down-converted signal, idler, and pump photons satisfy the energy conservation as ωs + ωi = ωp, which directly indicates the spectral correlation of entangled photons. Backed by the coherent spectral modes of pump lasers that enable the nonlocal correlation, the violation of Bell inequality in the frequency domain has been verified [67].
2.1 Generation of quantum entanglement by spontaneous parametric down conversion
In particular, the quasi-phase matching in the SPDC process has a strict requirement for polarization states of pump, signal, and idler photons. Thus, polarization entanglement can be generated using elaborate configurations such as polarization Sagnac interferometer and crossed-crystal scheme. In order to implement a polarization entanglement source with ultrahigh brightness, we use the SPDC process with collinear type-0 quasi-phase matching, which has resulted in the highest photon pair generation rates reported to date [68]. However, the spatial modes of down-converted photons overlap completely, these type-0 sources typically require wavelength distinguishability to route photons into distinct spatial modes for independent manipulation. Consequently, these frequency-distinguishable signal and idler photons are inapplicable for quantum information process applications that require indistinguishable photons, such as HOM interference. This leads to a question of the utmost importance: How can we generate identical entangled photons that are separated in opposite spatial modes with ultrahigh brightness. By superimposing four pair-creation possibilities on a polarization beam splitter, pairs of identical photons are separated into two spatial modes as a direct result of time-reversed HOM interference and without the usual requirement for wavelength distinguishability or noncollinear emission angles [69]. More specifically, while the typical HOM interference states the fact that identical photons that arrive simultaneously on different input ports of a beam splitter would bunch into a common output port, time-reversed HOM interference states that the superposition of two-photon quantum states that arrive simultaneously on difference input ports of a beam splitter would deterministically anti-bunch into distinct output ports. This intriguing interference effect enables the deterministical separation of identical photons into distinct spatial modes without any requirement of photons’ distinguishability and phase stability. The resultant polarization entanglement is in the form of
[image: image]
where |H⟩ and |V⟩ represent the horizontal and vertical polarization, respectively. By combining the benefits of the phase-stable polarization Sagnac sources and highly-efficient crossed-crystal sources, we generate wavelength-degenerate photon pairs around the center wavelength of 810 nm with a Bell-state fidelity of 99.2% and detect a pair rate of 160 kcps per mW of pump power. Furthermore, we believe that our source can yield entangled photon rates in excess of 107 pairs per second for pump powers readily attainable using compact laser diodes. These polarization-entangled photons have been widely used in HOM interferometry, where polarization correlation is used to deterministically route paired photons into distinct spatial modes such that these identical photons can arrive on different input ports of a beam splitter.
To fulfill the requisites of specific applications, ultrabroadband biphotons can yield a high flux of nonoverlapping biphotons with ultrahigh brightness, which is essential for making quantum entanglement in nonclassical applications such as entangled-photon microscopy, quantum spectroscopy, and optical coherence tomography. To tackle this issue, adaptive modulation in quasi-phase-matched nonlinear gratings that have a linearly chirped wave vector is used to generate ultrabroadband biphotons with a spectral bandwidth of 300 nm, which results in the observation of ultranarrow HOM dip with a full width at half maximum of 7.1 fs [70]. Another approach to control the spectral structure of photon pairs is based on the SPDC process in microstructured fibers. Specifically, by fabricating fibers with design dispersion, the photons’ wavelengths, joint spectrum, and quantum entanglement can, thus, be manipulated [71]. In particularly, photon pairs with no spectral correlations are produced that allow direct heralding of single photons in pure-state wave packets without filtering. As the theoretical analysis and preliminary tests suggest that 94.5% purity is possible with a much longer fiber, an experimental purity of (85.9 ± 1.6)% has been achieved.
Additionally, photon pairs entangled in multiple properties have remarkable advantages, such as increasing the information capacity for quantum communication [72–74], implementing the complete Bell state measurements for superdense coding or larger quantum states can be transmitted in quantum teleportation [46, 75], enhancing the fidelity of mixed entangled states in entanglement purification [76, 77], and increasing the state space for multiphoton entanglement and quantum computing [78, 79]. Hence, it is of great significance to design wieldy and practical strategies to harness hyperentanglement. In analogy to polarization entanglement based on time-reversed HOM interference. we use the experimental configuration to generate and characterize the hyperentanglement in polarization and discrete frequency degrees of freedom [80], which can be written as
[image: image]
In the characterization process, we first measure two-photon correlation in two mutually orthogonal polarization bases, yielding visibilities that imply lower bounds on the Bell-state fidelity and concurrence as Fp ≥ 0.979 and Cp ≥ 0.958 in the polarization degree of freedom. However, as a result of the difficulty of a mutually unbiased measurement in the frequency domain, the verification of entanglement in the discrete frequency subspace is more elaborate. While the nonlocal measurement of the frequency-entangled states is difficult without the assistance of a nonlinear optical process and a time-resolved measurement, we use spatial beating in HOM interference to quantify the frequency entanglement. By scanning the time of arrival of one of the photons incident on the HOM interferometer, the interference pattern manifests itself in sinusoidal oscillations of the interference fringes within a Gaussian envelope as a function of relative time delay [81]. This coincidence probability can be modeled as
[image: image]
where Vω is the interference visibility, τ is the relative arrival time delay of two photons at the beam splitter, τc is the single-photon coherence time that equals the base-to-base envelope width, and μ = |ω1 − ω2| is the detuning of two well-separated frequency bins. Thus, under the assumption that energy is exactly conserved in the SPDC process, the lower bounds on the Bell-state fidelity and concurrence are Fp ≥ 0.971 and Cp ≥ 0.942 in the frequency degree of freedom. These measured high fidelities in both the polarization and frequency subspace indicate the presence of hyperentanglement, which allows proof that high-dimensional entanglement has indeed been produced in our setup via hyperentanglement. Different from the general HOM dip, quantum interference of frequency entangled photons exhibits periodic oscillation within the coherence time envelope. This feature provides an alternative route toward ultra-precise HOM interferometry using superpositions of two well-separated and entangled discrete frequency modes and coincidence detection on the bi-photon beat note [17].
2.2 Generation of quantum entanglement by atomic four-wave mixing
In addition to the widely used SPDC process, atomic four-wave mixing is an alternative route toward the creation of entanglement with high efficiency and brightness [82]. Up to date, a large wide range of theoretical research works and experimental implementations have been explored, including the generation and verification of biphotons entangled in polarization [83], orbital angular momentum [84], and time-frequency [85]. In this work, we focus on the energy-time entanglement of narrow-band biphotons that is used for quantum interferometric metrology. For example, the direct characterization of energy-time entanglement is produced from spontaneous four-wave mixing in cold atoms, where the Stokes and anti-Stokes two-photon temporal correlation is measured by using commercially available single-photon detectors with nanosecond temporal resolution, and their joint spectral intensity is characterized by using an optical cavity with a narrow linewidth of 72 KHz. As a direct result, the joint frequency-time uncertainty product of 0.063 ± 0.0044 is verified, which violates the separability criterion and satisfies the continuous variable Einstein–Podolsky–Rosen steering inequality [85]. Thus, the energy-time entanglement generated by using the atomic four-wave mixing can provide a significant advantage in enhancing the resolution, precision, and accuracy in quantum metrology.
Additionally, as a direct result of the ultranarrow bandwidth, the quantum entanglement generated by using the atomic four-wave mixing has the potential to be used in the storage of quantum qubits. For example, the entanglement of a 795 nm light polarization qubit and an atomic Rb spin-wave qubit for a storage time of 0.1 s is observed by measuring the violation of Bell’s inequality [86, 87]. On the other hand, these narrowband photons can be used in the measurement of absorption spectroscopy of biological and chemical molecules, and the detection of trace molecular species [88, 89].
2.3 High-dimensional entanglement by adaptive modulation
In addition to two-dimensional entanglement, high-dimensional entanglement is currently one of the most prolific fields in quantum information processing and quantum metrology [42, 72–74, 90, 91]. For example, photon pairs entangled in high dimensions provide the advantages of improving noise resilience and speeding up certain tasks in photonic quantum computation [65, 92, 93]. Although several physical properties of photons can be used to directly encode high-dimensional entanglement, such as orbital angular momentum, time-energy and path, the exploitation of high-dimensional spatial coding has strict requirements on the quality of optical wave-fronts and shaping for generation and measurement. In this work, we focus on time-energy entanglement because it is intrinsically suitable for long-distance transmission in fiber and free space and quantum spectroscopy. As an essential prerequisite, the versatile manipulation and characterization of frequency entanglement, however, poses an ongoing challenge. In particular, the required number of measurements for the task of full quantum state tomography of high-dimensional entanglement in a large state space would increase exponentially versus the dimensions, which is one of the fundamental but important problems concerning entanglement. We use spatial beating of HOM interference with polarization-frequency hyperentangled photons to discretize continuous and broadband spectra into a series of narrow frequency bins [94]. Since the incident entangled photons is in the form of polarization-frequency hyperentanglement, the HOM interference transforms the state into
[image: image]
where [image: image] represents the frequency-entangled state produced in opposite (identical) spatial modes. It is obvious that the bi-photon components [image: image] would diminish the visibility, which significantly limits its applicability in quantum interference. In order to tackle this issue, we eliminate the detrimental bunched photon events by exploiting the anti-correlation in the polarization state, i.e., using polarizers to filter a single non-vanishing term [image: image]. Due to the normalized coincidence probability that expressed as
[image: image]
where f(ω1, ω2) is the Gaussian spectral amplitude function that fulfills the normalized condition, it indicates that the anti-bunched photons are entangled in the frequency domain as
[image: image]
where m denotes the number of dimensions, Aj is a probability amplitude, ϕj is a phase-offset, [image: image], [image: image], pj is a balance parameter, and ωj + ωm−j = ωp that satisfy the energy conservation. Moreover, we also show that the HOM interference can be used to characterize high-dimensional frequency entanglement, namely, the measurements of fringe spacing of the observed interference pattern allow us to extract specific parameters for quantifying the high-dimensional entanglement. Thus, the generation and characterization of two-, four-, and six-dimensional frequency entangled qubits are theoretically and experimentally investigated, allowing for the estimation of entanglement dimensionality in the whole state space. These results indicate that the spectral and temporal domains of biphoton wave functions can be linked by using HOM interference, which provides an alternative platform for the implementation of quantum interferometric spectroscopy.
The generation, manipulation, and detection of photons that are entangled in frequency, time, and polarization degrees of freedom provide powerful tools for a variety of practical applications. Next, we present several prototypical applications in quantum metrology by using these entangled states.
3 HONG–OU–MANDEL INTERFEROMETRY WITH ULTRAHIGH TIMING RESOLUTION
Hong–Ou–Mandel interference was first experimentally verified by Chunk Ki Hong, Zhe Yu OU, and Leonard Mandel in 1987 [13]. It shows a quantum phenomenon that identical photons arriving simultaneously on different input ports of a beam splitter would bunch into a common output port as a direct result of bosonic nature. We consider a basic model of two-photon HOM interference, as shown in Figure 1A. The incident two-photon state can be expressed as
[image: image]
where [image: image] and [image: image] are creation operators in mode a and b, |vac⟩ denotes the vacuum state. Then these photons arrive at a beam splitter simultaneously. The evolution of a state on the beam splitter with reflectivity η can be modelled with a unitary operator [image: image], which acts on the creation operators as follows
[image: image]
Thus, the combined two-photon state interferes on the beam splitter, and the corresponding output state is
[image: image]
For a typically balanced beam splitter, η = 1/2, and the output state is transformed to
[image: image]
whose visualization is shown as Figure 1B. Since two photons are completely indistinguishable after the beam splitter, it indicates that the second and third terms in Eq. 13 can be cancelled out. Thus, Eq. 13 is simplified to
[image: image]
In the experimental implementation of HOM interference, we choose to detect the coincidence probability between the opposite spatial modes, which corresponds to the events that entangled photons bunched into different output ports of the beam splitter. Thus, quantum theory predicts that the coincidence probability of HOM interference would decrease to zeros when and only when the two incident photons are completely indistinguishable, i.e., the well-known HOM dip.
[image: Figure 1]FIGURE 1 | (A) Two photons interfere on a beam splitter. After the interaction on the beam splitter, the photons in opposite spatial modes are detected by single photon detectors. (B) Diagram showing four different cases for two photons to interact on a balanced beam splitter, wherein the relative phase is revealed by the signs. If these two photons are completely indistinguishable, the second and third terms can be cancelled out. (C) Taking temporal distinguishability into consideration, it is allowed to tune the level of distinguishability by changing the time delay between two photons with finite bandwidths. (D) The coincidence probability of HOM interference as a function of the relative time delay. Typically, the coincidence counts are identified by using two single-photon detectors at opposite spatial modes c and d, which can be normalized to fit Eq. 15.
Next, let us consider the distinguishability in the temporal degree of freedom. Since the distribution of single photons in the temporal domain is within a wavepacket, its coherence time refers to the time over which the photon may be considered coherent, which means that its average phase is predictable. By controlling the imbalance between two paths of the HOM interferometer, a relative time of arrival of one of the photons incidents on the beam splitter can be introduced and parameterized by the time delay τ. This manipulation of the temporal delay between the entangled photons is able to tune their level of distinguishability, which corresponds to two indistinguishable photons, partially distinguishable photons and distinguishable photons, as shown in Figure 1C. As a direct result of the coherence time of single photons, the HOM interference probability manifests itself as a Gaussian envelope, as a function of the relative time delay τ, where its coincidence probability can be modelled in the form of
[image: image]
where σ is relevant to single photon coherence time that equals to the base-to-base envelope width, as shown in Figure 1D [62, 81, 95–97].
3.1 Robust Hong–Ou–Mandel interferometry for measuring optical delays
Since the single-photon coherence time is in the order of subpicosecond, HOM interferometry has been widely used in the characterization of single photon source [98–101], quantum metrology [14, 15, 32], and quantum information processing [96, 102–104]. For example, while the speed of light in a vacuum is constant, the phase and group velocities of light beams have been changed because they have finite transverse sizes [24]. In other words, the modification of the axial component of the wave vector arises from the transverse spatial confinement of the field. Generally speaking, the magnitude of the wave vector for the light with center wavelength of λ is k0 = 2π/λ, which is related to its Cartesian components {kx, ky, kz} in the form of
[image: image]
It is obvious that the optical modes of finite transverse spatial extent have nonzero kx and ky, and the resultant kz < k0 leads to a corresponding modification of both the phase and group velocities of the light. Let us consider the Bessel beam with a description of a mode within a circular waveguide, which is a prototypical example of a structured beam. In free space, Bessel beams can be prepared by using an axicon that converts a plane wave into conical phase fronts, which is characterized by a single radial component of the wave vector as kr. As a direct result, the axial component of the wave vector is obtained as [image: image]. This means the phase velocity and group velocity along z direction reads
[image: image]
By changing the beam’s transverse spatial structure, a relative delay in their arrival time is introduced. However, the reported superluminal speeds achieved with the various approaches in free space have been to data 1.00022c [105], 1.00012c [106], 1.00015c [107] and 1.111c in plasma [108]. Reports on measured subluminal speeds have been lacking and limited to delays to several micrometers over a propagation distance of [image: image] meter. This indicates that the verification of the modification of the phase and group velocities has the requirement for precise metrology with ultrahigh resolution. With the assistance of a two-photon HOM interferometer, a reduction in the group velocity of photons in both a Bessel beam and photons in a focused Gaussian beam is measured, where the delay in the magnitude of micrometers is generated between time-correlated photon pairs as shown in Figures 2A–C. Since the superliminal and subluminal speeds are changed by a very small factor, it is not easy to measure the optical delay resulting from the changes in the speed of light. To tackle this issue, a sensor with ultrahigh resolution and precision is required, namely, HOM interferometry provides a good candidate for this measurement. As shown in Figure 2B, paired photons are created by using the SPDC process in the nonlinear BBO crystal, which are routed into a balanced beam splitter from different input ports. One photon is used as a reference temporal signal, and its paired photon is transferred to structured photons using a spatial light modulator. After the transmission for a certain distance that introduces a relative path delay as a direct result of superluminal and subluminal speed, this structured photon is transferred back to Gaussian mode that enables the coupling of single mode fiber. Thus, the observation of HOM interference dip reveals the time delay, as shown in Figure 2C. Therefore, the HOM interferometer is suitable for the application in measuring optical delays between different paths even when the relative time delay reaches the magnitude of attosecond [16].
[image: Figure 2]FIGURE 2 | (A) Bessel beam can be created with an axicon, producing conical phase fronts of angle α. A ray entering a confocal telescope at radius r will travel an additional distance proportional to cos−1β. (B) Experimental setup for measuring the time delay arising from spatially structure of photons by using a ultra-precise HOM interferometry. (C) Experimental observation of the time delay for a Bessel beam. From ref. [24]. Reprinted with permission from AAAS.(D) Experimental setup for imaging spatiotemporal biphoton states with a HOM interferometer. Reprinted with permission from [109]. Copyright (2021) American Chemical Society.
In the context of quantum metrology, the simultaneous measurement of both the spatial and temporal degrees of freedom has long been hailed as an absolute necessity in quantum imaging. Since the quantum interference pattern is determined by photons’ level of distinguishability in all degrees of freedom, both the spatial and temporal properties can make contributions to the final measurement results. Inversely, it is allowed to extract the corresponding information from quantum interference results, which inspires various applications including but not limited to quantum imaging and sensing. In particular, with the combination of spatially-resolved detection implemented by single-photon cameras, quantum interference is a powerful tool for simultaneously measuring spatial and temporal information. For example, by detecting coincidence events with intensified scientific complementary metal-oxide-semiconductor cameras [109], spatiotemporal HOM interference of biphoton states is also experimentally observed, as shown in Figure 2D. Analogously, HOM interference in both spatial and temporal degrees of freedom enable us to implement a variety of applications in the field of quantum imaging, such as full-field quantum state tomography [110]. While this work focuses on the spectral and temporal domain in quantum interference, the overall scheme could also be extended to other degrees of freedom, such as orbital angular momentum, where the precise measurement of quantum information still poses a significant challenge.
In addition, the interference pattern of HOM interferometry is determined by the relative phase between two photons but is irrelevant to the global phase of single photons. Consequently, HOM interferometry can be used in applications with the requirements of dispersion cancellation, robustness against noise, and photon loss [31, 111]. For example, highly entangled states and N00N states are notoriously vulnerable to losses, which leads to the difficulty in sharing them between remote locations and recombining them for exploiting interference effects. In order to tackle this challenge, the reversed HOM interference effect is used to prepare a high-fidelity two-photon N00N state shared between two parties connected by a lossy optical medium [32]. Additionally, detector side channel attack is a notoriously hard problem in quantum key distribution. By using HOM interference between two photons coming from users, measurement device–independent quantum cryptography has been experimentally implemented. While this work focuses on the HOM interference of entangled photons created by using the SPDC process, the visibility of HOM interference is determined by the photons’ indistinguishability. In other words, if and only if the two-photon incident on a balanced beam splitter is indistinguishable in all degrees of freedom, quantum interference can be observed. The Bell state measurement based on quantum interference can passively reveal the information of the incident entanglement between the quantum state from users. Although the measurement device knows the public Bell state measurement results, it has no knowledge about the transmitted information such that the measurement device–independent quantum key distribution can be implemented. Backed by this technology, a long-distance quantum key distribution over, say, 400 km still has the potential to remain secure even with seriously flawed detectors [112–115].
3.2 Hong–Ou–Mandel interferometry on a biphoton beat note
In the context of applications in HOM interferometry for measuring the optical delays between different paths, the engineered attosecond resolution HOM interferometry by using statistical estimation theory has been experimentally implemented [16]. The ultimate limit on the precision of measurement by using quantum interference of two identical photons can be calculated as the quantum Cram[image: image]r-Rao bound, which is tied to a particular quantum probe state and has the statement as
[image: image]
where N denotes the number of independent experimental trials [16, 116, 117]. Furthermore, backed by a measurement and estimation strategy based on Fisher information analysis, the precision of HOM interferometry achieves few-attosecond scale resolutions in a dual-arm geometry. It has also been proved that the HOM measurement can recover the quantum Cram[image: image]r-Rao bound, which confirms that this measurement strategy is optimal [116, 118]. However, it is obvious that the quantum Cram[image: image]r-Rao bound of HOM interferometry is significantly limited by single photon coherence time. Thus, it has been a broad consensus that great precision in the measurement requires that photons are prepared with a large bandwidth; in particular, ultra-broadband photon sources have long been hailed as a vital prerequisite for ultra-precise HOM interferometry. For example, the precision of this scheme can be increased by using shorter nonlinear crystals in the SPDC process.
We embark on an alternative scheme for ultra-precise HOM interferometry by using two well-separated frequencies embedded in a quantum entanglement [17], namely, discrete color entanglement that can be written as
[image: image]
where [image: image] and [image: image] are central frequencies of down-converted photons, [image: image] is the difference frequency of two well-separated frequency bins, f(Ω) represents the joint spectral intensity that fulfils the normalization condition as ∫dΩ|f(Ω)|2 = 1, and |vac⟩ is the vacuum state as shown in Figure 3A. Therefore, the quantum Cram[image: image]r-Rao bound for this state on the estimation of time delays in HOM interferometry is written as
[image: image]
where [image: image] is the RMS (root mean square) bandwidth of down-converted photons, which is also relevant to their coherence lengths, as shown in Figure 3B. In order to demonstrate the viability principle of employing our HOM sensor, we performed a proof of concept experiment in which we estimate the time delay due to linear expansion of a jacket optical fiber. The created photon pairs are separated by using polarization correlation and arrive simultaneously on different input ports of a balanced beam splitter. Analogously, the photon in spatial mode 1 is used as a reference temporal signal, and its partner photon is also coupled into a single-mode fiber that is heated by a temperature controllable oven. Build on the properties of silica fibers, the optical path would be related to the temperature. Two polarization controllers are used to compensate for polarization distinguishability. As shown in Figure 3C, the normalized probability of HOM interference and shifted phase can be expressed as a function of temperature. Moreover, according to the classical estimation theory, we also prove that the measurement strategy based on HOM interferometer can also recover the quantum Cram[image: image]r-Rao bound in the case of zero loss and perfect visibility. By evaluating the Fisher information for the interference probabilities, we can determine the optimal working points and also demonstrate the experimental feasibility of this approach by detecting thermally-induced delays in an optical fiber, as shown in Figure 3C. These results prove that the use of frequency entanglement in HOM interferometry for quantum sensing can avoid some stringent conditions, such as the requirement for large bandwidth entanglement sources. Backed by these theoretical predictions and experimental verifications, both a wider single-photon frequency bandwidth and a larger difference frequency of color-entangled states can increase its achievable resolution and sensitivity.
[image: Figure 3]FIGURE 3 | (A) Experimental setup for temperature sensor through the beating of frequency entanglement. (B) Two-photon HOM interference of frequency entanglement with various different frequency detunings such as 3.65 THz (7.98 nm) at a temperature of 30°C, 7.35 THz (16.08 nm) at a temperature of 50°C, 11.18 THz (24.45 nm) at a temperature of 70°C, and 17.08 THz (37.35 nm) at a temperature of 100°C. (C) Experimental demonstration of thermal characteristics of jacket optical fiber by using frequency-entangled photons with various different frequencies. Pc is the normalized probability of HOM interference as expressed in Eq. 6 [17].
3.3 Hong–Ou–Mandel interferometry for applications in biology and chemistry
In addition, since the quantum light with extremely low energy is suitable for interacting with those photon-sensitive samples, the HOM interferometry based on entangled photons can also provide a useful tool to study molecular properties such as dephasing time. Unlike other interferometric approaches based on first-order interference and simple measurement of intensity, HOM interference is not affected by variation in the relative optical phase and is strongly robust against experimental noise and channel loss. For example, a dephasing time of the organic molecular of as low as 102 fs upon coherent excitation and quantum interference with a path of entangled photons in the interferometer is extracted by using HOM interferometry as shown in Figure 4 [25]. Without inserting any molecular sample in the optical path, a well-known HOM interference pattern that agrees well with the theoretical prediction can be observed. By inserting a molecular sample IR-140 dye in the optical path, it is obvious that the observed HOM dip overall becomes narrower and gains an asymmetry on the right side, as shown in Figure 4B. Moreover, the center of the HOM dip with the sample is shifted to the left compared to the dip with the solvent. These measurement results allow extracting the information pertaining to the linear susceptibility and absorption of the studied sample. Additionally, HOM interference can be used to characterize the coherence properties of single photon source and the distinguishability of emitted single photons, which would pave the way toward quantum applications. Thereinto, single photons emitted by a single molecule are prepared for quantum networks. For example, single organic molecules that are optimized by an atomic Faraday filter are experimentally presented to create single photons whose properties have been verified by performing a number of nonclassical HOM interference measurements [119]. Thus, quantum interference has been proved to be an essential approach in the fields of biology and chemistry.
[image: Figure 4]FIGURE 4 | (A) Experimental setup for measuring the dephasing time of photons arising from its interaction with a molecular sample by using a HOM interferometer. (B) The presence of a simple refractive or birefringent material in the interferometer pathway can lead to polarization mode dispersion which degrades entanglement and causes temporal delays in the order of 100 fs. As a direct result, the normalized coincidence probability as a function of the scanning time is shifted by a time delay that corresponds to the dephasing time [25].
4 ENTANGLEMENT-ASSISTED QUANTUM SPECTROSCOPY
Absorption spectroscopy has long been hailed as an essential prerequisite for characterizing the optical properties of materials, chemicals and biological samples [10, 28, 120, 121]. Typically, a sample’s absorption spectroscopy is obtained by comparing the spectrum and intensity of the incident light and those of the transmitted light after the interaction with the target sample. While absorption spectroscopy is generally implemented by using classical light, quantum light provides an alternative route toward quantum spectroscopy with high precision and robustness against deleterious noise.
4.1 Absorption spectroscopy using quantum light
While conventional laser absorption spectroscopy is significantly limited by shot-noise due to the fundamental Poisson-distribution of photon number in laser radiation [122, 123], quantum light provides an alternative route toward precise absorption spectroscopy. In addition, quantum spectroscopy with the assistance of coincidence detection can further enhance the measurement resolution as a direct result of a high signal-to-noise ratio. We consider a general case where paired photons are prepared by using the SPDC process. The down-converted photons are separated into opposite spatial modes, referring to signal and idler photons. After the interaction between one of the paired photons with the target sample, a single-photon monochromator is used to filter the photons at a specific frequency bin. The measured number of coincidence events corresponds to the intensity of absorption at this frequency. By scanning the monochromator, the whole absorption spectrum can be achieved. In this process, the single photon count is Ss,i = ηs,iP, where P is the number of photon pairs generated by the entanglement source, ηs,i represents the quantum efficiency of the detectors at signal and idler channel, respectively. Thus, the expected number of two-fold coincidence is proportional to the probability of joint detection in the opposite spatial modes as
[image: image]
The accidental coincidence counts arises from the overlap of uncorrelated photon counts within the coincidence window Δt, which can be calculated by
[image: image]
where Ns and Ni are the number of noise photon counts in the signal and idler channel. In conventional transmission spectroscopy, the transmission spectrum is obtained directly from single photon counts, and its signal-to-noise ratio for the transmission spectroscopy is given by SNRT = ηsP/Ns. For the quantum spectroscopy based on coincidence detection, the signal-to-noise ratio is given by SNRQ = R(ωs)/RN = ηsηiP/NsNiΔt, where it is assumed that NsNi ≫ SsNi or NsSi. The contrast of these two signal-to-noise ratios is written as SNRQ/SNRT = ηi/NiΔt, which indicates that quantum spectroscopy can provide provable advantages by using high-efficient, low-noise single-photon detectors, and the narrow coincidence window. This scheme has been used to measure the spectroscopic propertied of the YAG: Er3+ crystals [124] and plasmonic nanostructures [27], which proves the advantages of quantum spectroscopy based on coincidence detection in experiments as shown in Figure 5A. Since the entangled photons typically contain many frequencies, namely, a large bandwidth, a grating and spatial filter are used as a tunable monochromator to select out a specific frequency, which can enhance the spectral resolution. Thus, the dynamic range is limited by the frequency shape and bandwidth of entangled photons. As an alternative method, frequency-correlated and tunable entanglement sources are presented to perform quantum absorption spectroscopy with precision beyond the shot-noise limit and near the ultimate quantum limit, as shown in [26]. The use of type-II PPKTP crystal enables the generation of frequency-entangled photons with a narrow bandwidth, where the central frequency can be controlled by tuning the phase to match the temperature of the PPKTP crystal. Thus, by scanning the phase matching temperature, the absorption spectroscopy of the studied sample is achieved without any requirement of frequency filters. These theoretical and experimental investigations show that single photons are the optimal probes for absorption spectroscopy, and quantum-enhanced spectroscopy can achieve great performance that is beyond classical physics.
[image: Figure 5]FIGURE 5 | (A) Quantum spectroscopy setup based on coincidence detection of entangled photons and single photon monochromator for selecting out a specific frequency, and the conventional transmission spectroscopy by using classical light [27]. (B) Experimental setup for sub-shot-noise spectroscopy by using tunable frequency-entangled photons. (C) Sub-shot-noise absorbance spectra ofHbO2 and HbCO [26].
4.2 Entanglement-assisted absorption spectroscopy
However, the excess noise and thermal loss channel can make changes in the transmission ratio, the conventional method is susceptible to experimental imperfection, which limits its precision and resolution. In addition, since the resolution is determined by the bandwidth of down-converted photons, it has been a broad consensus that single photons with narrow frequency bandwidth enable us to obtain a higher spectral resolution. In contrast, generating spectrally narrow photons would reduce the brightness of the entanglement source, which inversely imposes an ultimate limit on the precision. In order to tackle this issue, entanglement-assisted absorption spectroscopy is presented [34]. It uses a source of multichromatic frequency-entangled photon pairs prepared by the SPDC process as the probe, and the photon detection after optical parametric amplification is used at the receiver side. Consequently, a maximum likelihood estimation strategy on the statistical analysis is sufficient for extracting the spectral distribution. This scheme has been theoretically proved that it can achieve an error probability orders of magnitude lower even than the optimal classical systems. In particular, it is also robust against noise and loss as a direct result of the optical parametric amplifier on entangled photons. Nevertheless, the complexity and efficiency in the experimental implementation of optical parametric amplifiers still face significant technological challenges.
Then, we present a robust and efficient entanglement-based absorption spectroscopy by using one of the entangled photons to interact with the target absorptive sample and exploiting the HOM interference at the detection side as shown in Figure 6 [125]. In our experiment, we use a pair of type-0 PPKTP crystals that are pumped with a ultra-narrow pump, broadband frequency entanglement arises quite naturally following the energy conservation. In order to tackle the issue of separating indistinguishable photons to distinct spatial modes, the two nonlinear crystals are placed in horizontal and vertical direction such that the emission |H⟩ → |HH⟩ in the first crystal and |V⟩ → |VV⟩ in the second crystal are generated with equal probability. Then, a half wave plate and a polarizing beam splitter are used to route paired photons into two input ports of a HOM interferometer. The nonclassical interference of frequency entanglement is observed by scanning the relative arriving time of paired photons. As shown in Eq. 6, the oscillation period in the interference pattern is determined by the frequency detuning. It is allowed to extract the spectral distribution from the HOM interference results by directly using nonlinear curve fitting. For an instructive means of understanding, this approach can be considered as a quantum version of spectral analysis, which decomposes the complex periodic vibration into a series of simple harmonic motions. Accordingly, the absorption spectra can be obtained from this spectral decomposition. As shown in Figure 6B, the observed HOM interference exhibits asymmetric patterns, which is relevant to the specific spectral distribution. By comparing the spectrum before and after inserting the studied samples (the black and red curves), it is able to extract the corresponding information about the absorptive spectroscopy. This entanglement-based absorption spectroscopy with the assistance of HOM interference has the potential to provide advantages in the robustness against detrimental noise and the measurement precision and accuracy.
[image: Figure 6]FIGURE 6 | (A) Experimental setup for entanglement-assisted absorption spectroscopy by using HOM interference. (B) The experimental reconstruction of the spectra of two optical microcavities at resonance wavelengths of 806 and 810 nm. The colorful lines represent the interference patterns of sub-entanglement with various frequency detunings. Since the whole spectra are sampled by averaging them within each of m = 13 frequency bins, and they satisfy the strict energy conservation as a direct result of the exploitation of the pump with ultranarrow frequency linewidth, the resultant 7 pairs of subentanglement with frequency detunings μ = 0 THz, μ = 3.2THz, μ = 6.5 THz, μ = 9.7 THz, μ = 12.9 THz, μ = 16.2 THz and μ = 19.4 THz. Reprinted with permission from ref. [125]. Copyright (2022) by the American Physical Society.
Beyond its application appeal, our approach indicates a fundamental link between spectral and temporal degrees of freedom of biphoton wavefunction [94]. As the normalized coincidence probability of HOM interference is expressed as Eq. 8, which equals to
[image: image]
and it corresponds to the second-order correlation function in the form of
[image: image]
which can be considered as a two-photon temporal signal. The difference-frequency spectrum intensity of biphoton state can be defined as
[image: image]
It is obvious that the second-order temporal correlation and the difference-frequency spectrum intensity can be connected by performing a Fourier transform. As a direct result, this approach has a variety of potential applications, such as quantum interferometric spectroscopy [29, 30, 128] and spectral-domain quantum coherence tomography [97, 129].
4.3 Two-photon absorption by using entangled photons
Additionally, quantum interference with entangled photons also provides a powerful tool toward two-photon absorption spectroscopy, which has been widely used in many disciplines, including but not limited to photoluminescene polymer and light-harvesting photosynthetic complexes [130, 131]. While laser light is typically used in absorption spectroscopy, quantum light provides new and exciting avenues in this regime [34, 132–134]. Remarkably, as a prototypical example of quantum light that lacks any counterpart in classical physics, the exploitation of entangled photon pairs in two-photon absorption enables the observation of many fascinating phenomena, such as linear dependence of two-photon absorption rate on the photon flux [135, 136], inducing disallowed atomic transitions [137], manipulation of quantum pathways of matter [138, 139], and control in molecular processes [140]. However, the experimental implementation of entangled two-photon absorption spectroscopy has two major technical challenges. First, it has the requirement for performing multiple experiments with two-photon states bearing different temporal correlations. Second, it has the requirement for prior knowledge of the absorbing medium’s lowest-lying intermediate energy level. In order to tackle this issue, a tunable frequency entanglement source and a HOM interferometer with controllable delay are used to detect the two-photon absorption signal [126]. The central frequencies of down-converted photons prepared by the SPDC process can be tuned by changing the temperature for phase matching in the nonlinear crystal. As discussed in Section 2, the frequency entanglement used in this two-photon absorption spectroscopy is in the form of Eq. 5. One advantage of the exploitation of type-II PPKTP crystal in the process of entanglement generation is that the central frequencies of down-converted photons can be controlled by tuning the phase match temperature. Thus, the nondegeneracy of the signal and idler photons wavelengths is parameterized by the temperature as
[image: image]
where [image: image] represents the temperature-dependent central frequencies of the photon wave packet. The controllable delay between paired photons carries all information about the electronic level structure of the absorbing medium, which can be revealed by a single Fourier transformation. As a result, the two-photon absorption signal can be expressed as
[image: image]
This result indicates that the absorption properties of the sample can be tuned by appropriately controlling the time and frequency properties of the entangled photon pairs, as shown in Figure 7A. Up to date, the linear dependence of entangled two-photon absorption rate as a function of photon-pair rate has been experimentally proved, which enables the estimation for the concentration-dependent entangled two-photon absorption cross section for Rhodamine 6G [127, 136]. The signature of energy-time entanglement and polarization dependence in the fluorescence rate has also been investigated, which demonstrates a strong dependence of the signal on the interphoton delay that reflects the coherence time of the entangled biphoton wave packet, as shown in.
[image: Figure 7]FIGURE 7 | (A) Experimental illustration of temperature-controlled quantum nonlinear spectroscopy. Reprinted with permission from ref. [126]. Copyright (2022) by the American Physical Society. (B) Experimental measured fluorescence rate of entangled two-photon absorption as a function of the SPDC photon-pair flux for different Rh6G concentrations in ethanol: 110 mmol/L (blue circles); 4.5 mmol/L (orange squares), and 38 μ mol/l (green triangles). (C) Temporal dependence of fluorescence rate of entangled two-photon absorption for a 110 mmol/L Rh6G ethanol solution and an SPDC flux of 4.2 × 107 pairs/s, as a function of the inter-photon delay. Reprinted with permission from ref. [127]. Copyright (2022) by the American Physical Society.
5 DISCUSSION
We have reviewed the non-classical phenomena as quantum interference of entangled photons, which has enabled a wide range of fundamental tests of quantum physics and pioneering applications such as quantum metrology. A number of important applications have been highlighted, such as HOM-based sensors for enhanced timing resolution and robust entanglement-assisted absorption spectroscopy. The scope of this review is limited to energy-time entanglement, which can be readily prepared by the SPDC process in a nonlinear crystal. Thus, the hyperentanglement in temporal and spectral degrees of freedom arises quite naturally as a direct result of energy conservation. Since the quantum interference pattern is determined by the level of photons’ distinguishability, the temporal and spectroscopic information can be extracted from interference patterns by using maximum likelihood estimation or Fourier transform. Additionally, the correlation of entangled photons has great potential to be used in studying the structure of complex molecular systems. By tuning the different frequencies and relative time delay between paired photons, both the spectral and temporal properties of two-photon absorption in a molecular sample are investigated. Therefore, quantum interferometric metrology with entangled photons provides a powerful tool to extract the temporal and spectroscopic information about the dynamics and structures of complex systems, ranging from spatially structured photons, optical materials, and biological and chemical samples, which is particularly relevant to those photon-sensitive samples.
Armed with quantum interferometric metrology based on entangled photons, these new techniques would inspire the development of quantum information processing and quantum metrology to reach a higher level. We also expect the techniques reviewed in this work can be applicable for more scenarios in future quantum applications and make near-term experimental demonstration possible.
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