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Three-dimensional polymorphic beams (3D PBs) with arbitrary 3D curves have drawn
increasing attention. In this paper, we introduce the concept of phase gradient parameter
(PGP) to describe the accumulation of phase along the curvilinear trajectory of a PB. To
determine the magnitude and sign of the integral and fractional PGP of 3D PBs, we present
an effective method called slightly defocused interference (SDI). The idea is based on the
coaxial interference of two polymorphic beams of the same shape but various PGP. One of
the interfered beams is slightly defocused, enabling the identification of the sign of the PGP.
The efficiency of the reported method has been demonstrated with numerical simulations
and experimental measurements by applying it to determining the PGP of various types of
polymorphic beams. The results show high quality, indicating great potential in the
applications of beam shaping.

Keywords: phase gradient, vortex beams, topological charge (TC), polymorphic beams, orbital angular
momentum (OAM)

INTRODUCTION

Vortex beams (VBs), with spiral wavefront and well-defined orbital angular momentum distribution,
have been serving as powerful tools in many fields [1-3]. Recently, three-dimensional polymorphic beams
(3D PBs) have been proposed, advancing the symmetric vortex beam to freestyle 3D beams with arbitrary
intensity trajectory [4, 5]. Due to the high-intensity gradient and programmable phase gradient, 3D PBs
have inspired widespread applications, especially in the study of multi-particle dynamics in optical traps
[6, 7]. In this case, the phase gradient of 3D PBs plays a critical role in the beams’ focusing properties,
further the optical force to drive the particle moving along the trajectory. To describe the phase gradient of
3D PBs, we introduce the concept of the phase gradient parameter (PGP). For the PBs with closed curve
trajectories, such as ring-shaped beams, the phase accumulation is 2 times the PGP. In this case, the PGP
is the well-known topological charge (TC) [7]. It is of significance to precisely determine the PGP of 3D
PBs. Methods based on interference or diffraction have been reported for determining the TC of VBs
[8-10]. The diffraction methods often use diffractive elements, such as triangular apertures [11],
cylindrical lens [12, 13], and parabolic-line linear grating [14-16], to measure circular symmetric
VBs. While the interference methods are mainly divided into two categories: self-interference and
reference beam interference. The typical self-interference method is using Mach-Zehnder interferometer
[17, 18]. By investigating the interference pattern of the vortex beam and its conjugate beam, the sign and
the magnitude of the TC can be resolved. Utilizing a plane or spherical reference beam to interfere with a
vortex beam is also a very popular method [19-21]. However, these methods are limited to VBs with two-

Frontiers in Physics | www.frontiersin.org

1 April 2022 | Volume 10 | Article 893133


http://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2022.893133&domain=pdf&date_stamp=2022-04-13
https://www.frontiersin.org/articles/10.3389/fphy.2022.893133/full
https://www.frontiersin.org/articles/10.3389/fphy.2022.893133/full
https://www.frontiersin.org/articles/10.3389/fphy.2022.893133/full
http://creativecommons.org/licenses/by/4.0/
mailto:yansheng.liang@mail.xjtu.edu.cn
mailto:ming.lei@mail.xjtu.edu.cn
https://doi.org/10.3389/fphy.2022.893133
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2022.893133

Yun et al.

dimensional (2D) simple intensity patterns. It is an ongoing task to
simultaneously determine the magnitude and sign of integral and
fractional PGP of 3D PBs. As far as we know, no method to this issue
has been reported. In this Letter, we present an enhanced
holographic approach termed slightly defocused interference
(SDI) to simultaneously determine the PGP of 3D PBs with high
precision.

SLIGHTLY DEFOCUSED INTERFERENCE
METHOD

We employed the holographic beam shaping technique reported
by Rodrigo JA et al. [4, 5] to generate 3D PBs with specially
prescribed intensity distribution and well-defined orbital angular
momentum distribution. The complex amplitude of a PB satisfies

T
fﬂﬂ=%L¢mﬂwnmdet 1)

In Eq. 1, r = (x, y) is the spatial coordinates at the input plane.
c5(8) = (xo(1), yo(1), zo()) denotes a 3D curve with (xo, yo, zo) being
the Cartesian coordinates. L = J N lc5(1)|dt represents the length

of the curve with |c3(¢)| = \/[xé)(t)z] + [y(')(t)z] + [20(£)?], where
x'o(t) = dxo(8)/dt, ¥'o(t) = dyo(t)/dt, 2'o(t) = dzo(2)/dt. The terms
é(r, t) and o(r, 1) satisfy the following relations
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where t € [0, T], S(t) = j; [x0 (7) y0(T) = yo (T)x0(7)]dz. A and f
represent the wavelength and the focal length of the Fourier
lens, respectively. p is a constant, and m is the phase gradient
parameters. For the closed PBs, the phase accumulation is 2nm
and the PGP can be understood as the TC. To generate the 3D
PBs using a phase-only SLM, we employed the complex-
amplitude coding algorithm reported by Bolduc [22]. Based
on this algorithm, the hologram addressed to the SLM is
written as

p(rt) = exp(in 2o (t)), (3)

H(x,y) = M((prelg (‘x’ y) - ﬂM)’ (4)

where M = 1+sinc71[Arelg(x, y)]/m is the modulation function,
Preig(%, ¥) is a total relative phase, Areg(x, y) is the relative field
amplitude.

The SDI scheme is based on the interference between two PBs
with the same intensity curve, but different PGP. The target beam has
the expected PGP values, and the reference beam, however, has the
PGP of zero and is slightly defocused. The Fresnel lens phase ¢ ¢ is
used to control the convergence of the reference beam, written as

_27h(x* + y?)

PLens = Af! (5)
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Here, \ is the wavelength, f' is the focal length of the Fresnel
lens, h is the defocusing distance from the focal plane. By setting
an appropriate value of h, the reference beam will be slightly
defocused with respect to the target beam. As an illustration, we
used a PB with a ring trajectory by setting the parameters of the
target beam as follow: xo(f) = Rocos(t), yo(f) = Rosin(f), Rg =
300um, and m = 10 (Figure 1E), and verified the performance of
the SDI method in determining the PGP by simulation. The
interference field between the target and reference beams can be
expressed by

E= exp(i(PPB,m) +C eXp(i(PPB,O + P ene)- (6)

Here, C is a constant for adjusting the amplitude of the
reference beam, ¢pp,, and ¢ppy denote the complex
amplitude-coded phase (Figures 1A,B) for generating the
target ring-shaped beam with m = 10 (Figure 1E) and the
reference ring-shaped beam with m = 0. The slightly
defocused reference beam as shown in Figure 1F. By directly
calculating the argument of the optical field E, i.e., Arg(E), the
complex amplitude-coded phase holograms (Figures 1C,D) to be
displayed on the SLM for generating the interference patterns
with m = 10 (Figure 1G) and m = —10 (Figure 1H) are obtained.
The slight defocusing enables the determination of the sign of the
PGP. We can see that the interference patterns are divided into 10
fringes, equal to the magnitude of PGP of the target PB. Figure 11
shows the azimuthal intensity profiles of the interference patterns
with the dotted lines in Figures 1G,H are the start point. The red
and the blue curves (Figure 1I) both show periodic curves with a
period of 211/10 for m = 10 and —10, respectively, proving that the
magnitude of PGP is 10.

Particularly worth mentioning is that the sign of PGP can be
obtained intuitively by observing the arrow-shaped fringes’
direction. As indicated by the pink arrows shown in the inset
of Figures 1G,H, when PGP > 0, the pointed end of the “arrow” is
along the clockwise direction. In comparison, it is
counterclockwise for PGP < 0. Therefore, by appropriately
setting the parameter C and the lens phase ¢, the sign of
the PGP can be precisely determined.

EXPERIMENTAL SETUP

As shown in Figure 1], a 532 nm laser first passed through a beam
expander consisting of Lenses 1 and 2. Then the beam illuminated a
phase-only SLM [the resolution is 1920 x 1080, Pluto-NIR-II
(HOLOEYE Photonics AG Inc, Germany)]. The complex
amplitude-coded phase hologram (Figure 1J1) was addressed on
the SLM to modulate the input beam. The modulated beam was then
reflected by the triangle reflector and relayed to the back focal plane
of Lens 5 by the 4f system consisting of Lenses 3 and 4. A spatial filter
(the aperture size is 2 mm) placed at the focal plane of Lenses 3 and 4
to block the other order diffractions except for the +first order,
including the target beam and the slightly defocused reference beam.
To register the results, we employed a camera (the resolution is 1280
x 1024 and the pixel size is 5.3 um, DCC3240M (Thorlabs,
America)) at the focal plane of Lens 5.
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FIGURE 1 | Simulation results of determination of PGP of ring-shaped beams by the SDI method. (A) phase hologram for generation of a ring-shaped beam with
m = 10. (B) phase hologram for generating a defocused ring-shaped beam with m = 0 through a Fresnel lens phase. (C,D) phase holograms for generating the
interference patterns with m = +10. (E=H) correspond to the simulated focal plane patterns generated in (A-D). The insets in (G,H) show the detail of the interference

fringes. () The azimuthal intensity profiles of the interference patterns in (G,H). Scale bar: 100 um. (J) The schematic of the experimental setup. (J1) The complex
amplitude coded hologram. (J2) The interference pattern with m = 10.

RESULTS AND DISCUSSION Figure 2, including square-shaped beam (xo(t) =
3Ropcos(t)+7Rocos(31)/20,  yo(t) = 3Rgsin(f)-7Resin(31)/20,
Figure 2A), ring-shaped beam (xo(f) = Rgcos(f), yo(t) =
Rysin(t), Figure 2B), star-like beam (xo(f) = r(f)Rgcos(t), yo(t)

We first experimentally demonstrated the SDI method in
determining the PGP of different integral 2D PBs as shown
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FIGURE 2 | Experimental resullts for determining the integral PGP of 2D PBs. The (A1-D1) in the figure respectively shows the intensity distribution of square-shaped
beam, ring-shaped beam, star-like beam, and S-like beam. (A2-D5) are the interference patterns of PBs with m =1, 10, 20, —20, Ry = 300 um, except for (D4) and (D5),

which are the interference patterns of the S-like beam with m = +15. Scale bar: 100 pm.
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FIGURE 3 | Results for determining the fractional PGP. (A) are the evolution of the interference patterns of ring-shaped Beams with m = 3.1, 3.3, 3.5, 3.7 and 3.9.
(B) Azimuthal intensity profiles of the interference patterns in (A). (C,D) are the corresponding experiment results. Scale bar: 100 pm.
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= r(t)Resin(t), r(t) = 1-cos(4t)/4, Figure 2C), and S-like beam
(Figure 2D. When the curve is nonparametric, c;(f) can be
approximated by a set of linked Bézier curves [23]). The
experimentally measured intensity distributions of these four
types of PBs are shown in the first row. The measured
interference patterns for various PGP are presented in rows
2-5. For m = 1, 10, 15, —-15, 20, and -20, the interference
fringes exhibit respective 1, 10, 15, and 20 petals along the
curve, respectively; the number of petals happens to be the
absolute value of the corresponding PGP. From rows 4 and 5,
we can find that the PGP of any two PBs in the same column has
opposite signs, as indicated by the pink arrows. Each segment
magically shows an “arrow” shape, just like a polymorphic snake,
making the interference patterns explicitly spiral out in the
anticlockwise direction (row 4, PGP > 0) or anticlockwise
direction (row 5, PGP < 0). These features allow us to readily
determine the sign of PGP. In addition, for non-closed beams
with arbitrary trajectories, such as S-like PBs (Figure 2D), the SDI
method still performs well in determining PGP.

The VBs with fractional PGP possess unique intensity
distribution and more sophisticated orbital angular
momentum modulation dimension [24, 25]. Therefore, it is of
great significance to determine the fractional PGP. The
simulation and experimental results using the SDI method
have shown high quality, making the determination of
fractional PGP a possible mission. Figure 3 shows the
numerically simulated (Figures 3A,B) and experimentally
measured (Figures 3C,D) interference results of the ring-
shaped beams with m = 3.1, 3.3, 3.5, 3.7 and 3.9 using the SDI
method. When the PGP increases gradually, one of the fringes of
the interference pattern breaks, and a fourth interference fringe
gradually appears (as indicated by the insets in Figures 3A,C.
Figure 3B is the one-dimensional azimuthal intensity profile
curves along the trajectory of the interference patterns
(Figure 3A). Denote by 0,, the angle subtended by the arc
between two adjacent valleys of the curve (yellow shaded
region in Figure 3B which corresponds to an unbroken fringe
marked with “Int”) and denote by 6., the angle associated with
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TABLE 1 | Comparison of fractional PGP measured by simulation and experiment.

Simulation Experiment

m ofrac/ oin! m’ m ofrac/ 0int m’
3.1 1.1 3.1 3.1 1.08 3.08
3.3 1.3 3.3 3.3 1.32 3.32
3.5 1.5 3.5 3.5 1.51 3.51
3.7 1.7 3.7 3.7 1.68 3.68
3.9 1.9 3.9 3.9 1.92 3.92

the arc of broken the fringes (marked with “Frac”) between two
adjacent valleys of the curve (the blue shaded region in
Figure 3B). The whole PGP can be deduced from O,./6;, +
2, or 21/0;,.

The measured results of the arc length ratio Op,/0i from
Figures 3B,D are shown in table 1. For m = 3.1, 3.3, 3.5, 3.7 and
3.9, the simulated ratios Of,./6iy are 1.1, 1.3, 1.5, 1.7, and 1.9.
Correspondingly the determined PGP are m' = 3.1, 3.3, 3.5, 3.7,
and 3.9. The accuracy of the simulated results depends on the step
size of the azimuthal intensity curve calculated by the program. In

Determining the Phase Gradient Parameter

our simulations, it was set to 10,000, making the measuring
relative error smaller than 107, In theory, the numerically
measured PGP is equal to the designed PGP. The
experimentally measured ratios Og,/0;,; are 1.08, 1.32, 1.51,
1.68, and 1.92. Therefore, the determined PGP are m' = 3.08,
3.32, 3,51, 3.68, and 3.92, respectively. Compared with the
simulation results, the experimental results showed small
deviation from the theoretical values, which is attributed to
the influence of background stray light, and the limited beam
shaping resolution. However, the measuring error is less than
0.03, demonstrating the high feasibility of the SDI method.
Importantly, the SDI method can be applied to determining
the PGP of the 3D PBs. The PBs with tilted-ring shape and
waved-ring shape are taken as examples to demonstrate the
determination of the PGP of 3D PBs. In Figure 4, columns 1
and 2 are the numerical simulation results of the 3D view of PBs
and the interference intensity profiles with m = +10, respectively.
By moving the camera in the axial direction to scan the beam, we
can record the 2D intensity images of the beam at a sequence of
axial positions. The 3D patterns are constructed with these 2D
images, as shown in columns 3 and 4. Column 5 provides the

A Tilted-ring

10

m

before the focal plane. Scale bar: 100 pm.

FIGURE 4 | Determination of PGP of 3D PBs. (A,B) Tilted-ring with m = +10. (C,D) Waved-ring with m = +10. Columns 1 and 2 are the numerical simulation results
of the 3D view of PBs and the interference intensity profiles. Columns 3 and 4 are the corresponding experimental results. Column 5 displays the beam propagated
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cross-section intensities at different axial positions before the
focal plane. Again, we can find that the light curves of the 3D PBs
are divided into 10 fringes, equivalent to the value of the PGP.
Notably, the sign is determined by the direction of the “arrows” of
the interference fringes in column 5 as theoretically predicted.
Moreover, the fractional PGP of 3D PBs can also be detected by
analyzing the intensity profile curve of the maximum projection
of the interference pattern in the z-direction.

CONCLUSION AND DISCUSSION

In conclusion, we have reported the SDI method for quantitatively
determining the integral and fractional PGP of PBs with high
accuracy. The experimental results are in good agreement with
the theoretical predictions. The SDI method holds great promise
to be a powerful tool for studying the properties of 3D PBs, and thus
great potential in applying to various fields, such as optical tweezers,
optical communications, etc.

Although the fractional PGP of 3D PBs with simple geometry
can be detected by the SDI method, for more complex-shaped
beams, such as the optical solenoid beam [26], the measurement
of the fractional PGP is still limited due to the overlap of the light
field projections in the z-direction. In future work, we will
consider the multi-angle projection to detect the PGP of the
complex-shaped beams. Recently, a deep learning method named
“VortexNet” can accurately reveal the topological properties [27].
In view of the strong performance of this method, we plan to
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