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"School of Mathematics and Statistics, Zhoukou Normal University, Zhoukou, China, “College of Mathematics and System
Sciences, Xinjiang University, Urumqi, China

In this article, issues of both stability and dissipativity for a type of bidirectional associative
memory (BAM) neural systems with time delays are investigated. By using generalized
Halanay inequalities and constructing appropriate Lyapunov functionals, some novelty
criteria are obtained for the asymptotic stability for BAM neural systems with time delays.
Also, without assuming boundedness and differentiability for activation functions, some
new sufficient conditions for proving the dissipativity are established by making use of
matrix theory and inner product properties. The received conclusions extend and improve
some previously known works on these problems for general BAM neural systems. In the
end, numerical simulation examples are made to show the availability of the theoretical
conclusions.

Keywords: BAM neural network, global asymptotic stability, dissipativity, inner product, generalized Halanay
inequalities, matrix theory

1 INTRODUCTION

The BAM neural network model, proposed by Kosko in [1], consists of neurons in two layers, the x-
layer and the y-layer. The neurons of the same layer are sufficiently interconnected to the neurons
arranged in the other layer, but neurons do not interconnect among the same layer. A useful feature
of BAM is its ability to invoke stored pattern pairs in the case of noise. For detailed memory structure
and examples of the BAM neural network, please refer to [2]. In recent years, BAM neural systems
have received significant attention due to their wide applications in a lot of fields such as pattern
recognition, image processing, signal processing, associative memories, optimization problems, and
other engineering areas [3-6].

In general, due to the limited switching speed and signal propagation speed of neuron amplifiers,
the implementation of a neural network will inevitably have a time delay. We also know that using a
delayed version of the neural network is very important to solve some motion-related optimization
problems. However, research shows that time delay may lead to divergence, oscillation, and
instability, which may be bad for BAM neural systems [7, 8]. Therefore, these applications of
the BAM neural systems with delays greatly rely on the dynamical behavior of the neural systems. For
these reasons, it is necessary to study the dynamical behavior of the neural systems with delays, and it
has been widely studied by a great number of researchers [9, 10].

In the design and analysis of neural networks, stability analysis is a very important and essential
link. As small as a specific control system or as large as a social system, financial system, and
ecosystem, it is always carried out under various accidental or continuous disturbances. After bearing
this kind of interference, it is very important whether the system can keep running or working
without losing control or swinging. For neural networks, because the output of the network is a
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function of time, for a given input, the response of the network
may converge to a stable output, oscillate, increase infinitely, or
follow a chaotic mode. Therefore, if a neural network system
wants to play a role in engineering, it must be stable.

The notion of global dissipativity proposed in the 1970s is a
common notion in dynamical systems, and it is applied in the
fields of chaos and synchronization theory, stability theory, and
robust control and system norm estimation [11-14]. Hence, itis a
special and interesting problem to study the dissipativity of
dynamical networks. Up to now, the dissipativity for several
classes of simple neural networks with delays has begun to
attract initial interest in investigation, and some sufficient
conditions have been received [15-17]. Yet, to our knowledge,
only a few articles have not been used for Lyapunov-Krasovskii
functionals or Lyapunov functionals [18-22]. In this study, a few
dissipativity conclusions have been received for BAM neural
networks with varying delays via inner product properties and
matrix theory, which are different from the neural systems’ model
investigated in [23, 24].

Inspired by the previous discussion, the global asymptotic
stability and dissipativity of BAM neural systems with time
delays are investigated. Some new criteria to ensure the
dissipation and stability of the BAM neural system are received.
Compared with the previous results, our main results are more
general and less conservative. The innovations of the study are at
least the following aspects.

1) The BAM neural network model studied in this article has a
time-varying delay.

2) In our article, the nonlinear activation functions we assumed
are not differentiable and bound.

3) In this article, the sufficient conditions for the dissipativity of
BAM neural networks with time-varying delay are obtained
by using only the inner product property and matrix theory.

4) Moreover, the global attraction sets, namely, positive invariant
sets, are obtained.

The structure of the article is organized in the following. The
model description and some preliminary knowledge with some
necessary definitions and lemmas are given in Section 2. In
Section 3, by constructing Lyapunov functionals, we discussed
the global asymptotic stability for the equilibrium point of
delayed BAM neural systems. Some sufficient criteria are
obtained and discussed to guarantee the global dissipativity by
using inner product properties in Section 4. Two examples and
their simulation conclusions are provided in Section 5. In the
end, some results are reached in Section 6.

2 PRELIMINARIES

Notations: In this article, let R” be a Euclidean space with the
inner product <x,y> = y'x and the norm |x|,, = V<% x>,
where x = (x1,%2, ..., %) and y=nye--- ,yn)T € R". The
matrix norm is [|All, = VAmax (ATA) for A € R™", where
Amax(ATA) denotes the maximum eigenvalue of ATA. A in(A)
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denotes the minimum eigenvalue of A. A > 0 denotes that matrix
A is symmetric positive definite. E is a unit matrix.

In this article, the model of delayed BAM neural networks is
investigated.

{x(t)=—Ax(t)+Cf(y(t))+§f(y(t—r))+1, W
y(#)=-By(t) + Dg(x(t)) + Dg(x(t - 0)) + ],

fort > 0, x(t) = (x1(t), x2(t),... ,xn(t))T represents neuron in
the first layer at time f, and y(f) = (yl(t),yz(t),...,yn(t))T
represents neuron in the second layer at time t; A = diag (a;, a,,
... ay) and B = diag (by, by, ..., by,), in which a; > 0 and
bj>0(i,jeI ={1,2,...,n}) denote passive decay rates,
respectively;  C = (Cij)uxw D = (dij)nsns C-= (Cij)nsenr and D=

(dji)uxn are synaptic connection strengths; f(y(t)) =
F1i O 22 os fu(a ()" and g(x(t) =
(g1 (x1 (), g2 (x2(£)), - - ., Gu (2 O)E denote nonlinear

activation functions; I= (I, 15, ..., L) T= U1, T2 s Jn)"
represents the external inputs to the neurons; 7=
(T1,T25- -+ T,,)T, 0=(01,02,..., an)T which are required for
axonal transmission and neural processing of signals are time
delays.

In this study, we considered the following continuous
activation functions:

(Hy):Vx, y €R, x # y, i, j € Z, activation functions f(-) and
&i(+) satisty £,(0) = g(0) = 0, and there exist constants [, m; > 0 such
that

ngj(x)—f;(J’)Sl
xX=y

0<g,-(x)—g,-(y)
S

j» =m

s=m,.

Remark 1: The hypothesis of activation function H; in this study
has been widely used in some references. In particular, when
discussing the stability, synchronization, and dissipation of neural
networks, Hj is a common assumption. In the study, the activation
function is Lipschitz continuous, so it is monotonously increasing.
But it may not be differentiable or bounded. However, in [8, 13], the
activation function should not only satisfy the hypothesis H; of this
study but also satisfy the boundedness. In [15], the derivative of the
activation function also satisfies boundedness. In this study, the
activation function only needs to satisfy the hypothesis H,.
Compared with [8, 13, 15], the assumption of excitation function
in this study is more general.
The initial condition of the system (1) is considered as

x(s) = @(s), s € [~a+tyto],
y(s) =y(s), s € [~a+tytol,

where T = maIx{Tj}, 0 = max {0;}, « = max{7,d}, and ¢(s), y(s)
€ Cl(- a +1o, 1), R".

Definition 1: [25]. The neural system (1) is globally dissipative if
there exists a compact set S € R*" such that Vz, € S, 3 T(z,) > 0,
when t > ty + T(z), z(t, ty, 2o) € S, in which z(, t,, z) represents
the solution for (1) from initial time #, and initial state z,. A set S
is said to be forward invariant if Vz, € S indicates z(t, ¢y, zg) € S
for t > t,.
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Definition 2: [26]. The point (x*T, y*T)T with x* =
(xf‘,xi‘,...,x:,‘)Tandy*=(yl",yz*,...,y,j)T is the
equilibrium of system (1) if

Y+Cf(y*)+1=0,

—Ax*+Cf (y*
-By* + Dg(x*) + Dg(x*) + ] = 0.

Lemma 1: [27]. For every positive k > 0 and every a, b € R”,
2a"b<ka"Xa+ k6" X'

holds, in which X > 0.

Lemma 2: (Generalized Halanay inequalities) [28]. If V(£) >0, t €
(=00, + o) and

D'V () <y@®)+E@V () +5(t) sup V(s), t =t

t-7(t)<s<t

for t € [ty, + o), in which y(t) > 0, 5(£) > 0, and &(¢) < 0 are
continuous functions and 7(t) > 0, and there exists « > 0 such that

EW+n(t)< —a, fort=t,.
Then,

% *

vin<L +< sup V(s) - —> ettt
o —oo<s<ty

where

ye= sup y(t), p*= 1nf{y(t) wu(t) + &) +n(t)er M = o},

and thé'dpper-right Din{ derivative D* y(t) = 11m (”h) 2h—y®)

3 GLOBAL ASYMPTOTIC STABILITY FOR
BAM NEURAL NETWORKS

First of all, under condition (H;), neural system (1) always at least
has an equilibrium point. In the following, the asymptotic stability of
the equilibrium point will be proved. For simplicity, we transformed
the equilibrium point of system (1) to the origin. We assumed that
2* = (xt, X5, X5 Y v3 - )T s an equilibrium of neural
system (1). By the transformation
u; (1) = x; (-) — x7, wi()=y;() - y;‘, one can transform system
(1) into the system as follows:

{u(t) ~Au(t) + Cf (w(t) + Cf (w(t - 1), @)
w(t) = —Bw(t) + Dg(u(t)) + Dg(u(t -0)),

where f(w(®)=(f 1(wi @) f,(ws @))..., f,(Wa(t))
)7, Gw(®) = (g, (w1 (D), Gy (uz (1)), - ., G, (un (1)))", in which
fiw;)=f jwi@)+y7) - f(

y;‘),and G; (i (1)) = gi (u; () + x7) - g,;(xf). Functions  fi(-),
gi(+) satisfy the condition (H,); hence, f i (), g;(-) satisfy
fj(w;(')) <l'wj(')fj(wj(-)), 3)
~2 ~
Fi(wi ) <Bwi ), f;(0) =
{gf (14 ()) < i ()9, (14 (), @
g; (w; () <miu; (), g;(0) =

Stability Dissipativity BAM Neural Networks

Remark 2: It is easy to verify that systems (1) and (2) have the
same stability. Therefore, to prove the stability of the equilibrium
point z* of the system (1), it is sufficient to prove the stability of
the trivial solution of the system (2).

Theorem 1: Under condition (Hy), if there exist positive definite
diagonal matrices P = {p;} € R™", N = {n;} € R"*" and constants ¢,,
62 B1> B2 > 0 such that

—2PA+¢,'PCN'C"P + B;'PCC"P + p,M? + ;;,PM* <0,
~2NB+¢'NDP'D'N + B;'NDD'N + B,I? + ¢,NL* <0,

where M = diag{m,, ..., m,}, L = diag{l;, ..., I,}; then the zero
solution of neural system (2) is a unique equilibrium point and is
globally asymptotically stable. Proof. Now, we chose Lyapunov
functional.
n n t -2
V@, wt) =Y pu(t)+¢ ) j n f ;(w; (s))ds
i=1 j=1 t-7;

n t

+anw§(t)+czz J
=1

i=1 710

pig; (u; (s))ds.
Then,

V(u(O.w(®) =2 pan @i )+ 6 Y | 7wy 0) - £ (wy( - 7,)) |

i=1 j=1
+zZn,wj<r>w,<r) + czz pil37 (wi (1)) = G (i (¢ = 1))
j=1
=2u" (t)Pu(t) + le (w(t))Nf(w t)) - le (w(t-1))N
X f(w(t - 7)) + 2w’ (HNw(t) + czg (u(t))Pg(u(t))
~ag" (u(t - 0))Pg(u(t - 0)) -
=2u" ()P(- Au(t) + Cfw(®)+Cf (w(t-1))+ af (wE)N
X f(w(t))—clf (w(t—T) NF( W(t—T))+2w ()N (-Bw(t)
+DG(u(t)) + Dg(u(t—o )) +6,G" (u(t)Pg(u(t)
—6g" (u(t - 0))Pg(u(t-0)).
(5)

By Lemma 1, we obtained

~af W(t-D)NF (w(t-1)
)PCf (w(t - 1)) <c;'ul (1))PCN'C Pu(t),  (6)
~6g" (u(t = 0)Pg(u(t - 0)

+ 2w ()NDG (u(t - 0)) < 'w’ ()NDP'D' Nw(t). (7)

+2ul (t

From Eqs 6, 7, then

V(u(t),w(t)) < -2u’ ())PAu(t) +2u” ())PCSf (w () + ¢;'u” (H)PCN'E" Pu(t)
+clfT (N (w()) - 20" (HNBw (1) + 2w (H)NDG (e (1))
+6! T(t)NDP"DTNw(t)+CzéT(u(t))Pé(u(t))

< —2u” ()PAu(t) + f;'u” (t)PCCTPTu O +B,.f (w®)f (w(®)
+elud (t)PCN"C‘TPu(t) + g’ (ONL*w(f) - 20" (Y)NBw (1)
+/32 w" ())NDD"N"w(t) + B," (u(£))g (u (1))
+6'w T (H)NDP'D' Nw(t) + cu’ (t)PM*u(t)

=u’ (z)(—zPA +¢ PENT'CT P+ B POCTP + B,M? + czPM2>u ()
e (t)(—ZNB +¢'NDPD'N + f;'NDD'N + g, I2

+6, NL*)w (t)
<0, Yu(t) #0, w(t) #0
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This implies that the origin solution of system (2) is
asymptotically stable. So the equilibrium point of system (1) is
asymptotically stable.

Corollary 1: Under condition (H;), suppose L=M =E, ¢; =¢, =
B1 = B2 = 1, if there exist positive definite diagonal matrices P =
{pi} € R™", N = {n;} € R™" such that
—2PA+PCN™'C'P+PCC"P + E + P<0,
~2NB+NDP'D'N + NDD'N + E+ N <0,

then, the origin solution of network (2) is a unique equilibrium
point, and it is globally asymptotically stable.

4 GLOBAL DISSIPATIVITY FOR BAM
NEURAL NETWORKS

In this part, the global dissipativity for the BAM neural system (1)
is considered.

Theorem 2:

(x1 (), ...
(1) and

Under assumption (H;), suppose z(t)=
.,xn(t),yl(t),...,y,,(t))T is a solution of system

E)+n(t)< —a<o,

then for any given € > 0, there exists T such that for all t > T

2
Izl <\% +e.
(04

So, network (1) is dissipative, and the closed ball E =
E(O,\/yfj?) is an absorbing set, where y=63||I||§+p3||]||§,
E(t) =max{-2Anim (A) + 6;1 +8;1 +p,m?|DIl; + é‘;l, —2Amin (B)+
pit+p3 + SiEICIE +3'), (1) = max{S,2ICIE, p,m?IDIG), 81,
02, 83, p1s Pas P3>0, l:njleazx{lj},andm:r?e%x{m,-}. Proof. The

Lyapunov functional should be considered:

V() = lx@®l + ly @l %)
Then,

V() =2<x(t),x(t)> +2<y(t), y(t) >
=2<x(t),~Ax(t)> +2<x(t),Cf(y(t))> +2<x(1),Cf (y(t - 1)) >
+2<x(t),I> +2<y(t),-By(t)> +2< y(t),Dg(x(t))>
+2<y(t),Dg(x(t-0a)> +2<y(t),] >
< = 2 (Al O3 + 27 (y (1)CTx () + 2 (y (£ - T))élx(t) +2I"x(t)
“2in By ()12 + 29" (x ()Dy (1) + 29" (x(t — oD’ y (1) + 2" y(2).
(10)

By <x,y> = yTx, (H1), and Lemma 1, there exists 03, 03, 03, p1,
P2 p3 > 0 such that

2fT(y(0)C"x(t) <81 fT (y(1)CTCSf (y (1)) + 8, x" (£)x(t)
<81 hmax (CTO f (Y )N + &, Ix (D)1
<81 dmax (CTO) Py (D)2 + &, 1 (1) I
<&PICI Ny O + 8, Ix B)I1%,

(11

Stability Dissipativity BAM Neural Networks

2fT(y(t-1)C x(t) <0 fT (y(t-1)C Cf (y(t - 1)) + 8% (H)x (1)
<820 (C' YIS (¢ = ) + 5 Ix O
< 82hmas(C' )Py (¢ = DI + 8,5 (0
<SPICEIy (£ - DI+ & Ix (1)1,
(12)
I"x(t) <&ITT+ 8, %" (H)x(t)

a 13
< &I + 8 1x (DI, (13)

Similar to Eqs 11-13, then
29" (x(0))D"y (1) <p,m*IDIIx (OI3 + pi Iy 0I5, (14)
29" (x(t - 0))D" y(£) < p,mIDIEx (t = D2 + p Iy (DI,
(15)
ITy ) <plJ15 + 03ty ()15 (16)

By using Eqs 11-16 in Eq. 10, it is easy to obtain

V() < (~2hin (A) +8;" + 8" + p,m? DI + 8,1 lx (013
+(=2Amin (B) + p;" + p3' + & PICI3 + 3"y (D115
+8,PICI Iy (t - 0I5 + p,m*IDI3Nx (¢ - o)lI;
+85 11115 + p, 1T

<y+E@ (x5 + Iyl3) + 70 (Ix (£ = D)5 + Iy (£ = DI3)
Sy+E@QV ) +5(t)  sup  V(s).

t—max({7,0}<s<t

17)

Then, by Lemma 2, we obtain
Iz <Ix @5 + 1y 15 = V(1) S%

+ ( sup V(s) - y>e’”,

—00<5<0 o

where p* = i&f{“(t): u(t) +E(t) + n(t)er Omax{nal = g},

So, for the given sufficient small & > 0, there exists T > 0 such

that
y*
lz(®, < \/;‘F& Vt>T,

where ¢ > 0 is sufficiently small. O

Corollary 2: If taking 63, 65, 83, p1, p2, p3 = 1, under assumptions
(Hy), suppose that z(¢) = (x; (£),...,x,(£), y1 (£),. .., ¥n ) is
a solution of network (1) and

EB)+n(t)< —a<0,

then network (1) is dissipative, and the closed ball E =
E(0,\L+e¢)isan absorbing set for any & > 0, where y = ||I]; +

713, € () = max{-2Amin (A) +m* DI+ 3, ~2Amin (B) + PICI +
3}, 7(t) = max {|CI3, m*| DI13}.

Corollary 3: Under assumptions (H;), suppose that z(f) =
(e )y xn (B, 1 ()5 s Y ()" is a solution of network
(1), if

EB)+n(t)< —a<0
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x,0) |
x,(t)
—y,
— v,
20 25 30 35 40
time t
FIGURE 1 | Trajectories of system (18) for [x(0), y(Q)]” = (-0.4, 0.5, 0.2, —0.5)".
3.5 T .
< |
10 15
timet
FIGURE 2 | Time response of the state variable x;(f) with different initial values.
2 T T
1.5 1
1L ]
€ osf
>
0 B
-0.5
-1 . :
0 5 10 15
timet
FIGURE 3 | Time response of the state variable xo(t) with different initial values.
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10
time t

FIGURE 4 | Time response of the state variable y4(t) with different initial values.

15

3.5

25

¥,0

timet

15

15

X0

0.5F

-0.5f

-1t

-1.5
-1

-0.5 0 05 1 15 2 25
X0

FIGURE 6 | Time response of the state variable x4(t) and xo(t) with different initial values.
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v,

-1

-1.5

-2 -1 0 1

FIGURE 7 | Time response of the state variable y;(f) and y»(t) with different initial values.

2 3 4 5
¥,

and
@{&lllllg +p,ll7l3} =0,

then system (1) is globally stable, where y=53||1||§+p3||]||§,
&(t) = max{—2Amin (A) + 67" +8;" +pm*|DI3+ 65", —2Amin (B)+
pit+p7 + ORICIE +3'), (1) = max{&2ICI2.p,m? IDI2), 61,
02, 03, P> Pp> P3>0 .

Remark 3: In the existing articles, a lot of researchers studied the
qualitative behaviors of neural systems via the Lyapunov function
with linear matrix inequality techniques [26, 29, 30]. However, in
this article, some new sufficient criteria of dissipativity of BAM
neural networks with time delays are given by only using the
property of matrix theory and inner product.

5 NUMERICAL SIMULATIONS

In the part, two examples are presented to show the effectiveness.
Example 1. Investigation of the delayed BAM neural network
model.

{x(t) =-Ax(t) +Cf (y(O)) +Cf (y(t - 1) +1,
y(t) = =By (£) + Dg(x(¥)) + Dg(x(t - 0)) + ],

in which x(£) = (x; (), %, (t))" and y(t) = (y1 (t), ¥ (£))". Let
77=1,1=090,=08,0,=07,A=B=E I=]=0and

(18)

0 02) ~_(01 02 02 1
C'(—o.z 0.1>’C' 0 -0.1 ’D'< 1 0.4)’
~_ (02 05
D={"0 -o1

Choose fi(y;) = (ly; + 1| + |y; = 1])/2, gi(x)) = (|; + 1| + |x; = 1])/2,
j:1>2a11212:m1:m2:L:M:/31:ﬁ2:C1:C2:1-
By computing, we can get

—2PA + ¢;'PCN'C" P+ B;'PCC™P + p,M> + ,PM> <0,

~2NB+¢'NDP'D'N + ;' NDD'N + B,1* + ¢, NL* < 0.

So, from Theorem 1, network (18) has a unique equilibrium, and
it is globally asymptotically stable. By MATLAB, a unique
equilibrium of network (18) (0,0,0,0)7 is given, and the
simulation results are given in Figure 1.

Example 2. The BAM neural model with delays is considered
as (Eq. 18), where x (£) = (x1 (), %, (1)), y () = (y1 (1), y2 (1))”
and x(0) = (-1, 1.5)", y(0) = (0.8, ~1.5)". Let 7, = 0.9, 7, = 0.9, 0, =
08,0,=08,A=B=E1I= (105" ]=(2505)" and

1 02) ~_(01 02 02 1
C'(—o.z 0.1>’C' 1 -0.1 ’D'( 1 0.4>’
~_(02 05
D={1 -

Choose fi(y;) = (ly; + 1| + |y; — 172, gi(x;) = (| + 1| + |x; = 1])/2,
j=lL2andh=hL=m=m=l=m=6§=8=080=p =p,=
ps =1

By computing, we can get y = 7.75, &(t) = 2.703, 5(t) = 1.04.
Let a = 4, ¢ = 0.98, it follows from Theorem 2 and is observed
that system (18) is global dissipativity. Figures 2, 3 reflect the
behaviors for the states x;(t) and x,(t) with different initial
conditions. Figures 4, 5 show the phase plane behaviors of
y1(t) and y,(t) with different initial conditions. Figures 6, 7
demonstrate the behaviors of the time domain for the states
x1(8), x2(t) and y;(t), y»(¢) with different initial conditions.
System (18) is globally dissipative from the numerical
simulations.

Remark 4 : In the numerical simulation part of [13], the author
only gives the simulation diagram of the BAM neural network
model with one node. This article presents the simulation
diagram of the BAM neural network model with two nodes.
Moreover, in [13], the values of o(t) and 7(t) are all 1, while the
values of 0y(t), 05(t), 71(t), and 7,(t) in this study are different.
Therefore, in numerical simulation, this study is more general
in the value of the model and time delay. In addition, the
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unique equilibrium point (0,0,0,0)7 of the system (18) is
obtained by MATLAB. Figure 1 shows an image which is
globally asymptotically stable of the system (18) under initial
conditions (x; (£), x5 (t), y1 (£), y2 (£))" = (-0.4,0.5,0.2,-0.5)".
Figures 2-5 show the state diagram of x;(t), x,(£), y;(¢), and
¥,(t) under different initial conditions with respect to time ¢.
Figures 6, 7 show the state diagrams of x;(t), x,(¢) and y;(¢),
¥,(t) under different initial conditions with respect to time ¢.
The previous figures given in this study can more intuitively
reflect the stability and dissipation of the BAM neural
network model.

6 CONCLUSION

In this study, by using matrix theory, inner product properties,
generalized Halanay inequalities, and constructing
appropriate Lyapunov functionals, novel sufficient criteria
of the global asymptotic stability of the system and the
global dissipativity of the equilibrium point have been
derived for a type of BAM neural systems with delays. The
given results might have an impact on investigating the
instability, the existence of periodic solutions, and the
stability of BAM neural networks. A comparison between
the results and the correspondingly previous works implies
that the derived criteria are less conservative and more general
through numerical simulations.
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