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By performing a conformal optical mapping of an input beam from Cartesian to log-polar coordinates, we propose a method to generate vortex beam. By tilting the incident beam, a phase gradient is attached and evolves into a vortex phase due to the optical transformation. Thus, the topological charge of the generated vortex beam is continuously adjustable. With this method, vortex beams with integer and fractional orders are generated. The purity of the generated vortex beam is theoretically analyzed, as well as the possible effects of phase misalignment on the output vortex. The continuously tunable vortex beam achieved by this method is expected to be used in information processing and optical routing in optical communications.
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INTRODUCTION
In 1992, Allen proposed an light field with a helical wavefront exp (iℓφ) carrying an orbital angular momentum (OAM) of ℓħ per photon, which was later referred to as the vortex beam [1]. Vortex beams have attracted much attention due to their unique vortex phase as well as OAM [2, 3], and have a rich variety of promising applications in many fields such as optical tweezers [4], particle capture [5, 6], super-diffraction limit imaging [7], mode-division multiplexing [8] and quantum coding [9]. Especially for optical communication, the OAMs of vortex beams can be used as the information carrier to achieve novel communication modes different from that encoding by light intensity. Employing the orthogonal feature of OAMs, Wang et al. experimentally demonstrated the transmission of data in free space at the Tbit level [10]. Subsequently, they further investigated the transmission of OAM beam in optical fibres, greatly increasing the transmission distance and the capacity of optical communication [8]. These make the vortex beam play an important role in the development of optical communications.
The generation and manipulation of OAM modes have been extensively studied. Various methods for generating vortex beams have been proposed, including mode superposition [11] and transition with optical elements, such as spiral phase plates [12], computer generated holograms [13], liquid crystal plate [14], metasurface [15] et al. Besides these fixed optical elements, adjustable schemes are also introduced to the generation of optical vortices. In 2008, Bernet et al. proposed spiral-phase moiré elements to generate vortex beams with variable helical phase, which can be continuously adjusted by rotating the phase-type elements [16].
As the most important parameter of vortex beams, the topological charge (TC) is closely related to the OAM and the relevant applications. Various methods have been proposed to modulate the TC of the optical vortex. One of the most widely used is the geometric coordinate transformation (GCT) [15–20]. The theory of the GCT was proposed in 1987 [17], which can realized a conformal transformation of a beam from one coordinate to another, by modulating and correcting the phases at the input and output planes, respectively. One practical application example of GCT is the mode detection of OAMs by using the Cartesian to log-polar coordinate transformation [18, 19]. Furthermore, a spiral coordinate transformation was proposed to realized the high-resolution and efficient sorting of the OAM modes [20]. In addition, different GCTs have been employed to manipulate the OAM of vortex beams, including the ring-to-fan mapping used to achieve multiplication and halving of the OAM modes [21], spiral coordinate transformation used to arbitrarily change the OAM modes [22]. These OAM modulations are of importance for optical switching and optical routing [23].
In this paper, a new method for generating vortex beams with continuously tunable TCs is proposed based on the principle of GCT. The method is inspired by the log-polar to Cartesian coordinate transformation [17]. The Cartesian to log-polar coordinate transformation is performed to achieve the conformal mapping from a rectangular beam to a ring-shaped one. On this basis, a phase gradient is attached to the rectangular beam by tilting the incident beam and evolves into a vortex phase gradually as the beam curls up into a ring. Then, we theoretically analyze the purity of the generated vortex beam and the possible effects of phase misalignment on the output. Our results are expected to be used in the information processing and the optical routing in optical communications.
THEORY
To achieve the conformal mapping from a rectangular beam to a ring-shaped one, we employ a two-step coordinate transformation system proposed in Ref. 18. As shown in Figure 1, the system consists of two phase elements (Ψ12 and Ψ21). The first phase element Ψ12 is called “transforming phase”, which achieves the conformal mapping of the beam. The incident beam in the rectangular region gradually curls up into a ring after being modulated by the transforming phase. The second phase element Ψ21 is called “correcting phase”, which corrects the phase distortion caused by the beam curling at the output plane. It is important to note that the transforming and correcting phases are entirely unrelated to the input beam, thus the input parameters do not affect the transformation. This enables the conformal phase mapping without changing the output intensity distribution.
[image: Figure 1]FIGURE 1 | Vortex beam generation via geometric coordinate transformation (GCT). (A) Schematic of the coordinate transformation from a rectangular beam to a ring-shaped one. (B,C) Typical transforming (Ψ12) and correcting (Ψ21) phases.
Assuming that the incident light field in the rectangular region in the input plane (x, y) would take part in the GTC, the rectangular function of this region can be expressed as:
[image: image]
where, x1, x2, L are to depict the range of the rectangular region.
After modulated by the transforming phase, the light field in the rectangular region curls up into an annular beam on the output plane (u, v). We suppose that the center of the annular beam is located at (Δu, Δv), and the outer and inner radii of the annular are ρ1, ρ2, respectively. Considering that the beam follows the paraxial propagation, and the coordinate transformation needs to satisfy a sufficient but not necessary condition if ∂2Ψ12 (x1,y1)/∂x1∂y1 and ∂2Ψ12 (x1,y1)/∂y1∂x1 exist and are continuous: ∂u/∂y = ∂v/∂x and ∂x/∂v = ∂y/∂u [17], the coordinate mapping relationship can be written as follows:
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where, a = L/2π determines the length of the rectangular region; b = x1,2/exp (-ρ1,2/a), determines the ratio of the width of the rectangle and the ring width; Δu and Δv denote the offset distance of the annular beam in the direction of u and v axis, respectively; (ρ, φ) are the polar coordinates in the output plane with the origin set at (Δu, Δv), and meet
[image: image]
As shown in Figure 1A, when Δu, Δv is not 0, the generated vortex beam will be shifted from the origin. The GTC must satisfy the following phase-solving conditions:
[image: image]
where, k = 2π/λ is the wavenumber, λ is the wavelength of the incident light, and f is the spacing between the two phase elements. By solving Eq. (5), the analytical expressions of the transforming and correcting phases are obtained as follows:
[image: image]
Figure 1B and Figure 1C represent the typical distributions of the transforming and correcting phases, respectively. Considering that only the incident light field in the rectangular region is needed, the transmission function of the incident plane should be restriced by a rectangular aperture function, expressed as t (x, y) = Θ(x, y)exp (iΨ12).
When an incident beam with a phase gradient in the y axis, expressed as U (x,y)exp (ikyy), is input (Figure 1A), it will gradually curl up from a rectangle to a ring. To generate the ℓth-order spiral phase exp (iℓφ), it is necessary to make the incident phase gradient satisfy ky = ℓ/a according to Eq. (3). It can be concluded that by adjusting the phase gradient of the incident beam, a vortex beam with adjustable TC would be generated.
RESULTS AND ANALYSIS
We numerically simulate the above method of generating the vortex beam by choosing the following parameters: λ = 632.8nm, f = 175mm, Δu = Δv = 0, a = 1mm, b = 2 mm. The inner and outer radii of the annular beam to be generated are determined by taking ρ2 = 0.5 mm and ρ1 = 2mm, and then the rectangular function Θ(x, y) is calculated by substituting L = 2πa and x1,2 = b exp (-ρ1,2/a) into Eq. (1). To meet the experimental conditions, the incident light field is taken as a Gaussian beam, i.e., U (x, y) = exp [-(x2+y2)/w2], with waist radius w = 8 mm. The incident field U (x,y)exp (ikyy) is attached to the transforming phase Ψ12 and then propagates the distance f, where the diffraction field can be calculated by the Fresnel diffraction integral. Finally, the diffraction field is corrected by multiplying by the phase exp (iΨ21), and forms the output annular beam. The propagation process of the incident Gaussian beam is shown in Figure 2, where Figures 2A–F give the intensity distributions at different distances. The dashed line in Figure 2A marks the rectangular transmission area of the incident plane, and the dashed circles in Figure 2F mark the range of the predesigned output. From these results, we can clearly see: the rectangular beam gradually bends into an arc firstly, and tends to converge to a thin line (Figures 2B–D); thereafter, it bends further and gradually diverges to an annular beam (Figures 2E,F). The inner and outer radii of the resulting ring beam are basically in line with the preset values. It should be noted that, because the mapping of the coordinateis is nonlinear [ρ1,2 = bexp (-x1,2/a)], the intensity distribution of the resulting annular beam is not uniform, but declines as the radial location increases. Notablely, the nonuniform intensity distribution over the rectangular area would make the resulting annular beam axis-asymmetric. But hard-edge diffraction of the rectangular field has an even bigger effect. Thus, the input intensity distribution will not affect the purity of the OAM state too much.
[image: Figure 2]FIGURE 2 | Propagation process for the GCT. (A) Input Gaussian beam, with the transmission area marked by the dashed rectangle. (B–F) Intensity distributions at different propagation distances.
By setting the TC ℓ = 3, 5, 8, 10, and 15, the phase gradient exp (iℓy/a) is attached to the input beam, and the simulation results are shown in Figure 3, where Figure 3A and Figure 3B depict the intensity and phase distributions, resepectively. Notably, the intensity distributions of the resulting beams are almost identical, indicating that the phase variation of the incident beam has no significant effect on the GTC. While from the phase patterns, it can be clearly seen that the typical spiral phases are formed: the phases changes 2πℓ around the center. It indicates that vortex beams with TC of ℓ are generated.
[image: Figure 3]FIGURE 3 | Intensity (A) and phase (B) distribution of the generated vortex beams by setting the topological charge ℓ = 3, 5, 8, 10, and 15.
The purity of the resulting integer-order vortex beam can be analyzsed with the Fourier relationship between the OAM spectrum [24]. For example, the OAM spectrum expansion is performed for the generated vortex beam with TC ℓ = 3, and the normalized percentage of each OAM component occupied is calculated. The result between the interval [-7, 13] is shown in Figure 4A. It can be seen that the OAM component with ℓ = 3 accounts for about 90% of the generated vortex beam, indicating the hight purity of the generated vortex beam and the high efficiency of the mode conversion. In order to analyse the purity of the resulting vortex beam with different TC, we calculate the OAM spectra by taking ℓ from -15 to 15, and extracting the corresponding OAM mode purity as shown in Figure 4B. It is obvious that the vortex conversion efficiency for the TC of |ℓ| becomes progressively lower as |ℓ| increases. This indicates that this method would be not so efficient for generating higher-order vortex beams. The conversion efficiency can be maintained at around 90% for ℓ between -5 and 5. However, as |ℓ| increases more, the conversion efficiency decreases significantly. Nevertheless, the efficiency can be guaranteed to be above 50% for the resulting beams with the absolute values of TCs less than 10.
[image: Figure 4]FIGURE 4 | Purity of the generated vortex beams. (A) The OAM spectrum of output beam with ℓ = 3. (B) Conversion efficiency of vortex beam versus ℓ.
For the phase gradient exp (iℓy/a) attached to the input beam, ℓ can be chosen as not only an integer. When the phase gradient is changed continuously, ℓ is more likely to be a fraction. Thus, a fraction-order vortex beam can be generated for a non-integral ℓ. By changing ℓ as a fraction between 4 and 5, we generate the vortex beams with GCT, and the results are shown in Figure 5. Figures 5A–D show the phase distributions of the resulting beams. It is hardly to directly estimate the TC of these non-integer-order spiral phases. We extract the phase distributions at a circle of radius 1 mm in the phase patterns as shown in Figures 5A–D, and compare with the phases of the standard fractional-order vortex beams. The results are given in Figures 5E–H, where the blue and red curves correspond to the simulation and theoretical results, respectively. As can be seen, for an integral TC, the phase is continuous at -π and π (Figure 5E); while for a fractional TC, an obvious phase jump occurs at -π and π. More strikingly, the phases for the simulated results highly coincide with the theoretical ones except for some noisy points due to the edge diffraction of the light field (Figures 5F–H). Figures 5I–L show the corresponding comparations of the OAM spectra between the simulation and theoretical results. It can be seen that the fraction-order vortex beams no longer occupy a single OAM, but also has other OAM components. As ℓ approaches 4, the OAM modes with TC of 4 prevails; as ℓ approaches 5, the OAM modes with TC of 5 dominate the OAM spectrum. The simulation results are in general agreement with the theoretical ones, except that the dominant OAM components are slightly lower because the conversion efficiency of the vortex beam in this method cannot be 100%.
[image: Figure 5]FIGURE 5 | Properties of the generated fraction-order vortices. (A–D) Phase distributions. (E–H) Phase variations along with the circles in (A–D). (I–L) OAM spectrum corresponding to (A–D).
The transverse position and spot size of the resulting vortex beam can be controlled by varying the parameters Δu, Δv, and b, as shown in Figure 6. By setting Δu = -Δv = 1.5mm, and Δu = 1.5mm, Δv = 0, the position control of the vortex beam is realized as shown in Figures 6A–D, where Figures 6A,B, and Figures 6C,D correspond to the intensity and phase distributions, respectively. Figures 6A,C, and Figures 6B,D obviously reveal that the resulting vortex beams are shifted along the vectors (1.5mm, -1.5 mm) and (1.5mm, 0), respectively. Here, the parameters Δu, Δv are taken into account in the coordinate mapping relationship, due to the consideration of the corresponding follow-up study under most experimental conditions. Since the phase modulation of an light field always has errors in experiments, the zero-order diffraction spot, which locates on the center of the coordinates, is hard to be eliminated. By attaching the parameters Δu, Δv to the phase, the resulting beam is moved far from the zero-order spot, which can be filtered out. Another consideration is the spot size. A resulting beam with a large size might overlap with the zero-order spot, which would be adverse to the beam filtering. Thus, it is important to control the spot size in theoretical pre-research. Figures 6E–H represent the intensity and phase distributions of the vortex beams produced at different radii for b = 3 and 1mm, respectively. As can be seen, the size of the resulting vortex beam is adjustable by varying the parameter b.
[image: Figure 6]FIGURE 6 | Control of the transverse position (A–D) and spot size (E–H) of the vortex beam. The top and bottom correspond to the intensity and phase distributions.
In addition, considering that the phase alignment is also an unavoidable problem in the experiment, the influence of the misalignment of the phase elements is analyzed below. There are two main cases of phase misalignment as shown in Figure 7A: the axial offset (ΔF) and the lateral offset (ΔC). By choosing ℓ = −9, −5, 1, and 4, we calculate the conversion efficiency of the OAM mode versus the axial and lateral offsets, as shown in Figure 7B and Figure 7C, respectively. From these results, it can be seen that the conversion efficiency of the OAM mode is basically normally distributed with the offsets. The position deviation of the correcting phase element, along with whether axial or lateral directions, would cause a rapid reduction of the efficiency of the resulting vortex beam. More importantly, the efficiency reduction is much more sensitive to the lateral offset. For the axial offset, the conversion efficiency of the 9 order vortex beam drops to about 50% when the offset is increased to10 mm. While for the lateral offset, the efficiency decreases rapidly to 20% once the offset exceeds 10 μm. In a word, the correcting phase needs more precise lateral alignment, while permitting the axial alignment in a larger tolerance range.
[image: Figure 7]FIGURE 7 | Effect of phase alignment. (A) Schematic of the axial and lateral offsets. (B,C) The conversion efficiency of the vortex beam vs. offset.
CONCLUSION
Based on the theory of GCTs, a method is proposed to generate the vortex beam, of which the TC can be adjusted by varying the phase gradient of the incident beam. The Cartesian to log-polar coordinate transformation is performed to achieve a conformal mapping from a rectangular beam to a ring-shaped one. By attached with a variable phase gradient, an input rectangular beam can curl up to an annular beam, and its phase eloves into a spiral one. In contrast to the previous research results, the advantage of this method is that the TC of the generated vortex beam is continuously tunable. Vortex beams with integer-order and fraction-order TCs are obtained by using this method. Based on the OAM spectrum, the purity of the generated vortex beam is analyzed, as well the possible effects of phase misalignment on the output vortex. The results show that the conversion efficiency would be gradually reduced with the increasing of TC of the generated vortex beam. In addition, it reveals that the correcting phase needs more precise lateral alignment, while permitting the axial alignment in a larger tolerance range. The proposed continuously tunable vortex beam is expected to be used in the information processing and the optical routing in optical communications.
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