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We analyze theoretically the magnetic anisotropy in the nematic phase of FeSe by computing the spin and the orbital susceptibilities from the microscopic multiorbital model. In particular, we take into account both the xz/yz and the recently proposed non-local xy nematic ordering and show that the latter one could play a crucial role in reproducing the experimentally-measured temperature dependence of the magnetic anisotropy. This provides a direct fingerprint of the different nematic scenarios on the magnetic properties of FeSe.
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1 INTRODUCTION
Iron-based superconductors offer the opportunity to explore the interplay between electronic nematicity, magnetism and superconductivity. While the broad studies on cuprates already provide insights into the competition between magnetism and superconductivity [1, 2], the role of the still enigmatic nematic state is of particular interest. Since anisotropy arises in crystal structure, orbital and spin degrees of freedom, it is intricate to decipher the underlying mechanism [3, 4]. In most of the iron pnictides the structural transition precedes or coincides with the magnetic transition at TN, below which long-range antiferromagnetic order sets in [5], supporting the idea that nematicity (spin nematicity) is driven by magnetic interactions [6]. Note that the spin-nematic scenario can also lead to an effective orbital ordering once one takes the orbital content of the spin fluctuations within the so-called orbital-selective spin-fluctuation scenario into account [7–9].
Among various iron-based superconductors, FeSe with a simple crystal structure of the stacked FeSe layers has a rather unique behavior due to the presence of a marked nematic (structural) transition at TS = 90 K and a transition to superconductivity below Tc = 9 K, while magnetic order is absent [10–15]. Consequently, orbital degrees of freedom have also been proposed as the underlying mechanism for nematic order in FeSe [16–22]. The small lattice distortion contrasts with strong in-plane anisotropy of resistivity, magnetic susceptibility, electronic structure and orbital and momentum structure of the superconducting gap [23–34]. The phase diagram of FeSe is rich and sensitive to the application of hydrostatic pressure or chemical substitution [35–38]. Furthermore, various exotic superconducting states have been recently reported in this compound [15].
Recent experiments have overcame the intricacies of the formation of orthorombic domains in FeSe by applying uniaxial strain [39–43]. Using this technique, the in-plane anisotropy of resistivity, uniform magnetic susceptibility and the Knight shift have been found to exhibit the opposite sign of the anisotropy as compared to iron-pnictides [24, 25, 44–46]. Moreover, carefully avoiding eddy-current heating, a slight suppression of the Knight shift in the superconducting state has been measured recently, while superconductivity and nematicity seem to coexist [47–49]. This agrees with direct magnetization measurements [25].
From the experimental point of view the systematic investigation of the band-structure of FeSe by means of ARPES and quantum oscillations revealed a sizeable deformation of the Fermi surface, that can be described by the interplay of the dxz, dyz and dxy orbitals, their spin-orbit coupling and the nematic order [50–53]. Concerning the nematic order there is general understanding about the existence of a xz/yz splitting that changes sign in going from the Brillouin-zone center to momenta around QX = (π, 0) and QY = (0, π) points of the 1-Fe-unit cell Brillouin Zone (BZ) (both folded onto the M-point of the folded BZ with 2-Fe ions per unit cell). This can be represented by a nematic order parameter [image: image], that is positive around the Γ point and is negative around the M point of the BZ. Accounting for this nematic order is straightforward but yields rather controversial electronic structure. In particular, a large electron pocket with mixed xz and xy character is expected at the M point of the BZ, which has not been resolved in the most recent ARPES measurements in detwinned samples [40–42]. One approach to explain these experimental data and to suppress modelled contributions associated with this pocket, is to include orbital-selective quasiparticle weights [26, 44, 54, 55]. More recently an alternative scenario has been proposed [56–59], where an additional non-local nematic order parameter accounting for the splitting of the xy occupancy in the two electron pockets [image: image] [56–58] plays a crucial role. An important consequence of this scenario is a resulting occurrence of a Lifshitz transition at the M-point leaving only one electron pocket at the Fermi level.
This possibility to have a non-local nematic ordering of the dxy states was previously outlined in the literature [60–62] but assumed to be small in the models having on-site interaction terms only. However, an inclusion of the nearest-neighbor interaction terms (such as nearest neighbor exchange or Coulomb interaction) would change this picture. Note, recent NMR [63] and ARPES [41, 42] have also suggested that the dxy orbital may be strongly affected by the onset of the nematic state.
In this manuscript we investigate the consequences of the non-local dxy-nematic scenario for the magnetic susceptibility taking into account spin and orbital contributions. We analyze its temperature and doping dependencies and compare the results to the available experiments. We show that the non-local nematicity is responsible for the non-monotonic temperature dependence of the susceptibility and predict how it evolves with doping in FeSe1−xSx. Finally we studied how the magnetic anisotropy is affected in the superconducting state.
2 METHODS
We adopt the low energy model for FeSe, previously employed in Ref. [56], and fitted to the available ARPES experiments [40, 45, 64]. It is based on the generalized low-energy effective model for iron-based superconductors, formulated by Cvetkovic and Vafek [65].
2.1 Tetragonal State
In particular, to describe the tetragonal state of FeSe, we start by describing the low-energy states near the corresponding symmetry points of the BZ. In particular, near the Γ point of the BZ there are two Fermi surface pockets formed by the hybridized xz- and yz-orbitals. For completeness we also take the xy-orbital band into account which is located approximately 50 meV below the Fermi level [64]. Its inclusion allows to treat correctly the spin-orbit coupling (SOC) within the t2g manifold. The states can be described by the spinor [image: image], where the other (“lower”) spin part of the Hamiltonian is related by symmetry. For readability we omit the momentum index in the creation and annihilation operators here and in what follows. In particular, for each momentum k the Hamiltonian is given by
[image: image]
where [image: image]. Figure 1A shows the resulting band dispersion for the tetragonal state. The orbital weights of the bands are illustrated in the usual red-green-blue-color scheme for dxz, dyz and dxy-orbitals, respectively.
[image: Figure 1]FIGURE 1 | The band structure of the 2-Fe Brillouin zone around the Γ and the M point is presented comparing the tetragonal state and scenarios A and B for the nematic state in FeSe as described in the text. Panels (A)–(C) show the energy dispersion near the Γ point in the tetragonal state (A) and two nematic states without (Scenario A) (B) and with (C) non-local dxy nematicity (Scenario B). Panels (D–F) display the corresponding band structure near the M point. Red, green and blue colors illustrate the orbital weights of the dxz, dyz and dxy Fe-orbitals, respectively. The insets show the corresponding Fermi surface and demonstrate the cuts performed. Shading according to the dxy orbital weight in panels (B) and (E) reflects the Z-factors used in [44].
To describe the electronic states near the M-point of the 2-Fe unit cell we introduce the spinors [image: image]. The momenta are defined with respect to X/Y point of the 1-Fe unit cell, which are folded into the M-point. The Hamiltonian reads
[image: image]
and the elements are
[image: image]
[image: image]
The orbitals are coupled by the in-plane SOC λ2
[image: image]
The band dispersion for the tetragonal state near the M point is shown in the bottom panel of the Figure 1D. Note the value of SOC is taken different if the orbitals originate from the same sublattice in the 1-Fe unit cell, λ1 = 23 meV or from the two different sublattices, λ2 = 4 meV [66]. This agrees with the experimental ARPES observation, which measured different values of the SOC near different symmetry points of the BZ [67, 68].
2.2 Nematic State
To describe the nematic state in FeSe, which forms below the TS = 90 K, we add the nematic order to the Hamiltonian in a phenomenological fashion. We assumed the nematic order parameters follow a mean-field temperature dependence [image: image]. As described in the Introduction we distinguish two scenarios: Scenario A containing an order parameter Φh,e that lifts the dxz and dyz degeneracy, and Scenario B in which an additional non-local dxy-order parameter Φxy and a dxy-Hatree shift Δϵxy are added [56].
In particular, the xz/yz nematic order parameter near the Γ point can be described as:
[image: image]
For a given value of the SOC λ1, adding a nematic order parameter yields a Lifshitz transition such that one of the Fermi surface pockets near the Γ point sinks below the Fermi level as shown in panels 1B and 1C for Φh(10 K) = 15 meV. Near the M point the xz/yz nematic order has opposite sign to Φh and we also include an additional non-local dxy-nematic order [56]:
[image: image]
In the conventional scenario of nematicity (Scenario A), only Φe(10 K) = −26 meV is included and the resulting band structure near the M point is illustrated in Figure 1E. Observe two electron pockets at the M point, which exist for all temperatures. To connect Scenario A with experimental ARPES results in the nematic state, which do not observe the larger electron pocket, orbital-selective quasiparticle weights are introduced in various works [26, 30, 44, 54, 69], see also for a recent review Ref. [70]. Within this scenario the quasiparticle weight of the dxy orbital is claimed to be much smaller than that of the dyz/dxz orbitals. This would lead to a suppression of the quasiparticle weight of the dxy dominated bands and especially of the outer electron pocket at M point, making dxy- rbital states invisible in the ARPES experiment. This is illustrated in panels 1B and 1E by orbital-selective shading. The idea of orbital-selective spectral weights is motivated also by the previous results of the dynamical mean-field theory calculations [71]. This scenario was claimed to be in agreement with STM measurements of the electronic structure [69], the superconducting gap properties [30], and the magnetic susceptibility measured by inelastic neutron scattering [26]. A problem of this scenario is that both in the tetragonal and the nematic state of FeSe, bands of dxy orbital character have been identified around the M point [28]. Although dxy orbital appears indeed to exhibit a larger effective mass renormalization than the other two orbitals, it is not sufficiently large to mask dxy spectral weight completely in the ARPES experiments [64].
Within the Scenario B one introduces the non-local nematic order within the xy-orbital: Φxy(10 K) = 45 meV and Δϵxy(10 K) = 40 meV and the resulting band structure is shown in Figure 1F. As the band structure evolves from the tetragonal to the nematic state, an additional Lifshitz transition occurs around 70 K, leaving a single electron Fermi surface pocket at 10 K. The Scenario B assumes that the nematic ordering near the M point does not cause a minor perturbation of the electronic structure, but can lift an entire electron pocket away from the Fermi level. Its consequences for various experiments were reviewed in Ref. [59] and present an alternative description of the nematicity in FeSe. The chemical potential μ is renormalized to fulfill the Luttinger theorem and is set to zero at 10 K [56].
2.3 Superconducting State
It was argued in the past that within both the Scenario A and the Scenario B the superconducting order parameter and its angular dependence on the Fermi surface pockets can be equally well described within a microscopic description [54, 56]. This indicates that superconductivity just adopts the existing electronic structure in the nematic state without further significant feedback on the nematicity. So within Scenario B we use the microscopic description of Ref. [56]. In particular, below the superconducting transition at Tc = 8 K, we additionally include superconducting gaps in the dxz and dyz orbitals and use previously found values from a microscopic calculations describing an extended s-wave gap structure [56]. The values are obtained solving the gap equations at T = 0 K focusing on the bands crossing the Fermi surface. Possible dxy contributions to the pairing interaction are neglected. To describe the temperature dependence we assume a typical BCS form [image: image]. For the Γ point we use
[image: image]
with [image: image] meV and [image: image] meV. For the M point we use
[image: image]
with [image: image] meV and [image: image] meV. The resulting Bogoliubov-de Gennes Hamiltonian is diagonalized numerically.
2.4 Magnetic Susceptibility
Within random phase approximation (RPA) analysis of the magnetic susceptibility χ [72–74] the bare part of the susceptibility is given by a combination of normal and anomalous contributions (GG and FF-terms)
[image: image]
where G and F denote the single-particle normal and anomalous Green’s functions and the FF-term vanishes above Tc. We use the short hand notations k = (k, iωn) and η = (μ, σ) denoting orbital and spin degrees of freedom. The sum of Matsubara frequencies is carried out analytically and yields a Lindhard-type expression for the bare susceptibilities. Further details can be found in the Supplementary Material S1.
Within RPA we include the local interactions from a Hubbard-Hund Hamiltonian
[image: image]
In what follows we set the intraorbital Coulomb repulsion interaction U = 1 eV. For the interorbital Coulomb repulsion U′, the residual Hund interaction J and the pair hopping J′ terms we use the standard spin-rotational relations U′ = U − 2J and J = J′ and set J/U = 1/6 similar to previous studies [26, 44].
The RPA treatment yields a Dyson type equation with a symbolic solution
[image: image]
The interaction matrix [image: image] results from Eq. 11 and the free spin and orbital indices are contracted with matrix elements from the magnetic operator, which is a combination of spin and angular momentum operators
[image: image]
The magnetic susceptibility tensor component χab results from the contraction of the external spin and orbital indices of the solution with the a-th and b-th component of the operator. We can separate the spin χspin, the orbital χorb and mixed χmix components of the susceptibility. In this manuscript we focus on the static limit of uniform susceptibility χab(q → 0) and further details of the calculation can be found in the Supplementary Material S1.
3 RESULTS
In the following we present the results for the magnetic susceptibility χ(q → 0) and its anisotropy following Scenario B. Note that within Scenario A the behavior of the magnetic susceptibility was considered in Ref. [44]. One of the main findings of this study was that in order to reproduce the correct sign of the magnetic anisotropy at low temperatures, i.e. χyy < χxx, the quasiparticle weight of various orbitals has to fulfil Zxy < Zxz < Zyz. Within Scenario B this assumption is not necessary as the dxy orbital is weakly present at the Fermi level and this should yield in principle the right sign of the magnetic anisotropy. We show in the Supplementary that further factors can affect the signs of the anisotropy as well and the situation depends on the details of the electronic structure in both Scenarios. In addition, in our case we find the dominance of the spin component of the susceptibility χmix < χorb < χspin, which is a consequence of the low-energy model we used. Moreover, we find that RPA primarily amplifies the spin contribution. Including the whole 3d state manifold would increase the temperature-independent orbital contribution to the susceptibility, which can be treated as a constant.
Nevertheless, one of the interesting questions is how to distinguish between both scenarios and whether one is able to identify an additional Lifshitz transition associated with the removal of the second electron pocket from the Fermi level at the M point both theoretically and experimentally. To do so we calculate the temperature dependence of the static uniform susceptibility and compare our results with experimental data of Ref. [25] where the standard notations x∥a, y∥b and z∥c are used.
The temperature dependence of the static uniform susceptibility is shown in Figure 2A. For comparison we also display the experimental data from Ref. [25] in the inset. Above the nematic transition the magnetic anisotropy is governed by the spin-orbit coupling and shows an easy-plane anisotropy χxx = χyy > χzz. Below TS, one observes two characteristic features. First we find that χxx becomes progressively larger than χyy as a result of the nematic order and the splitting between them increases continuously upon decreasing temperature. At the same time all three components of the magnetic susceptibility show a non-monotonic temperature dependence characterized by a rapid decrease below TS and a plateau-like behavior, which starts around 60 K. Both, a continuous increase of the anisotropy upon lowering temperature and the non-monotonic temperature dependence of the susceptibilities agree well with the available experimental data of Ref. [75], shown in the inset.
[image: Figure 2]FIGURE 2 | Calculated temperature dependence of the magnetic susceptibility χ(q → 0) calculated with an RPA approach. In (A) the total diagonal components χxx, χyy and χzz of the susceptibility calculated for scenario B are presented as blue, red and black curves, respectively. The corresponding spin, orbital and mixed contributions to the different components are shown in (B) as solid, dashed and dotted curves, respectively. The inset in (A) shows the experimental data extracted from [25] for comparison. The markers do not represent data points from the experiment. The gray boxes illustrate the decrease in susceptibility due to the Lifshitz transition of the Y-band. The boxes are centered around the Lifshitz transition temperature (dark gray line). Notice that the blue solid curve for the [image: image] component in (B) is almost completely hidden behind the red curve for the [image: image] component due to tiny in-plane anisotropy in the spin susceptibility.
To understand better the origin of these effects we show in Figure 2B the spin, the orbital, and the mixed susceptibilities. Note, the spin component of the magnetic susceptibility is the largest in magnitude and its non-monotonic temperature dependence is connected to the Lifshitz transition within Scenario B. In this scenario, the non-local dxy nematic order parameter induces the shift of the larger electron pocket away from the Fermi level, which occurs in the temperature interval 60 K [image: image] and is clearly visible in the spin part of each (xx, yy and zz) component of the magnetic susceptibility. At the same time the main origin of the continuous increase of the magnetic in-plane anisotropy χxx > χyy comes from the orbital part of the magnetic susceptibility as evident from Figure 2B. The in-plane anisotropy for the spin susceptibility is three orders of magnitude smaller within our modeling, which is a consequence of the small in-plane SOC λ2 present at the M point and of the out-of-plane SOC between xz and yz orbitals present at hole pockets only transferring out-of-plane anisotropy to the spin susceptibility. Overall the orbital susceptibility is less sensitive to the orbital content of the Fermi surface but to overall orbital structure at low energies. This indicates that not only the pockets at the Fermi level but the overall electronic structure (also away from the Fermi level) is responsible for the continuous increase of the magnetic anisotropy and its correct sign. Note that within both Scenario A and Scenario B of the nematicity in FeSe the correct sign of the magnetic in-plane anisotropy in the uniform susceptibility can be successfully reproduced. What, however, remains unclear in the Scenario A is whether the non-monotonous temperature dependence, which in Scenario B is a clear signature of a Lifshitz transition, could be reproduced in the Scenario A as well.
We also note that in the iron pnictides, where nematicity coexists with the antiferromagnetic order an in-plane anisotropy of the magnetic susceptibility would give a corresponding feedback on the magnetic order parameter and also enhance the anisotropy of the spin susceptibility below the magnetic transition temperature, see for example Ref. [76]. However, as the magnetic transition in FeSe appears only upon applying pressure and bearing in mind that the in-plane anisotropy we found is only few percent of the total magnitude of the spin susceptibility, the anisotropy of the orbital susceptibility will be the main origin of the magnetic anisotropy in FeSe.
To complete the analysis we also computed the change of the uniform superconductivity in the superconducting state. Due to the spin singlet superconducting order parameter in FeSe we see a sharp drop in the uniform susceptibility upon entering the superconducting state, see Figure 2A. This is due to the strong reduction of the spin component of the susceptibility, as evident from Figure 2B. Note the small admixture of the spin-triplet component of the superconducting gap due to the finite spin-orbit coupling does not affect much the magnetic anisotropy in the spin part. The residual contribution to the magnetic susceptibility stems largely from the orbital part of the susceptibility and corresponds to inter-orbital contributions, which is slightly affected by the onset of superconductivity. The decrease in [image: image] yields an increase of the in-plane anisotropy and results from intra-band contributions, which appear due to hybridization of dyz and dxy orbitals at Fermi level (compare Figure 1F).
To make a qualitative prediction on the evolution of the uniform susceptibility and its in-plane magnetic anisotropy in Figure 3, we present our calculations for the susceptibility in the doped FeSe1−xSx compounds, following previous analysis of superconductivity and nematicity [56]. In particular, we show χxx and χyy for x = 0, x = 0.085 and x = 0.135 in panels 3A-3C, respectively. The doping evolution of the nematic order parameters is modeled with a mean-field dependence [image: image]. Here we estimate x0 = 0.18, TS(x = 0.085) = 68 K and TS(x = 0.135) = 55 K from interpolation of the phase diagram given in [77]. The Lifshitz transition is shifted to lower (relative) temperatures with increasing doping and is expected to disappear at around x ≈ 0.13. Thus, for intermediate doping, we expect to see further the Lifshitz transition and significant changed temperature dependence for doping above x = 0.135. As the orbital part is not as sensitive to the Lifshitz transition, significant residual in-plane anisotropy is expected for all dopings.
[image: Figure 3]FIGURE 3 | Calculated effect of sulphur doping of FeSe1−xSx on temperature dependence of the magnetic susceptibility χ(q → 0). The panels (A)–(C) compare the doping values x = 0, x = 0.085 and x = 0.135. As in 2, the gray boxes illustrate the Lifshitz transition region of the Y-band. For x = 13.5, the Lifshitz transition is absent.
4 DISCUSSION AND CONCLUSION
Our calculated results for the uniform magnetic susceptibility within the non-local dxy nematicity agree well with experimental observations including the Knight shift measurements [16, 21, 25, 47, 48, 75]. Within this scenario there is no necessity to use orbital-selective quasiparticle weights. Furthermore, this scenario can also successfully explain the non-monotonic temperature dependence of the uniform susceptibility as resulting from the Lifshitz transition of the larger electron pocket, which rapidly shifts away from the Fermi level within 60 K [image: image] temperature interval.
Our studies suggest that both spin and orbital contributions and their temperature dependencies are important in describing the uniform magnetic susceptibility or the Knight shift. While the spin part provides the main contribution to the temperature dependence, the orbital part is crucial for a sizeable in-plane anisotropy as observed in experiments. The temperature dependence of the spin part fits very well to the scenario of a Lifshitz transition at Y-point, which appears due to the inclusion of the non-local dxy-nematicity. The finite temperature dependence of the orbital susceptibility breaks linear relation between the bulk magnetic susceptibility and the Knight shift and naturally explains the observed Knight shift anomaly [47, 75]. We note further that the orbital contribution can be in fact larger if one includes larger energy window for the considered model. This should result in the larger in-plane anisotropy but will not affect the non-monotonic temperature dependence of the spin susceptibility.
Our results for the superconducting state also agree qualitatively with recent measurements. The decrease below Tc is seen in measurement of the static, uniform bulk susceptibility [25, 75] and also in the Knight shift measurements [47, 48]. Moreover, in agreement with our results, a slight enhancement of in-plane anisotropy is observed [47].
In summary, we have studied the uniform magnetic susceptibility for a model of FeSe and FeSe1−xSx compounds with particular attention on the consequences of non-local dxy-nematicity. We associate the corresponding Lifshitz transition of a Y-electron pocket with a sharp decrease of the spin component of the magnetic susceptibility, whereas large in-plane anisotropy of the magnetic susceptibility is linked to the orbital susceptibility. The hierarchy of the anisotropy depend on orbital structure of the electronic bands at and away from the Fermi level where the orbital selective quasiparticle weights could be only one potential factor affecting the anisotropy.
We further note that the nematicity also affects the anisotropy of the spin fluctuations at the antiferromagnetic momentum near (π, 0) or (0, π) wavevectors. This anisotropy we also found in our calculations by computing the spin response at large momenta (not shown). This behavior is quite similar in both scenarios of nematicity, while we expect a different temperature dependence of the uniform magnetic susceptibility at q = 0 in both cases.
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