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DeWitt’s theory on superconductors in gravitational fields is re-derived in the low velocity
limit and linear gravity from the Klein-Gordon equation for an ensemble of charged spinless
bosons. The solution has a phase singularity that gives rise to boson condensation and
enables the description of type-Il superconductors in the presence of gravity.
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1 INTRODUCTION

In the middle of the 1960s, the Institute of Field Physics of the University of North Carolina at Chapel
Hill was an exciting place for people interested in the interaction of gravity with quantum systems.
Bryce and Cecile DeWitt were the body and soul of the activities of the Institute that they had
founded. I landed at the Institute in the fall of 1964. Robert Forward of the Hughes Research
Laboratories, at times a visitor there, and I shared a problem: Could a small general relativistic effect
produced by a rotating mass in a terrestrial laboratory, be made measurable by integrating over time
the action that gravity would have on a supercurrent? Would the current, once started, flow
indefinitely, because of its lack of viscosity? Bryce was intrigued and found a solution to the problem
[1] using the BCS theory [2]. His approach applied mainly to stationary gravitational fields, a
limitation in view of the intended applications. His findings could be extended to non-inertial
gravitational fields and agreed well [3], in the appropriate limit, with the experimental data on the
London moment [4] of rotating superconductors that were being obtained at the time [5, 6]. The
action of gravity on the electron-phonon interaction was assumed small, and it was indeed small, but
this was shown only later [7]. Several other applications have since been conceived and are
collected in [9].

In hindsight, I would solve the problem of superconductors as follows. Taking into account the
condensation of electrons into bosons, the gas of spinless bosons, flowing against a background of
positive charge represented by the lattice, can be described by the covariant Klein-Gordon equation

[(Va = qAL) (VF = gA”) + m*] @ (x) = 0. 1)

In (1), V, is the covariant derivative. Notations and units (7 = ¢ = kg = 1) are as in [10]. Given the
typical value of the electron velocities ~ 107, the choice of the KG equation might seem excessive. It
has, however the merit that it only requires the equivalence principle. To first order in the metric
deviation y.z = guap — #ap, EQ. 1 has the exact solution [8-10].

@ (x) = exp (—ix (x))Py» (2)

where ¢y(x) is a plane wave solution of the free Klein—-Gordon equation, y(x) is the gravitational
Berry’s phase [8, 9, 11],

aﬂX = qug + CDG,ﬁ = A};, (3)
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and
1 X
g (x) = =3 L Az o5 (2) = Ve ()] (x° = 20K

1 X
+ 5 L dszM (2)k*%, (4)
is a two-point function [12, 13]. The point P, omitted for
simplicity in the following, refers to some fixed base event and
k, is the wave vector of ¢,. It is also useful to re-write (4) as

O = j d2'0,,®, (2, x). )

Extensions of (2) to any order in y,,, and to other wave
equations can be found in [9, 10, 14-19]. Differentiating (4) with
respect to x, we obtain

1(* 1
O, = _EJ 42 (g = Vona K+ 0 ©)

Using the Lanczos-DeDonder condition y}, , - 1/2)/2,0c =0, we
can also prove the useful relations
DG op = kol"gﬁ, ry"‘ﬁq)g,mg =0, Aa; =0. It is then easy to show
that (1) can be re-written in Minkowski space-time by
replacing A, with A,. Because the momentum of the
superelectrons is

P,=k,- A, (7)
we also find to first order in y,s
g“ﬁﬁaﬁﬂ = gaﬁpupﬁ. (8)

Then, using the “Lorentz gauge” A®, = 0, we arrive at the
result

(—af — 2igAy0; + qz&)z)w = (-a,a" +2iqA0 + P AA + m2)1//,
9)

where the correction term mzya/;u“u’g , small for typical electron
velocities, has been dropped. Subtracting m by means of the
transformation ¥ — y(x)exp(—imt) and assuming that
gAoy <my and that 0, and 0;¢ can be neglected, we arrive
at the result

—%aﬂ/} = % (%ai - in) X (%al - qu)V; +qAoy (10)
which coincides with the usual Schroedinger equation
obtained by DeWitt. The term containing A,K" in (10) has
been discussed in [3, 4]. An additional interesting proposal
concerning nonlinear terms has been recently made by
Ummarino and Gallerati [20].

The physical content of (10) is well-known. The Schift-
Barnhill [21] field -9;4, = 0 gives an electric field inside the
superconductor where in zero-gravity there is none. Moreover, in
order that the wave-function be single-valued, the condition
$ A;dz! = 2nm, where n is an integer, must be satisfied for any
loop linking a multiply connected region of the superconductor.
It is this condition that is used in most applications aimed at
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detecting small gravitational effects. It also accounts for the
London moment in the case of rotation.

2 TOPOLOGICAL SINGULARITY

Despite the weak field approximation, solution (2) of (1), together
with the definitions 3) and 4) offers interesting insights into the
symmetry and symmetry violations of the vacuum of the system
of spinless bosons considered. Eq. 2 represents, in fact, a space-
time transformation of the vacuum that renders the ground state
degenerate. This symmetry violation can lead to condensation
phenomena. By straight differentiation with respect to z, we can,
in fact, find that [10].

azCDg (2) B 82®g (2)

= Ragor (x* = 2K’ = [02,, 02,10, (2)

0z'0z°  0z°0Z°
(11)
where
1
RI”""r = 5 (Y;w,v‘r + yvr,ya - Y[Ar,vo - YVO',[JT)’ (12)

is the linearized Riemann tensor. Eq. 11 indicates the presence of
a singularity. Phase singularities are known to give rise to strings
of magnetic flux in magnetism, vortices in optics and in charged
and neutral superfluids, and lines of silence in acoustics [22]. The
connection with condensation follows from

9%¥P.Py = g** (ko + qAL) (ks + qAp) = m* (1 + 2yu,uy) = H,
(13)

and from applying the Ising model in one, or two dimensions [10]
to the energy function H. Condensation takes the form of
oscillations of particle momenta about the average direction of
P,. When quantized, the oscillations are quasiparticles similar to
spin waves with dispersion relations that can be found by
applying textbook procedures [23].

3 SUMMARY AND CONCLUSION

From the Klein-Gordon equation for a gas of charged, spinless
bosons flowing against the positively charged background
represented by the metal lattice we have re-obtained the
Schroedinger equation used by DeWitt to describe the
superelectrons in a gravitational field.

It is useful, at this point, to summarize the approximations
made. The gravitational field has been treated to linear order in
the metric deviation. The derivation also applies to slowly time-
dependent gravitational fields provided dy% and d;y remain
small and qA,y<my. Terms non-linear in the
electromagnetic potentials give small corrections to any
electric fields that may occur within a superconductor and
have also been neglected, though London’s non-linear
hydrodynamical correction [4] has been measured [24].
Gravitational corrections to the electron-phonon interaction
are small and have also been neglected. All results reported by
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DeWitt have been re-obtained. Gravity is present in the wave-
function of a quantum system as the classical external field yug.
Eq. 1 is, however, fully covariant and gauge invariant, hence
applicable to time-dependent gravitational fields.

Condensation in the ensemble of identical particles takes the
form of alignment in the direction of an average momentum with
oscillations that satisfy a dispersion relation and have a Planck
distribution [10]. Using Stokes’ theorem, Eqs 2 and 4 can be re-
written in the form

=9y 45| R 7, 4,) 14)

where J,,, is the angular momentum operator. Thus ¢, transported
along z in a closed path bounded by a surface S loses its rotational
symmetry and @ leads to condensation. We can then define a

«
myq

correlation length (per unit of spacing) & ~ exp(Zf<), and a
susceptibility % = 7 which is the gravitational counterpart of

Curie’s law. Both ensure that there is vanishing alignment when
T — oo and strong alignment when T — 0. Numerical examples
involving astrophysical objects [10] show that condensation effects
can be substantial even when gravity is weak.
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On Gravitational Fields in Superconductors

The singularity present in @, vanishes when x, -z, =0.Itisa
line of normal phase surrounded by superelectrons, as in type-II
superconductors which are characterized by vortical lines
threading the superconductor. The extension of the results to
neutral superfluids is obvious. If the model is two-dimensional,
there is a critical temperature T, below which the state of the
system is represented by bound vortices that become unbound
when T > T..
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